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THE NOTION OF INVOLUNTARY ECONOMIC DECISIONS 1 
By Trygve Haavelmo 

The Keynesian definition of involuntaiy’ unemployment has given rise 
to much eontioversy. According to this definition it is useless to discuss 
problems ot involuntaiy unemployment within a consistent economic 
model if one of its equations is the classical supply function of labor, be¬ 
cause theie can be no involuntaiy unemployment within such a model 
Similar problems aiise whenever one tries to demonstrate the possibility’ 
of involuntary individual economic decisions within a gnen model of eco¬ 
nomic behavior It is the contention of the present writer that the notion 
ot in\oluntaiy T economic decisions, to become meaningful, must be derived 
irom a compaiison hthreen altanatnc economic models , or frameworks, 
under which society may collectively choose to operate. 

1. INTRODUCTION 

In spite of all modern writings on “the Age of Plenty-” and “the Prob¬ 
lems of Effective Demand” the basic problem^ of economic science 
remain the same. They- are the problems that have their origin in the 
universal and ever-present shortage of goods and services in relation to 
human v ants. For the same reason it is hardly- ever possible to speak of 
voluntary economic action or decision in any- absolute sense; for if there 
were no obstacles to economic choice, we should certainly- experience 
that economic decisions generally- would be different from what they r are, 
or have been, in any- society-. In an absolute sense, therefore, most eco¬ 
nomic decisions could properly- be classified as u involuntary-.” If this 
were what the economists are thinking of when they- use the phrase 
‘‘involuntary,” then not much more could be said on the subject. How¬ 
ever, it is obvious that the phrase “involuntaiy” action, or decision, etc., 
when used in economic theory-, is meant to cover concepts that are more 
specific, and less trivial. 

Here is not the proper place to enter into a lengthy philosophical or 
philological discussion of the types of human action that should rightly 
be called “involuntary-.” But, as economists, we do want to know rather 
precisely what we mean when we talk about “involuntaiy unemploy¬ 
ment,” ‘‘involuntary saving,” or the like. Such notions have played— 
and are playing—an important part in economic discussions, discussions 
which probe deeply into the substance of economic theory. Quarreling 

1 This article will be included in Cowles Commission Paper, New Series, 
No. 38. 
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are the changing attitudes towards the question of social justice, indi¬ 
vidual freedom, etc. And, finally, there is the problem of possible changes 
in taste and behavior of the individual groups and, therefore, changes 
in the market point x cho&en under a given sy&tem S and given techno¬ 
logical constraints. 

The notion of involuntary economic decisions as developed above, 
vague and complicated though it may be, does help to bring out some 
of the main problems involved in decisions upon economic policy. Con¬ 
sider for example a simple statement like this: “Production is too low 
compared with the amount that people are willing to produce.” If this 
is to be more than a loose phrase, we have to ask why it is that such a 
situation can prevail. In general, it is of little use to argue that the ac¬ 
tions of the individual groups are irrational or erroneous. Instead we shall 
have to pose the following question. The present situation being ( S', 
x f ), is it possible to propose another feasible and practical system S" 
such that x" involves more production than x' and such that a collective 
decision would be in favor of S"? 

These ideas do not, of course, imply that economists and other experts 
should study or propose only systems that today have a good political 
chance of being adopted. Quite the contrary. The broader the selection 
of practical, feasible systems and the more widespread the knowledge 
about the working of such systems, the better, presumably, is the chance 
of obtaining wise decisions. 

To test the use of the definition of “involuntariness” as developed 
above, let us compare it with the definition of “involuntary unemploy¬ 
ment” as given by Lord Keynes. He describes a state of involuntary 
unemployment as a situation in which more labor would be forthcoming 
at the prevailing wage than the amount of labor actually employed. 2 It 
would seem natural, according to this description, to define the amount 
of involuntary unemployment as the difference between the amount of 
labor that would be offered at existing wages and the amount actually 
employed. But then one has the following problem: If (S', x') is the 
existing economic situation, is it possible to devise a feasible and accept¬ 
able system S", leading to a new situation ( S", x") in which x" involves 
the same wage rate as x\ but where x" differs from x' with regard to 
employment by an amount equal to the amount of “involuntary unem¬ 
ployment” implied in the Keynesian definition? Clearly it is trivial to 
compare the prevailing situation with something that might not be 
logically possible or practically feasible or collectively acceptable. That 
would be as trivial as to say that people are “involuntarily” consuming 
less than they want because there are not enough goods and services for 
everybody. 

3 J. M. Keynes, General Theory of Employment , Interest and Money, New York: 
Karcourt, Brace and Co., 1936, pp. 10-15. 
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This is not saying that the possibilities of policy changes that could 
improve upon economic welfare are more limited than visualized by the 
majority of economists. On the contrary, the possible gains by collective 
policy decisions and by providing economic knowledge as a basis for 
such decisions are probably underestimated. But we need to be clear on 
the point that all alternatives worth considering must represent con¬ 
sistent and workable systems and that in addition there is a question of 
choosing between them, which choice is not decided solely b}' considera¬ 
tion of the location of a market point x. The choice also depends on S. 

3. THE IDEA OF “OVERDETERMINED” ECONOMIC SYSTEMS 3 

The notion of involuntary economic decisions, of which the Keynesian 
definition of involuntary unemployment is an example, is—stated gen¬ 
erally—that a market point x f entails involuntary action to the extent 
that it differs from another “more desirable” market point x". 

We have argued that this is probably not a very fruitful approach, 
unless the point of comparison, x'\ be derived from a workable and 
acceptable system S And this requirement would take us back to the 
notion of involuntary action which we have suggested in the foregoing, 
and according to which the “involuntariness” consists in maintaining S' 
when S" would be collectively preferred. 

Even more complex is the idea of “overdetermination” of the ‘Volun¬ 
tary” market point. The idea seems to be as follows. Consider the indi¬ 
vidual groups acting under given technological constraints and a given 
system, S, of organizational rules or constraints. Suppose that each of 
the groups thinks that a certain mode of action is “natural” or “desir- 
able” under the conditions given. It may be possible to describe such a 
complex of modes of action by a system of simultaneous equations be¬ 
tween the variables X, incorporating the technological and organiza¬ 
tional constraints as interpreted by the various individual groups. We 
may easily conceive of such a system of equations as being logically 
contradictory, or “overdetermined.” This means that there exists no 
market point x satisfying the “desired” system of equations. In that 
case the individual groups obviously have to do something else . Thus, 
from the knowledge of such a logically contradictory system we can say 
something about what the individual groups can not do. But obviously 
this does not in general determine what they will choose as the alterna¬ 
tive. All we can say is this: The market point x must by its very nature 
be a unique observable point at any time. Therefore , if we choose to say 

8 See, for example, Ragnar Frisch, “Overdeterminateness and Optimum Equi¬ 
librium,” Nor disk Tidskrift for Teknisk Okonomi, No. 37 (l-4\ 194S, pp. 95-105, 
and Don Patinkin, “Involuntary Unemployment and the Keynesian Supply 
Function,” The Economic Journal , Vol. 59, September, 1949, pp. 360-383. 
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that the market point x is determined by a system of simultaneous equa¬ 
tions, this system must permit the solution x. 

One could perhaps conceive of an “overdetermined” system as a link 
in a virtual process of mental trials and errors by which the individual 
groups approach the problem of finding a workable mode of action. This 
mental experiment is in fact exactly similar to the one that we sometimes 
use in order to understand how the individual groups, by mutual trials 
and errors, find the form of a system of behavior relations that actually 
does permit of a solution. It does not seem very fruitful—at least not 
from the point of view of economic policy—to define the change-over 
from a set of mutually contradictory modes of action to one that is not 
contradictory as “involuntary,” for clearly there is no collective decision 
that could fully gratify the wishful thinking that is involved in a contra¬ 
dictory system of economic relations. 

A few more comments may be added regarding the possible opera¬ 
tional meaning of the processes of trial and error that were mentioned 
above. When we consider such processes, we usually think of them as a 
chain, one trial suggesting what the next should be. This being the case, 
one could think of a much wider set of rules of behavior, always con¬ 
sistent, and describing the following process. First, a virtual process of 
trials and errors running through systems of behavior equations and 
converging infinitely fast and uniquely upon one having a solution x 
permissible under the prevailing technological constraints and the exist¬ 
ing organizational system; next, a reconsideration, by each group indi¬ 
vidually, whether, from its individual point of view, it has actually 
chosen a mode of action which is in the group’s own interest; then a new 
process of choice of behavior patterns converging upon some other system 
of relations that has a solution, and so forth. In this way it may be that, 
under a given system S', a market point x' is established such that all 
the groups think they are acting in their own best interest. Still the 
market point x' may be very bad from the point of view of economic 
welfare compared to what might be obtainable under some alternative 
System S". That is to say, the system S' is involuntarily maintained 
because collective action is lacking. 

These are the cumbersome lines of thought that one has to go through 
if one wants to visualize how “market equilibrium” is established in the 
field of static theory. Such reasoning may perhaps serve as a means of 
abstract interpretation of a market mechanism, but it is hardly a r ealistic 
description of the processes that actually take place. It represents no 
operational method of decision from the point of view of the acting eco¬ 
nomic groups. For a more realistic description of the modes of action 
under a certain economic system it is necessary to turn to the field of 
dynamics. A dynamic interpretation would be as follows. 
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Consider a given organizational system S' and given technological con¬ 
straints. Let x(t) be any market point at time t, subject only to the 
organizational and technological constraints. Given this market point, 
the various individual groups may desire to take certain actions which 
are open to them to change the market point. How is it possible at the 
same time to accept a given market point x(t) and to desire to change it? 
In the static theory it seems hopeless to answer this question. But in a 
dynamic theory the answer is simple. In a dynamic theory the param¬ 
eters of action of the individual groups need not be the components of 
the market point itself, but, for example, the rates of change, of various 
orders, of these components. If the rates of change that represent param¬ 
eters of action of the individual groups are zero, this fact may be taken 
to mean that, within the alternatives of choice that are open to each 
group acting individually under the given technological and organiza¬ 
tional constraints, there is no desire on the part of the individual groups 
to change the market point or the manner in which the market point is 
developing. However, even if the market point x{t) has this property for 
all values of t, it does not necessarily mean that the system S' is “opti¬ 
mal” in the sense of economic welfare. But changing the system S' 
requires collective action, which might not be forthcoming for reasons 
we have already explained. 

The system S' and the technological constraints may be such that 
there is no admissible market point or market development, x(t), for which 
all the rates of change that represent parameters of individual action 
are zero identically in t. In fact, the behavior of the individual groups 
acting—from their point of view—in their own best interest may lead 
to a development of the market point through time which only increases 
the individual desires and efforts to change it. Under such a process the 
market point itself may gradually become either more preferable or less 
preferable, for the efforts to change the market point will depend both 
on the market point itself and on the apparent further opportunities of 
changing it. Under such a development, the market point being in 
motion, it may be more difficult to get clear views on the eventual need 
for collective decisions to change the organizational system, unless the 
development goes steadily in such a bad direction that people become 
“fed up.” 


4. THE PROBLEM OP OPTIMAL ORGANIZATIONAL SYSTEMS 

We have seen that the technological conditions prevailing in a given 
situation and the organizational system under which the various groups 
must operate represent constraints upon the freedom of choice of the 
individual groups in their attempt to influence the market point x in the 
direction of their own best interest. Would it then not seem obvious that 
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the optimal organizational system would be one under which the indi¬ 
vidual groups could have all the freedom of action that the technological 
constraints permit? Or expressed in different words, are not the result 
of collectively chosen organizational constraints in general a loss in 
“average economic welfare,” a loss found necessary merely in order to 
ensure certain standards of equalization and social justice? The weak¬ 
nesses of such a conclusion are not difficult to detect. The conclusion is 
based upon the implicit assumption that the individual groups, given 
certain technological constraints and a collectively agreed upon organiza¬ 
tional system, would somehow get together, or be led by Adam Smith’s 
“invisible hand,” to survey the opportunities of choice in order to make 
some sort of optimal decision. But this means in fact some sort of collec¬ 
tive action, and it is precisely this sort of action which is external to the 
sphere of reasoning of the individual group as such. 

A particular group acting under the prescribed constraints of a general 
organizational system is also faced with another set of constraints, viz. 
those involved in the known, or assumed, individual response of the other 
groups. These additional constraints, together with the technological and 
the collectively chosen organizational constraints, lead to the individual 
behavior patterns that determine the market point x and thus exhaust 
all the original degrees of freedom of the market point. In the final 
analysis it is, therefore, not a question of whether or not these are con¬ 
straints upon the market point but rather a question of how these con¬ 
straints have come about. To argue that the constraints that have, so to 
speak, “made themselves” in the market are optimal would certainly 
seem rather arbitrary. One need only think of such alternatives as that 
of having a police force to keep law and order compared to that of a more 
free and “natural” system of individual methods of protection. 

Finding an optimal organizational system is, however, not a question 
of choosing collectively a system which at a given time could give the 
“best possible” market point. Nor is it a question of choosing an organ¬ 
izational system that seems the most “natural” or reasonable from the 
point of view of behavior of the individual groups. The choice must be 
based upon a survey of various feasible economic situations (S, x). The 
choice will be influenced both by S and by x, and in a mann er that cannot 
be expected to remain invariant over time. 

University Institute of Economics, Oslo 



THE DETERMINACY OF ABSOLUTE PRICES 
IN CLASSICAL ECONOMIC THEORY 1 

By W. Braddock Hickman 

This paper takes issue with Don Patinkin, who recently argued that 
the simultaneous equations of classical economic theory are necessarily 
inconsistent, and that the classical attempt to determine real prices in 
the real sector of the economy and absolute prices in the monetary sector 
involves logical contradictions. Since a large part of his argument hinges 
on a misunderstanding of just what it was that the classical school as¬ 
sumed, the present paper restates the classical theory so as to emphasize 
its postulational bases A simple example is then employed to demonstrate 
that it is quite possible to set up a consistent classical system in which 
relative prices are determined in the real sector independently of abso¬ 
lute prices in the monetary sector. Next the details of Patinkin’s analysis 
are examined for the flaws that led him to believe that such a system could 
not be set up. The paper closes with some observations on the ways in 
which determinacy can be built into a system and on the generally un¬ 
satisfactory state of equilibrium theory. 

SUMMARY 

In a recent article in this journal, Don Patinkin argues that classical 
economic systems such as those developed by Cassel are inconsistent. 2 
In particular, he attacks the classical dichotomy which stipulates that 
relative prices are determined in the real sector of the economy and 
absolute prices in the monetary sector. 

In his attack Patinkin criticizes neither the basic assumptions of the 
theory nor the theoretical conclusions from the standpoint of their cor¬ 
respondence with the known facts of economic life. He confines himself 
solely to the purely formal problem of internal mathematical consistency. 
In this paper we, too, discuss only the logical aspects of the problem, 
without regard to matters of realism. 

Economists in dealing with this question have usually assumed as a 
principle that a set of demand and supply equations have a solution 
when the number of equations equals the number of unknowns. The 
principle is a nonrigorous extension of the theory of linear equations. A 
nonhomogeneous linear system may have a unique solution when there 
are n equations and n unknowns. A homogeneous linear system, on the 
other hand, may have a unique solution when there are n — 1 equations 
in n unknowns, since the n unknowns reduce to only n — 1 ratios. This 

1 1 am greatly indebted to David Durand and Lawrence R. Klein of the National 
Bureau of Economic Research for their helpful comments on an earlier draft of 
this paper. 

2 Don Patinkin, 4 ‘The Indeterminacy of Absolute Prices in Classical Economic 
Theory,” Econometbica, Vol. 17, January, 1949, pp. 1-27. 

9 
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would imply that the economist who counts equations and unknowns 
should pay particular attention to the matter of homogeneity. Most of 
Patinkin’s argument revolves around this point. 

The Casselian system, in its real part, postulates n — 1 commodity 
equations specifying equality of demand and supply. Since the unknowns 
in these equations are the n — 1 prices, we have the same number of 
equations as unknowns. It is usually assumed, however, that the system 
is homogeneous, which means that the n — 1 prices reduce to ft — 2 
price ratios, or relatives. Patinlrin argues from this that a solution can 
be obtained from only ft — 2 of the equations and that the classical 
system is overdetermined. He concludes that relative prices cannot be 
determined in the real sector of the economy. 

Since the solution of the real segment of the classical system, if pos¬ 
sible, provides only price-relatives, the classical economists postulated a 
constraint in the monetary sector to determine absolute prices. An 
example is the Cambridge equation, which relates the demand for money 
to the quantity of money via an institutionally determined constant. 
Patinkin denies that such an equation will provide the necessary solu¬ 
tion, again basing his argument on the homogeneity of the classical 
demand function for money. 

It is quite easy, however, to set up consistent classical systems, as we 
demonstrate by a simple model in which relative prices are uniquely 
determined in the real sector and absolute prices in the monetary sector. 
The weak point in the deductive chain, w T hich has led Patinkin and 
others astray, is the principle of counting equations and unknowns to 
insure a solution. In general, the consistency of a system cannot be 
determined in such a convenient way. Safety demands that each specific 
set of equations be examined to determine the specific consistency of the 
system. In the treatment of classical models, however, too little is known 
about the nature of the functions (their shape and the magnitude of 
their parameters) to permit a specific test. We can neither prove by the 
principle of enumeration nor by specific testing that classical systems 
are inconsistent. And, unfortunately, the argument cuts two ways: we 
cannot prove without information external to the theory that such sys¬ 
tems are consistent. 

This negative conclusion will be unwelcome to some friends of equi¬ 
librium theory who will feel cut off from a complacent acceptance of 
the consistency of economic systems. The way out of the difficulty lies, 
we believe, in a more careful statement of the axiomatic bases of theory. 
We are at liberty to assume a priori that it is possible to express economic 
relationships by means of consistent equations, or we can assume that 
this is not possible. Patinkin, assumes at one point, for example, that the 
classical equations are independent, within a restricted universe of equa- 
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tions. This is tantamount to an a priori assumption of inconsistency. 
Thus Patinkin disposes of the classical system without giving it a test. 
And in the same way we could dispose of any general system. Actually, 
however, the classical economists selected the alternative hypothesis: 
they assumed consistency rather than independence. This is the more 
constructive approach since it may lead to operational (statistically 
varifiable) results. 

I. THE STRUCTURE OF CLASSICAL SYSTEMS 

The structure of classical systems may be exhibited symbolically as 


follows.- 3 



(a.l) 

Di m fi(p ly • •. , p*-i), 

(6.1) 

(a.2) 

Si = 9i(pi, - • • , p»-x), 

(6.2) 

(a.3) 

Di = Si, 

(6.3) 


(i — 1, • • • , n), where the first n — 1 equations in each set refer to 
commodities (that is, to goods and services) and the last refers to 
money. 4 The market demand and supply functions are defined in (a.l) 
and (a.2) in terms of all n — 1 of the prices. (The price of money is unity 
and therefore does not enter these functions.) The equations (a.3) ex¬ 
press the fact that in equilibrium all of the markets are cleared. 

It is sometimes convenient to consolidate the demand and supply 
functions (a.l)-(a.2) into excess demand functions and to express the 
equilibrium conditions (a.3) in terms of them as follows: 

(a.4) Xi(p) m D t (p) - Si(p), 

(a.5) Xi (p) - 0, 

(i = 1, • • • , w), where (p) is written as a shorthand expression for the 
price-vector (pi, • • • , p„-i). 

1. The first basic assumption of classical systems is that the demand and 
supply functions for commodities are unaffected by changes in the price 
level , that is, 

(b.l) Di m /,(p) m m X°/,(p), 

(b.2) Si = gr<(p) m gt(Kp ) = \°g,(p), 

(b.3) Xi m f { (jp ) - gi(p) =3 X°X,(p), 

8 See, for example, Gustav Cassel, The Theory of Social Economy (translation), 
New York: Harcourt, Brace and Co., 1932, pp. 138-155. Cassel*s discussion starts 
with the theory of markets rather than with the theory of individual behavior, 
which logically precedes it. Walras and Pareto, however, built up similar systems 
from first principles, i. e., from the theory of individual behavior. 

4 The right-hand numbering system is Patinkin’s, the left-hand is that of the 
present paper. 
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(i=l,*--,7i — 1), which is another way of saying that the D*, S t , 
and Xi are homogeneous functions of degree 0, identically in the p’s. 

Since the effective demand for commodities equals the supply of 
money (a similar identity holding between supply of commodities and 
demand for money), we have 

(b‘4) Dn =* /«(p) = p-g*, 

(b.5) S n S g n (p) a p-/*, 

and hence 

(b.6) / n (p) - 0n(p) = P - (ff* - /*), 

where (p) is the vector of prices and (/*) and (gr*) are vectors of the 
demand and supply functions of commodities. Since (/*) and (g*) are 
homogeneous of degree 0, the functions (b.4)-(b.6) are homogeneous 
of degree 1, that is, 

(b.7) /n(Xp) a \y ft (p), (10.5) 

(b.8) 0»(Xp) a XV n (p), 

(b.9) X n (Xp) ^ X l Z,(p), 

identically in X and the p’s. 

When (b.6) is written in indicia! notation, we have 

fcl) X n a (D n - S n ) a -2 p, X,, (6.6) 

t-1 

which is Walras’ Law. It states that the excess-demand function for 
money necessarily vanishes with the excess-demand functions for com¬ 
modities. The equations (a.5) are therefore dependent. 5 Two situations 
are now possible. Either (1) the n — 1 commodity equations in (a.5) are 
inconsistent and the system has no equilibrium position, or (2) the 
commodity equations in (a.5) are consistent and the monetary equation 
is redundant as an equilibrium equation. 

2. Without further information about the parameters of the system 
or about certain side conditions such as Say’s Law (to which we sha ll 
refer later), there is no way of knowing a priori whether or not (a.5) is 
consistent. Therefore , the second basic assumption needed for the con¬ 
struction of classical systems is that the commodity equations are con¬ 
sistent. 

It is important to see that the second basic assumption is not redun¬ 
dant, and that without it the equations may be inconsistent. Consider, 
for example, the system (a.5) and the conditions (b.3), that is, 

(p) b X t (Xp) 88 0, (i = 1, • * • , n —1). 

8 A set of n equations is dependent if a solution of n — 1 of them is necessarily 
a solution of the other. 
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Setting X = l/p„_i, p n -i ^ 0, in this system yields 

(d.l) X t = X % (p 1 /p n -l , • • • , P«-f/P«- 1 , 1) = 0, (t = 1, • * • , «-1), 

which indicates that the w—1 commodity equations are expressible in 
terms of n—2 price ratios. Because there are more equations than price- 
ratios, such equations may be overdetermined and inconsistent; but 
this is not necessarily the case. The classical school assumed consistency, 
this assumption being made explicitly by Cassel 6 and Divisia and im¬ 
plicitly by Pareto and Walras. In fact, the consistency of (d.l) is pre¬ 
cisely what the classical school meant by the assertion that relative 
prices are determined in the real sector of the economy. 

A third assumption is needed if absolute prices are to be determined 
in a monetary economy. This is evident if we consider the set of n—2 
price ratios which is the solution of (d.l). Since any set of n —1 absolute 
prices reducible to this set of ratios is a solution of (d.l), the price 
level is indeterminate in the real sector of the economy. 7 

3. This indeterminacy is removed in the classical theory by the third 
basic assumption that a constraint in the monetary sector determines the 
absolute level of prices . Several approaches are open to us in constructing 
an appropriate classical constraint, but most of them involve the in¬ 
troduction of complicating variables, such as interest rates, security 
prices, etc. We illustrate the method in the simplest possible way by 
assuming, with Cassel, that (5 n ), the demand for money considered as 
a flow, adjusts itself via the price level to (. M ), the quantity of money 
considered as a stock; thus: 

(e.l) M - KD n (p) - K(l/\)D n (\p), (10.4) 

where If is an institutionally determined constant (the Cambridge 
“K”). Since D n (\p) is known once the relative prices are known, (e.l) 
fixes X and the price level is determined. 8 

To summarize, three basic assumptions are made in the construction 
of a classical system: (1) the system is homogeneous in the prices; 
(2) the commodity equations are consistent and the relative prices are 
determined in the real sector; (3) a constraint operates in the monetary 
sector to determine the absolute level of prices. 

6 CfG. Cassel, op. cit p. 148, where he speaks of the pricing process as having 
“intrinsic consistency.” 

7 G. Cassel, ibid., p. 155. “In the general pricing problem, a multiplicative 
factor of all prices remains undetermined. The determination of this factor and, 
consequently, the final solution of the pricing problem, belongs to the theory of 
money.” 

8 G. Cassel, ibid., pp. 454-459. 
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H. AN ILLUSTRATION OF A CONSISTENT CLASSICAL SYSTEM 

Despite its apparent elegance, the classical theory would be devoid 
of meaning if it were not possible to construct a system meeting the 
classical postulates. This is in fact Patinkin’s position: ■ it has not 

been possible to construct a system satisfying the classical dichotomy 
of determining relative prices in the real part of the model, and absolute 
prices through the money equation. It must be emphasized that there 
is no monetary equation that we can use to remove this indeterminacy of 
the absolute prices” 9 

But despite Patinkin’s denial it is easy to set up simple types of 
systems meeting the classical requirements. Consider, for example, a 
Casselian system in which we postulate only two commodities and 
money (the system may be generalized to n—1 commodities): 


Di 

-dx^; 

S 1 

-ax^; 

111 

dx^- 

«x — — 0; 


Vi 


Pi 


Pi 

P2 

Da 


S2 


X 2 = 

dx^- 

& 

IS 

II 

© 




Pi 


Pi 

Pi 

Dj 

= P 1 S 1 + px/Sx; 


*■ ViDi + PiD a ; 


~PiX\ 

— P2 x% = 0, 


The parameters of the system (the di and s t ) are normally taken to be 
positive. 10 

1. The homogeneity assumptions . It will be observed that the correct 
homogeneity assumptions hold, i.e., the commodity functions are homo¬ 
geneous of degree 0 and the monetary functions are homogeneous of 
degree 1. By definition, the monetary equation is dependent upon the 
commodity equations, and is, therefore, redundant as an equilibrium 
constraint. 

2. The consistency assumption . The system as it now stands does not 
contain enough information to permit us to say whether it is consistent. 
A necessary and sufficient condition that the system meet the classical 
assumption of consistency, however, is that the determinant of the 
matrix of the coefficients of Xi and X 2 vanishes, i.e., that $2 = di(d 2 /$i). 
Making this substitution and solving Xi (or X 2 ) for pi/p% = 
z = +Vdi/$i insures that Xi , X 2 , and X 3 vanish. Moreover, the 
values of Di, D 2 , Si , and S 2 corresponding to z are the quantities of 
commodities demanded and supplied per unit of time in equilibrium. 
The real part of this system is therefore consistent and is completely 
determined by the price ratio s. 

• D. Patinkin, op . tit., p. 21. The italics appear in Patinkin’s paper. 

10 The parameters are positive constants in a stationary economy and are posi¬ 
tive, single-valued functions of time in a dynamic economy. For our purposes, 
either interpretation is permissible. 
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3. The monetary constraint The monetary variables (D 3 , S *, pi , and 
p 2 ) are still to be determined; but the entire set is determined once any 
variable of the set is known. Since every pair of prices ( p* y p 2 ) re¬ 
ducible to 2 is also a solution of the system, ( 2 , 1) is a solution. In par¬ 
ticular, since D s (pi, p 2 ) as (1/X)D 8 (2, 1) it follows that D s (and hence 
Sz, pi, and p 2 ) are determined up to a scale factor by substituting 
( 2 , 1) for (pi, p 2 ) in D z . The Cambridge equation (e.l) shows that 

M - KDz(pi , P 2 ) = i?(l/X)Ds(2, 1), 

where ikf and if are parameters independent of pi and p 2 . u Hence, 
1/X (or p 2 ) can be determined when 2 is given. When these operations 
are actually carried out, w e find that p x = and p 2 = (M/K)(dx +■ 
d&), where 2 = +\/dJs[ . Since d x , d 2 , «i, and s 2 are all positive in 
the normal case, the solution is real and positive. The price level is 
therefore completely determined in the monetary sector by means of a 
single constraint. 


m. PATINEIN’S ANALYSIS REVIEWED 

Our model of a classical system contradicts Patinkin ? s position that 
it is impossible to construct systems of this type in which relative prices 
are determined in the real sector and the price level in the monetary 
sector. We shall now examine the details of his argument for the flaws 
which led him to believe that such systems could not be set up. 

Patinkin’s criticism of classical systems rests on two central proposi¬ 
tions, which we shall examine seriatim . These propositions are: (1) that 
the assumption of a monetary constraint is logically incompatible with 
the assumption of homogeneity; and (2) that the homogeneity assump¬ 
tion contradicts the assumption of consistency. 

1. Patinkin argues that the Cambridge equation (e.l) is incompatible 
with the homogeneity assumption, since in this equation D» is homo¬ 
geneous of degree 1 and M and K are homogeneous of degree 0. 12 That 
is to say, we cannot have 

(f.l) M s KD n (p ) 

for all prices, since this states that a function homogeneous of degree 0 
is identically equal to a function homogeneous of degree 1. But this fact 
in no way invalidates the Cambridge equation, since it is a constraint 
(an equation of condition) and not an identity in the p’ s. 

To put the matter another way, the fact that the Cambridge equa¬ 
tion is nonhomogeneous is in no way incompatible with the fact that 

11 M and K may be considered either as constants (the stationary case) or as 
functions of time (the dynamic case). 

1S D. Patinkin, ibid., p. 16. 
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its components are homogeneous functions of unequal degree. Indeed, 
inequality of degree of homogeneity of components is a property of all 
nonhomogeneous equations. When we say that D n (p) is a homogeneous 
function of degree 1, we mean simply that it is a function such that 

<*1) D n (p) s (1 A)2>n(Xp) 

for any set of prices and for any value of X whatsoever. The Junction 
(g.l) is therefore defined for the class of all sets of n —1 prices reducible 
to the n —2 price ratios constituting the solution of the commodity 
equations. Only one set of this class, however, satisfies the Cambridge 
equation (e.l), and this set determines X and the price level. 18 

2. Patinkin’s second proposition that the homogeneity assumption 
contradicts the consistency assumption is not quite so easily disposed 
of, the reason being that he expresses himself ambiguously on this 
point. His position is stated in the following Theorem: “If the /,• and 
Qi (i = 1, • • • , n—1) in (6.1) and (6.2) are independent and homogeneous 
of degree t' in oil of the variables , then the system (6.1)-(6.3) is over¬ 
determined . In particular, the Casselian system (6.1)-(6.3) is incon¬ 
sistent” u We shall now show that under one interpretation this theo¬ 
rem is false, and under another it is trivial. 

If the theorem is interpreted literally, it is false. The functions fi and 
Qi in (6.1) and (6.2) cannot be independent if they are homogeneous of 
degree 0. Patinkin has shown (although for a different purpose) that the 
Jacobian of the system must vanish because of the homogeneity con¬ 
dition. But the vanishing of the Jacobian is a necessary and sufficient 
condition for functional dependence. 15 Hence, the functions /,• and Qi 
cannot be homogeneous of degree 0 and independent at the same time. 
The assumptions of the theorem are incompatible, not the postulates 
of classical systems. 

We can, however, rephrase the theorem so that it is formally correct, 
as follows. Theorem: If the equations X* « 0 (i » 1, * • • , n- 1) in (a.5) 
are independent and homogeneous of degree t r in all of the variables , then 
the system (6.1)~(6.3) is overdetermined . In particular, the Casselian 
system (6.1)-(6.3) is inconsistent . 

As we have seen, the n—1 equations (a.5) can be expressed in terms 
of n—2 price ratios by virtue of their homogeneity. Consider now the 
set of all systems of n—1 equations in n —2 unknowns. These syst ems 

11 Only one set of prices satisfies (e.l). The prices are linear functions of X for 
a fixed set of price ratios. The right-hand member of (e.l) is linear in 1/X for the 
same fixed set of price ratios. Hence (e.l) determines X uniquely, and X deter min es 
a unique set of prices. 

14 D, Patinkin, ibid., p. 14. 

15 Ch.-J. de la Vall4e Poussin, Cours D’Analyse Infinitesimal #, Seventh Edition, 
New York: Dover Publications, Vol. II, Section 246, 1946. 



DETERMINACY OF ABSOLUTE PRICES 


17 


can be divided formally into those that are (1) dependent and con¬ 
sistent, (2) independent and inconsistent, (3) dependent and incon¬ 
sistent, and (4) independent and consistent. Evidently set (3) is empty, 
since by definition (see footnote 5) all dependent equations are con¬ 
sistent. Set (4) is explicitly ruled out by Patinkin at the beginning of 
his argument since he limits his analysis to those systems of equations 
that are inconsistent (overdetermined) when there are more independent 
equations than unknowns. 16 That is, in Patinkin ? s world, set (4) is also 
empty. This leaves us with only the first two sets in which dependence 
implies consistency and independence implies inconsistency. The theo¬ 
rem therefore simply states that inconsistent (i.e., independent) equa¬ 
tions correspond to inconsistent systems, which is true but trivial. It 
in no way invalidates the classical assumption of consistency. 

Patinkin's assumption of independence for classical systems is a 
curious one, the more so since he freely admits that in classical systems 
at least one of the original equations (the money equation) is depend¬ 
ent. 17 We have shown that the dependence may carry beyond this to 
the commodity equations. Although it is not necessary for the con¬ 
sistency of the commodity equations that they be dependent (see 
footnote 16), such dependence (and consistency) was guaranteed by 
the insertion of certain side conditions in several variants of the classical 
system. We turn now to an examination of the conditions under which 
such dependence may arise. 

IV. THE DEPENDENCE OF THE COMMODITY EQUATIONS 

Dependent equations are always consistent, but the converse does 
not follow. In the example presented earlier, the two commodity equa¬ 
tions were made consistent by making the excess-demand functions 
linearly dependent The same method may be used if a model of this 
type is extended to cover w—1 commodities. 18 

This type of dependence is rather special, although dependence of a 
similar type arises quite naturally out of certain economic settings. To 
illustrate how this may happen, we recall that a classical system is con¬ 
sistent if the solution of any n—2 commodity equations Xi(i = 2, • • • , 
7i —1) involving n—2 price ratios is also a solution of Xi or X n (see c.l). 
Consider now a type of dependence in which X x can be expressed as a 

16 D. Patinkin, op. cit p. 4. For the sake of argument we tentatively accept 
Pat ink in *s restriction although we know of no economic or mathematical justifica¬ 
tion for it. 

17 J. R. Hicks, in Value and Capital (Oxford: Clarendon Press, 1946), makes the 
same assumption at one point (p. 60) but properly avoids it in the mathematical 
appendix to the same work (p. 314). 

18 The method is to make the determinant of the matrix of the coefficients 
vanish. 
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linear combination of powers of X* (i = 2, • • • , n—1), so that the fol¬ 
lowing identity holds: 

(h.l) Tl 0i(p)-Xi®(p) = 0, (ft 5^ 0, K s* 0), 

i-1 

where the fa are functions only of the p’ s. If K = 1 and all of the fa are 
constants, the commodity equations are linearly dependent as exhibited 
in the example above. 

A more important type of linear combination occurs when K = 1 and 
each fa = pi . This condition occurs in any barter economy, in any 
primitive monetary economy having only a money of account, and in a 
full monetary economy in which goods are sold only for the purchase 
of other goods. In these cases Say's Law holds, that is, 

(LI) ZpiX<- 0. (13.2) 

i-i 

By combining Say's Law with Walras' Law (c.l) we have 
(i.2) I.s-fpJiM, 

i-i 

which shows that the vanishing of any n —2 equations necessarily 
implies the vanishing of the other two, if Say’s Law holds. 

Or again, if the quantity of money (M) is fixed exogenously by the 
state, and if the demand for cash balances (Mi) adjusts itself 
•immediately to this fixed quantity through changes in the price level, 

(j.l) Mi m M. 

Patinkin has shown that 

QJJ) M d -M^D n -S n = Xn, (8.6) and (10.1) 

from which it follows that 

(j.3) -^n = 0. 

But if X„ vanishes, so does Xi , and the requirements for a consistent 
system are met. Moreover, it is easy to see that in this case also Say’s 
Law holds; and, therefore, one of the commodity equations is a linear 
combination of the rest. 

Toward the dose of his analysis, Patinkin observed that Say’s Law 
has the effect of reducing the number of independent equations to 
ft—2, although he did not attempt to reconcile this fact with his earlier 
assumption of the independence (inconsistency) of the original set of 
»—1 equations. Instead he fdl back upon the proposition that the 
price level would still be indeterminate since in his view there is no 
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monetary constraint to remove the indeterminacy. We have shown, 
however, that this proposition is false. 

A consideration of the structure of (h.l) and of the examples falling 
under it should indicate that dependence may occur in a variety of 
ways. 19 There is, however, a more general property of classical systems 
that makes it unwise to assume a priori that the commodity equations 
are independent and inconsistent. As noted earlier, the functions from 
which these equations are formed are necessarily dependent; and hence 
a relation of the type 

i/{Xi , • • • , In-l) s 0 

must hold between them. Assume now that we have a solution for n—2 
of the commodity equations in w—2 price-ratios. Then 

, 0, • • • , 0) sa 0, 

where X* is a constant (i.e., the value of X 1 for the solution). For a 
wide class of functions, the equation of dependence will imply that X* 
is zero; that is, that the commodity equations are dependent and con¬ 
sistent. The fact that classical functions are dependent narrows down 
the field, so to speak, of systems of equations that can be independent. 

On the other hand, the dependence of classical functions by no means 
eliminates the possibility that the equations may be inconsistent; and 
herein lies a most serious methodological dilemma. The classical school 
assumed that the system was consistent; and on logical grounds this is 
a perfectly admissible assumption. It is equally , admissible , however, 
that the equations may be inconsistent 

There appears to be no easy way out of this dilemma, or at least 
none that has been presented to date. One thing, however, is clear: 
the time-honored procedure of counting equations and unknowns is 
completely beside the point. In simple linear systems, an indeterminacy 
(an infinite number of solutions) can be detected in this way when the 
system contains more independent variables than equations. But in the 
theory of general market equilibrium too little is known as yet about the 
structure of the functions or about the domain of their parameters for 
this procedure to bear fruit. In the general case, we are simply given 
m equations in n unknowns; and we add nothing substantive to our 
knowledge if we count and find that m = n. The equations may have 

19 It should not be inferred from (h.l), however, that we are necessarily limited 
to dependence of this type. Consider, for example, the two commodity functions 
Xi = (pi/p*) 2 -f (pj/pi) 2 - 2 and X 2 - (pi/p 2 ) — (p 2 /p i ), both being homogeneous 
of degree 0. The equation of dependence is Xi — ■ 0, which is not of type 

(h.l). Yet the vanishing of one of these functions implies the vanishing of the 
other. 
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one solution; they may have no solution; they may have an infinite 
number of solutions. And the solutions, if one or more of them exist, 
may be aceptable (in the sense that they contain no negative or complex 
quantities) or they may be unacceptable. 

Moreover, the problem is not solved, although its dimensions may be 
reduced, if after counting we find that out of n equations in n-2 un¬ 
knowns, no more than n-2 are independent. The remaining equations 
may be dependent or independent and in either case solutions may or 
may not exist. 

We cannot, therefore, prove consistency by counting equations and 
unknowns. The converse, however, is equally true. We cannot, as 
Patinkin has attempted to do, prove inconsistency by counting equa¬ 
tions and unknowns. The attempt to do this was in fact the basic 
methodological flaw underlying his argument. 

National Bureau of Economic Research 



THE CONSISTENCY OF THE CLASSICAL THEORY 
OF MONEY AND PRICES 1 

By Wassily Leontief 

In his recent article on “The Indeterminacy of Absolute Prices in 
Classical Economic Theory,” 2 Don Patinkin arrives at the conclusion 
that “due to the traditional assumption that the demand for goods 
depends only on relative prices,” the classical system as presented by 
Cassel is inconsistent. I have the impression that Mr. Patin kin’s argu¬ 
ment and consequently also his conclusion are erroneous. Since his 
criticism is aimed at the logical foundations of the non-Keynesian theory 
of general equilibrium, a further airing of the controversial issues in¬ 
volved can serve a useful purpose. 

Patinkin considers a system involving n commodities of which the 
first n —1 represent real goods, the nth being paper money. The price 
of money p n equals 1. The system consists of n demand equations: 3 

(6.1) Di = fi(p!, pi, • • • , p n -i), (*-l, •••,»); 

n supply equations: 

(6.2) Si = gi(Pi,P 2 , ••• ,p«-i). (* = 1, •••,»); 

and n equilibrium equations stating that the demand for each commod¬ 
ity equals its supply: 

(6.3) Di = Si , (i = 1, • • • , n). 

All in all there are 3?i equations and 3n —1 unknowns: n quantities 
supplied, n quantities demanded, and n—l prices of real goods. Not 
all the equations, however, are independent. The demand for money 
D « (expressed as a rate of flow per unit of time) is according to the 
classical theory identical with the total supply of real commodities, 
each multiplied by its respective price. Similarly, the supply of money 
S n equals the aggregate values, i.e., quantities times prices, or all real 
demands. Thus in his equation (6.6) Patinkin shows that if the first 
n—1 equations in (6.3) are satisfied, the last, D n = S n , also neces¬ 
sarily holds true, i.e., it is not independent of the rest of the system and 
should not be regarded as a separate equilibrium condition. Its elimina¬ 
tion reduces the total number of equations to 3n—1, which can now be 
solved for the 3n—1 prices of real commodities, the price of paper 
money, p n , having been fixed in advance. 

1 This paper is the second of three papers relating to this general topic, all 
appearing in this issue. 

* Econombtbica, Volume 17, January, 1949, pp. 1-27. 

* The numbers identifying various equations correspond to those used in Patin- 
kin’s article. 
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At a later stage of his argument, Patinkin substitutes the supply and 
demand equations (6.1) and (6.2) in the equilibrium equations (6.3) 
and thus reduces the original system to n excess-demand functions 
with 7i—l unknown prices. If Di — Si = Xi , 

(10.8) Xi(pi , ■ * • , p n—i) =0, (i = 1, • • • , ft). 

The last of these can, according to the foregoing argument, be dropped 
as redundant. 

Having thus presented what he considers to be the core of the clas¬ 
sical general equilibrium theory, Patinkin proceeds to demonstrate its 
inconsistency. First of all he establishes the following mathematical 
Theorem: “If every equation of a system of K independent equations in 
K variables is homogeneous of some degree t in the same set of variables , 
then the system possesses no solution (i.e., it is inconsistent ), with the 
possible exception of the one which sets each of the variables equal to zero” 
(page 10). 

Then he observes that according to the classical assumptions the 
ft—1 supply and the corresponding ft—1 demand functions for real 
commodities are homogeneous of degree zero in the ft—1 prices, pi , 
p 2 , • • • , pn-i . That means that a simultaneous proportional increase 
of all these prices would leave all the quantities supplied and demanded 
unchanged. He furthermore shows that the equations describing the 
demand and supply for money are also homogeneous in the same prices 
but of the first degree; i.e., a proportional increase in prices would 
result in a same relative increase in demand and supply of money. 

Having thus established that all the excess demand functions in 
system (10.8) are (according to the classical assumptions) necessarily 
homogeneous, Patinkin observes that “no matter what equation of 
(10.8) we drop (by virtue of their interdependence) we are left with 
n—1 independent equations in ft—1 variables, where each of the equa¬ 
tions is homogeneous in all the variables” (page 14). This being exactly 
a case referred to in the previously cited mathematical theorem, 
Patinkin concludes that “the Casselian system (6.1)-(6.3) is incon¬ 
sistent.” 

Now I will show that Patinkin *s argument, notwithstanding the 
system (6.1)-(6.3), is inconclusive. Having correctly indicated that 
the last, the monetary, equilibrium equation in (6.3) can be dropped 
since it is not independent of the other ft—1 equations of the same set, 
he failed to notice that the classical system as presented above must 
necessarily contain a second redundant relationship: any one of the 
2ft—2 individual supply and demand equations for real commodities 
[included in sets (6.1) and (6.2)] can be derived from the other 2ft—3 
real supply and demand equations. 
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Since money does not enter in his utility, i.e., preference, function, 
an individual according to the classical theory of economic behavior 
offers real commodities and services for sale only in order to be able to 
purchase other real goods and services. This means that the shapes of 
the 2»—2 functions describing his demand and supply for each of the 
real goods (as derived from his preference function) are necessarily 
interrelated in such a way that the unknown form of any one of them 
can be directly derived from the given shapes of the other 2n—3. 

Let us consider for example a simple system in which two competi¬ 
tively behaving individuals trade with each other two commodities, 
using paper money as a medium of exchange. If Di = fi(Pi/pz) is the 
first individual’s demand equation* for commodity 1, his supply equa¬ 
tion for commodity 2 must necessarily be of the following shape: $ 2 = 
(Pi/pi)fi(Pi/Ps)- This is so because vnfh any given pi and pt his money 
receipts from the sale of commodity 2 must be always equal to his 
expenditures on commodity 1. Similarly, if Z) 2 = fzCpi/pt) is the other 
individual’s demand for commodity 2, his supply of commodity 1 must 
be Si = (pt/pi)fi(pi/pi)- 

For the aggregate demand and supply of paper money we have 

(6.4) Di = Pl 5i + psSt = Pifi(pi/Pt) + Pifi(pi/pi), 

(6.5) St = piDi + pj)i = pifi(pi/pi) + PtSi(pi/Pi)- 

The complete set of excess-demand equations corresponding to 
Patinldn’s system (10.8) appears now in the following form: 

Xi = Di - Si = fi(pi/pi) - (pt/pdfifri/Pi) = 0, 

(10.8) X 2 = D» - St = fi(pi/pt) - (pi/pi)fi(pi/p») = 0, 

Xi = Di - Si = \pifi(pi/pi) + PifiQpi/pz)] 

~ \Plfl(Pl/P2) + Pift(Pl/Pi)] = 0. 

Pat,inkin correctly states that the last of these equations is a linear 
combination of the first two and thus does not represent an independent 
equilibrium condition. He is also obviously right in observing that the 
remaining two equations are homogeneous in pi and pi. He errone¬ 
ously assumes, however, that these two equations are independent of 
each other, and thus arrives at the conclusion that the system is over¬ 
determined, i.e., contradictory. Actually the first two equations are 
linearly interdependent: Xipi = — X 2 p s . Thus with positive prices, 
Xi = 0 implies X 2 = 0, and vice versa. Fax from being contradictory, 

* I write the demand functions as /i(pi/z>s) and fiipi/pt) rather than in the 
more general form/i(pi, pi) and/ 2 (pi, pi) in order to show that they are homoge¬ 
neous of the degree zero in prices, pi and pi . 
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the classical system can easily be solved for the price ratio pi/p*, and 
this solution as obtained from any one of the three excess-demand 
equations will necessarily satisfy also the other two. 

It is not the purpose of this note to consider the numerous other 
criticisms of the classical and neoclassical theory contained in Patinkin’s 
article. Insofar as some of them are directly or indirectly based on the 
argument discussed above, they must obviously stand and fall with it. 

Harvard University 



A NOTE ON PATINKIN’S ‘‘RELATIVE PRICES” 1 
By Cecil G. Phipps 

It is maintained in the present note that the inconsistency of system 
B in Mr. Don Patinkin’s recent article 2 is obtained by his use of a set 
of assumptions which can readily be shown to be contradictory. System 
B is the system in which stocks of money are assumed not to enter the 
utility functions. 8 

The first of these assumptions is made at the end of the summary ap¬ 
pearing in the first article. There he states, “The assumption of perfect 
competition will be maintained throughout.” In this statement, the free¬ 
dom to trade without restraint is certainly implied. 

On the same page he makes the second of these assumptions: “The 
individual maximizes (his) utility subject to (his) budget identity.” 
While he does not say so specifically, it appears that this assumption 
carries over into all the other sections also. 

From these two assumptions, perfect competition and maximization 
of utility, several useful corollaries may be derived. The first of these is 
this: If a good has no utility for any trader, its price relative to a good which 
has marginal utility is zero. The proof is based upon the implied behavior 
of the individual. Certainly, one who maximizes his utility would not 
exchange a useful good for any amount, however great, of a good which 
is useless both to himself and to every one else. Since no useful good 
would be exchanged for the useless good, the relative price of the useless 
good is zero. This good would not appear in the utility function of any 
individual. 

The second corollary is very similar: If a good has utility for some 
trader, but has no marginal utility for any trader, its price relative to the 
good which still has marginal utility is also zero. This statement implies 
that the individual, while he has use for some of this good, now' has all 
he wants of it. Indeed, more would be of no use and might even prove a 
detriment. Therefore, he would not trade a good for which he still has 
some use for more of one for which he has no further use. In this case 
also, the relative price of the good which has lost its marginal utility is 
zero. This situation is one in which our desire for a good is completely 
satisfied before the supply of the good is exhausted; e.g., the air we 

1 This is the third of three papers on this general topic, all of which appear in 
this issue. 

* D. Patinkin, “Relative Prices, Say’s Law, and the Demand for Money,” 
Econombteica, Vol. 16, April, 1948, pp. 136-154. See also “The Indeterminacy 
of Absolute Prices in Classical Economic Theory,” Econombtbica, Vol. 17 
January, 1949, pp. 1-27, by the same author. • 

* D. Patinkin, “Relative Prices .. .p. 145. 
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breathe out-of-doors. The good would appear in the utility function of 
those desiring it but the marginal utility expressed as a partial deriva¬ 
tive would be zero. 

The third corollary is the converse of the two above: If the relative 
‘price of a good is zero, it has no marginal utility. In the two cases above 
this statement has been true. Furthermore, these are the only two cases 
in which the partial derivative representing the marginal utility of a 
good will be zero. Among themselves, goods which have no utility have 
indeterminate price ratios. With these goods, one can only play at 
trading. Like statements are true of the excess supplies of the goods 
which have no marginal utility. 

In section 2 of his first article, Patinkin introduces money into the 
problem. This he takes to be paper or token money concerning which he 
makes the assumption (page 140): “...people derive no ( direct’) 
utility from paper money and therefore [the stock of money] does not 
enter the utility function.” On the following page, he then makes the 
contradictory assumption that the price of money relative to useful goods 
is one. Using these contradictory assumptions, Patinkin finds it quite 
easy to show the system under discussion to be inconsistent. Whether or 
not it is correct to identify system B with the classical theory is open to 
question. 


University of Florida 



AN APPLICATION OF LEAST SQUARES TO FAMILY DIET 

SURVEYS 1 

By M. H. Qttenouille 

The application of the method of least squares is discussed for the case 
in which a large number of unknowns have to be estimated; in particular, 
the application to family diet surveys is considered. Methods are indicated 
for shortening the analysis and investigating the importance of different 
variables by a step-by-step procedure. Suggestions are made on the plan¬ 
ning of surveys in the light of the methods investigated here. 

StTMMAHY 

In any well-planned diet survey, certain basic information is collected 
from each family observed. Briefly this includes (a) the total food con¬ 
sumption of the family during a given period, derived by weighing foods 
in stock at the beginning and end of the period and foods purchased 
during the period, (b) the age and sex distribution of the family and the 
occupations of all wage earners, and (c) the number of meals taken out 
by members of the family and the number of meals consumed within 
the household by visitors. (It is rarely posable to determine the exact 
outside consumption and consumption by visitors.) 

From these data calculations are usually made of the nutritive value 
of the home diet in terms of energy value and of certain constituents, 
and of the requirements of the family for energy and the same con¬ 
stituents in terms of some accepted scale. Comparisons can then be 
made between population groups, usually with certain additional de¬ 
vices such as stratification by food expenditure per head of each family. 
Under the conditions prevailing up to 1939, the income per head of a 
family was the main determinant of food expenditure, and that in turn 
of quality of diet. Such a stratification therefore gave information 
valuable from the economic, sociological, and nutritional aspects. How¬ 
ever, it is incapable of answering many subsidiary questions, such as 
the effects on food consumption of occupation, and family size and 
composition, except in so fax as these tend to coincide with the economic 
classification. 

When I was asked to undertake a study of the data from the Carnegie 
United Kingdom Dietary Survey (1937-39), the suggestion was made 
that I should explore to what extent additional information could be 
obtained about the effect of occupation and family composition on 
consumption, and whether or not any significant information could 
be derived about the consumption of individuals. Previously, only one 

i My thanks are due to Dr. I. Leitch of the Commonwealth Bureau of Animal 
Nutrition for assistance in the preparation of this paper. 
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attempt had been made to assess individual consumption from family- 
surveys, that of Clements [1], in which he gauged the individual con¬ 
sumptions by picking out and comparing families of similar constitu¬ 
tion differing in one number. This was obviously unsatisfactory since 
it utilised only a small fraction of the available information and was 
subject to very large errors. 

The Carnegie Survey was not planned with this type of refined analy¬ 
sis in view, but it has been found possible to obtain a great deal of 
significant information from the data. It would have been easier to 
analyse, and even more could have been extracted from it, had the 
survey been suitably planned. 

Since the dietary survey records food purchases for the family as a 
unit, the results as referred to individuals will not necessarily give 
exactly the same answer as would individual dietary surveys. What is 
studied is the effect of family constitution and all the other variables 
on food purchasing habits. That is to say, the result represents a general 
pattern and not the findings for actual individuals. 

At the same time, the form of analysis employed on the data of this 
survey indicates a method of dealing with least squares equations when 
a large number of variables are involved. Thus, in the following sec¬ 
tions, a method is suggested of carrying out an analysis so that the 
major causes of variation can be removed and examined in a step-by- 
step procedure, and, in particular, the major causes of variation in 
family diet surveys are examined and examples are given. 

1. INITIAL ANALYSIS 

In general, we shall have a series of figures for the total consumption 
per family over a period of time, which figures it will be necessary to 
split into individual components. We can assign constants to each 
member of the family representing his or her daily consumption. Thus 
«i might be used to denote the consumption of a child, age 0 - 1 , not 
breast-fed, and similarly constants may be used for other members of 
the family, say, as follows: 

a 2 breast-fed child, age 0 - 1 , 

6 child, age 1-3, 

c child, age 4-6, 

d child, age 7-9, 

e child, age 10 - 12 , 

fi male adolescent, age 13-15, 
fs female adolescent, age 13-15, 

Pi male adolescent, age 16-20, 

02 female adolescent, age 16-20, 
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m combined consumption of first male and female adults, 
n consumption of each extra male adult, 
p consumption of each extra female adult. 

The age grouping is in accordance with the League of Nations scale of 
requirements, but any alternative grouping may be used. It must be 
remembered, however, that the use of additional constants requires a 
large amount of extra work and that this work would be in vain if the 
amount of data did not justify an extensive calculation. For this reason 
the grouping of the adults according to age will seldom be worthwhile, 
although it is not difficult to test this after a preliminary analysis. It 
should be noted that individual constants to represent adult male and 
female consumption separately have not been used. This is because the 
majority of families contain just one male adult and female adult 
member, and a deviation from this condition frequently represents a 
state of economic stress in the family. To base individual male and 
female figures on such cases would lead to spurious conclusions, al¬ 
though in this case the extra adults might be grouped according to age 
or some other classification to differentiate between two families living 
together and one family with more than two adult members. It is more 
important to classify the adult wage earners of the family according to 
the type of work that is being carried out. Thus instead of m, four addi¬ 
tional constants, mi, m 2 , m z , and m 4 , might be used for the respective 
cases in which the male member is a heavy worker, medium worker, 
light worker, or unemployed. A similar classification might be used for 
n, but the relatively small number of cases in which families have more 
than one male adult member does not generally warrant the extra work 
involved. 2 

Using this system, for example, m 2 + ai + 2c + d would represent 
one week’s consumption by a family of one male medium worker, one 
adult female, and children aged 0-1, 4-6, 4-6, and 7-9. In the method 
of analysis proposed below, it will be presupposed that all families are 
observed for the same length of time. This is usually true, and a week is 
usually taken as the survey period, which implies payment of wages 
weekly and the usual absence of shopping facilities on Sunday. 

In any analysis it will be necessary to take into account causes of 
variation other than family constitution. Five main causes other than 
family constitution exist: 

Location . The manner in which the location of the family is taken into 
account will depend upon the importance that is placed upon district-to- 
district comparisons. Obviously if fine points are to be investigated, then 
a large number of observations must be taken and each district analysed 

5 Under present conditions, a large number of families are sharing accommoda¬ 
tions and food, and this would no longer be true. 
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separately, but in most cases the object will be to find the difference in 
consumption per individual. For this purpose it will suffice to add con¬ 
stants representing the relative individual consumption for each district 
or type of district. For example, if we group the districts into rural, 
light industrial, and heavy industrial, constants u , v, and w, u + v + w = 
0, might be used to represent the relative individual consumptions and 
thus m 2 + a± + 2c + d + 6v would represent the above family in a 
light industrial district. It will be seen that this representation fails in 
that it assigns only one constant to each district comparison irrespective 
of age or occupation. To be most effective these constants should take 
into account differences in age and occupation; but, provided that the 
families used in each analysis are of roughly the same size, the error 
introduced will be insignificant if we remember that adults will account 
for more, and children less, than is indicated by the values that are 
deduced. 

Food expenditure or income group . Allowance can be made for economic 
differences in the same manner as for differences in location, but the 
extreme differences in this case are so large that it would seem advisable, 
if the data permit, to analyse them in more than one portion, although this 
is a difficulty that can be overcome by the use of further constants. 

Size of family . The variation of individual intake with size of family 
might be expected, and this might be studied by the introduction of 
further constants (see below), but the increasing variation in family 
consumption with size of family necessitates separate analyses for in¬ 
creasing size of family, prior to any over-all analysis, to determine the 
relative accuracy of results obtained from families of different sizes. 
It would seem likely that in most cases the variation would increase with 
size of family, leaving the coefficient of variation constant; and in some 
recent unpublished work on calorie intake this was in fact true, the co¬ 
efficient of variation remaining at roughly 15% throughout when all 
definable causes had been eliminated. Thus the results from families of 
different sizes must be weighted according to some preliminary analysis 
or some predetermined scale before a final analysis is undertaken. 

Seasonal variation . The seasonal variation in consumption is relevant 
to any analysis, particularly of fruit and vegetables, but does not cause 
appreciable trouble in the analysis, although this effect will often vary 
with size of family. Usually in the planning of the survey this effect 
will be made orthogonal to most other effects. 

Visitors and meals out . The manner in which visitors and meals out 
are dealt with must depend upon what is intended to be measured by 
the survey. If it is the individual consumption at home that is to be 
measured then no adjustment for meals out is necessary, and such an 
adjustment would seem generally undesirable, especially when rationing 
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is in force. An adjustment for visitors can be made, but unfortunately 
the case of the casual visitor (when further food is introduced into the 
house) cannot be classified separately from the case of the “unexpected 
caller” (when little or no extra food is introduced) or of the neighbor who 
returns the compliment. Some distinction is preferable, although, since 
any constant will take on an average value for the effects of different 
types of visitors and since the proportion of visitors is in any case usually 
small, such a distinction is not important. 

2. THE BASIC METHOD OF ANALYSIS 

When the “model” for analysis has been specified, then it is next 
necessary to determine the form and method of analysis. The analysis 
can be carried out conveniently by the method of least squares, which 
minimizes — X t ) 2 , where x % is the mean daily consumption of 

the ith family, X, is the expected daily consumption of the ith family in 
terms of unknown constants, and co* is the weight attached to the observa¬ 
tion depending on the size of family and possibly the length of observa¬ 
tion. 

This well-known method gives rise to as many simultaneous linear 
equations as there are unknown constants, and, if the accuracy of the 
estimated constants is to be found, a matrix of the same order must 
be inverted. It is for this reason that it is necessary to reduce the number 
of constants to a minimum. The calculation, however, can be reduced 
since the unknowns can be regarded as several sets of constants. For 
example, either mi , m 2 , m z , or rru occurs in every family and, similarly, 
either it, v, or w occurs in every income group classification. With two 
such sets it has been shown [2] that an analysis of variance can be car¬ 
ried out on one set and adjusted by covariance on a dummy variate 
representing the other. This can similarly be carried out with three or 
more sets, although it requires the use of covariances on covariances 
which will be discussed later. However this suggests methods of planning 
a survey so that the subsequent statistical analysis can be greatly 
shortened. The simplest method would be to ensure that district, income 
group, and type of worker comparisons are all orthogonal by taking the 
same proportions of each type of worker in each district and income 
group and by taking the same proportions of each income group from 
each district, or, if each income group is to be analysed separately, 
by taking the type of worker and district orthogonal to each other. 
Unfortunately this is not always practicable because the inter¬ 
dependence of the factors involved makes the collection of such samples 
difficult in many cases, unreal, and inefficient for the purpose of subse¬ 
quent over-all comparisons. The alternative, which makes a compromise 
between the statistical analysis and the efficiency of individual compari- 
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sons on the one hand, and the ease of sampling and the efficiency of 
over-all comparisons on the other, seems to demand the use of “partially- 
orthogonal” samples. An approach to such samples can be made by the 
covariance method mentioned above. When there are two criteria of 
classification then an analysis of one criterion with covariance on dummy 
variates representing the other will involve a covariance with one less 
variable than is involved in the second criterion. However this covari¬ 
ance can be partitioned in different ways into orthogonal components, 
and if the majority of these components are taken to be orthogonal to 
the first criterion, then these can be taken out in the initial analysis and 
the covariance carried out on the remaining components. For example, 
suppose that the second criterion splits the data into three groups, 
u, v, w , say, and that the number of observations in the subgroups are 

Table I 


Groups of First Criterion 


Criterion 

i 

i 

2 

3 

4 

5 

... 

u 


7 h 

nt 

fli 

»8 

... 

V 


97ia 


mi 

ms 

... 

w 





msp — Tis 

... 


those given in Table I. It is seen that an initial analysis of the first 
criterion and of u + w versus v can be carried out and adjusted by a 
single covariance using the dummy variate £ taking values 1 for u, 0 for 
v , and —1 for w . 

When three or more criteria of classification are used then the same 
principle can again be employed, although its application is more in¬ 
volved and depends upon whether or not the several criteria are to be 
taken as mutually orthogonal. For example, if a third criterion with 
the grouping x, y , z , is employed with numbers in the subgroups as in 
Table I, then u + w and v must be orthogonal to x + z and y for a 
second dummy variate to be employed. 

A final simplification in the analysis that might be employed is the 
assumption that the consumption by the children behaves in a “regular” 
manner, i.e., its differentials exist everywhere and it can be adequately 
represented by a polynomial. This is not always possible, but it provides 
a useful simplification, especially when, as is common, the estimates in 
successive age groups tend to be negatively correlated. In any case, some 
care must be exercised in using this method to ensure that the repre¬ 
sentation is adequate, and if the sample is large there would seem little 
point in its use. In the following example this method has been used 
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since the purpose is to demonstrate the analysis, and on as small a 
sample as sixty observations the estimates of the constants would be 
subject to very large error. 

Example . To demonstrate the analysis, sixty observations, C, of calorie 
consumption of families with five children and spending about the same 
amounts on food per head were taken from a pre-war survey. Originally 

Table II 


Type op District 


Ttpe op Worker 

Heavy Industrial 
£« -1 

Light Industrial 

£ «* o 

Rural 

£-1 


l 

Q 

C 

i 

Q 

C 

l 

Q 

C 

Heavy 

- 3 

15 

12685 

- 5 

9 

15712 

3 

19 

13668 

- 2 

6 

14513 

0 

6 

15056 

- 7 

15 

16639 


- 7 

15 

11478 

3 

19 

15314 

- 3 

11 

14758 


- 1 

9 

14867 

- 3 

15 

12844 

- 5 

9 

15451 


-13 

45 

53543 

- 5 

49 

58296 


54 

60516 

Medium 

m 

14 

11868 

1 

ill 

16466 

2 

10 

15447 

WSm 

11 

12194 

- 1 

7 

14291 

- 1 

7 

15970 


mM 

9 

15659 

- 3 

15 

14527 

- 2 

4 

14158 


- 3 

15 

14016 

- 3 

15 

12480 

- 6 

10 

16034 


1 

9 

13343 

0 

10 

17569 

- 1 

7 

17737 


- 3 

7 

11391 

- 7 

15 

12757 

- 7 

15 

15450 


- 5 

9 


2 

14 

18002 

- 6 

10 

15444 


5 

15 

17092 

- 4 

10 

15144 

- 1 

11 

16473 


2 

14 

15118 

- 3 

7 

13275 

- 1 

a 
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10 

14100 

- 5 

9 
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94 
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- 6 

14 
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-17 

83 

82296 

- 6 

48 

62189 

- 8 

28 

27975 

Total. 

-47 

271 

318100 

-37 

229 

306131 

-51 

176 

275208 


there had been about eighty observations falling into this category, but 
observations on families with breast-fed children, pregnant women, or 
more than two adults, were rejected, and a further group of 17 observa¬ 
tions was rejected to bring the remainder into a pattern similar to that 
indicated in Table I. In this form the equations to be solved involve 
only one constant instead of the seven, mi-m*, u, v, and w. Since the 
number of children in each family is the same, no comparison of adult 
consumption with consumption per child is possible, and the small 
number of observations precludes all but the grossest comparisons. Thus 
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Table III 

Preliminary Analyses of Covariance 


Mean 

Workers 
to 4* — 2» 

Residual 

Degrees 

of 

Freedom 

1 

3 

1 

55 

60 

Sum of 
Squares 
of C 

13,483,175,245 

15,278,930 

2,993,784 

288,369,561 

Sum of 
Squares 
off 
0.6000 
3.5333 
0.3000 
35.5676 

Sum of 
Products 
of £ and l 
13.5000 
- 0.7676 
1.2000 
-17.9333 

Sum of 
Products 
of £ and q 
-67.6000 
- 3.3333 
0.5500 
-24.6176 

Sum of 
Products 
of £ and C 
-89,944 

35 

948 

46,069 

13,789,817,520 

40.0000 

-4.0000 

-95.0000 

-42,892 





Sum of 

Sum of 

Sum of 





Squares 

Products 

Products 





oil 

of l and q 

of l and C 

Mean 

1 



303.750 



Workers 

3 



4.533 

- 19.883 

■EtH 

to + n — 2o 

1 




ilfl^KKrria 

3791 

Residual 

55 



609.917 

2.683 



60 



923.000 


-1886833 






Sum of 

Sum of 






Squares 

Products 






of q 

of q and C 

Mean 

1 




7616.267 

10133679 

Workers 

3 




100.517 

- 38244 

to + u — 2v 

1 




1.008 

1737 

Residual 

55 

1 



780.208 

-131110 


60 




8478.000 

9966062 


If the predicted calorie consumption is given by ai£ + ad + a*g, then, from Table HI, 


n*n 

r 35.667 

-17.933 

-24.617-1-1 1 

r 46069"] 

I aa I — 

-17.933 

609.917 

2.683 

125079 

LasJ 

L-24.617 

2.683 

760.208 J 1 

L-131110 J 

r 

■0.0291991 

0.0008544 

0.0009425-1 1 

r 46069 "J f 1328.475“] 
125079 - 244.709 

L-131110J L-130.311J 

- 

0.0008544 

0.0016646 

0.0000218 i 

L 

.0.0009425 

0.0000218 

0.0013459 J ! 


The analysis of covariance is then completed as follows: 

Sum of 

Degrees of Squares Mean Standard 

Freedom of C Square Deviation 

Regression 3 108,894,891 

Residual (2) 52 179,474,670 3,451,436 1,858 

Residual (1) 55 288,369,561 

We may now test different effects, for example, 

(1) Standard error of oi « [(0.0291992) (3,451,436)li{* * 317.5, 

Standard error of o* « ((0.0016846) (3,451,436)K 3 - 75.8, 

Standard error of o. » [(0.0013459) (3,451,436) p* - 68.2. 

(2) Difference in calorie intake of children, aged 16-20 and 7-9 equals 3aa + 9oa ■» —438.7. 

Standard error of difference equals [(9-0.0016646 + 54-0.0000218 + 81-0.0013459) 3,451,4361^* = 688.4 

(3) Difference between mean calorie intake of medium and unemployed workers, adj us ted for dif¬ 
ferences in family constitution and district equals 15314 — 14372 — (24ai + 27a; — 173aa)/60 =■ —75. 
Standard error of difference equals [(1/30 + 1/12 -f 48.06/3600) 3,451,436]^* — 669.8. 


the substitutions 

at = d — Zl + 9q, b = d — 21 + 4q, c = d — l + q, 

e = d + ! + }, /i = fs = d + 21 + 4 q , qi — = d + Zl + 9 q, 

were made. Table II gives the mean daily consumption per family, to¬ 
gether with the coefficients of l and q for each family.* The covariances 

1 My thanks are doe to Dr. D. P. Cuthbertson of the Rowett Institute for Re¬ 
search in Animal Nutrition for permission to use the data in this table from the 
Carnegie Dietary Survey prior to the publication of the analysis of this survey. 
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are then analysed in Table III and in the material which follows imme¬ 
diately thereafter. The analysis thus follows the normal course and 
standard errors can be attached to the resulting estimates and their dif¬ 
ferences in the normal way. This analysis, although crude in many ways, 
demonstrates on a smaller scale how the method works, and it also 
emphasizes a difficulty that will often occur: Is the “model” used for 
the analysis sufficiently good, i.e., what additional factors, if any, should 
be introduced and how can they be introduced with a minimum of 
labour? 


3. COVARIANCES ON COVARIANCES 

The above analysis was made without undue difficulty because it 
was assumed that all the possible influencing factors had been taken 
into account and that the number of such factors was relatively small. 
However, in practice this is not always true and, as pointed out in the 
last section, we are frequently uncertain whether or not additional 
variables should be added when the number of variables is very large. 
Consequently, although the above analysis saves a great deal of time, 
the computation may still be very large. For example, we may have 
twenty prime causes of variation and another ten possible causes. By 
preliminary planning, ten of the prime causes may be made orthogonal, 
but a covariance analysis still involves the inversion of a 10 by 10 matrix 
with further inversions if the possible causes of variation are also to be 
tested. This work can again be shortened using the “covariance-on- 
covariance” technique. Thus, suppose that the residuals in the initial 
analysis of variance are represented by y and that the initial covar¬ 
iance on x \, • • • , x p estimates the relation Y = a'x, where a f — 
a p ] and x f = [x x , • • • , x P ], Let represent the column 
vector with elements and let S(^j) represent the matrix with 
elements S&w • Also let S~ l (£#)/) = C(gtfh); then a = C(x&j)s(x t y). 

If further variables z x , • • * , z q are now introduced, then regressions 
on xi , • • • , x p give Z k = S'(z k Xi) C (x&j) = say, and the residual 
sum of squares and products for y, z \, • • • , z Q when xi , • • • , x p have 
been eliminated are given by formulae such as 

2*2/* — Zy* — S' (x&) C (x&j)S (x&) = 2s/ 2 — a!S(x$), 

2 A - fig - S'MCMW = 2 z\ - WSM, 
2 * 2 / 2 != Xyzi — S' (x t y)C(x&j)S(x#i) = 2 yz x — a'S(x& x ) 

= 2^/21 — WS(x&), 

where the subscript x is used to indicate that the variables x x , • • • , x P 
have been eliminated. Thus, if a further covariance on , • * • , z q is 
carried out, the inverse matrix is C 9 (z&/) and we now have 

Yx = S/(yZi)C x(z&d z * = d'z S9 
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and the residual sum of squares for y is given by 

d r S x {yz%)* 

If we write out the relation connecting Y with xi , • • • ,x Pi Zi, • • • , z q , 
we now get 

Y = d'z + (a' - dB)x = d'a + e'z, 

where 


B' = [ 61 , 6 2 , • • • , b a ] = S'(zhX % )C(x % x,). 

The covariance matrices of di, • • ■ , and ai, • - • , a p are C*^/) and 
C(xiZj), respectively, so that the covariance matrix of e x , • • • , e p is 

CM + B'C x (z&)B 

and the covariance of di , ■ • • , d q with ei , • • ■, e p is given by 

-B'C x (z&). 

Thus the over-all covariance matrix of ei, • • • ,e p ,di, • • • , d 2 is 
“Cfes,) + B'Cafe z;)J3- B'C x (z t zj)~ 

- C x {ziZj)B ••• C*(SiS/) 

The importance of this approach, which effectively extends a formula 
given by Cochran [3 ] for the addition of an extra variable in a regression, 
is that the over-all analysis involving p + q variables requires the inver¬ 
sion of only two matrices of orders p and q. The analysis is conveniently 
carried out in covariance form, and can easily be extended since the 
calculation of the over-all covariance matrix effectively brings us back 
to a single covariance and the process can be repeated again. In multiple 
regression terminology these formulae are equivalent to the statement 
that a regression of y on xi , * • • , x p , Zi , • • • , z q , can be carried out 
by calculating initial regressions of y, z l9 ••• , z q on Xi, ••• , x p 
and subsequently a regression of the residuals of y on the residuals of 
zi , • • • , z q when xi , • * • , x p have been eliminated. 

This analysis may be conveniently split up into the following calcula¬ 
tions: 

( 1 ) the sums of squares and products of all variables, 

( 2 ) the inverse matrix 

(3) the coefficients bh and the matrix B, 

(4) the matrices S x (ziy) and S x (z&,), 

(5) the inverse matrix C x (z&i), 

( 6 ) the coefficients d and e and the residual and 

(7) the over-all covariance matrix. 
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Step (1) would be carried out whatever the method of analysis, while 
steps (3), (4), and (6) are roughly equivalent to the multiplication 
that would be required after the calculation of an over-all inverse 
matrix. Thus the above calculation effectively replaces the inversion 
of an over-all matrix by steps (2), (5), and (7), and the inversion of, 
say, a 12 by 12 matrix can be replaced by the inversion of two 6 by 6 
matrices together with three matrix multiplications. 


Table IV 

Test of the Difference Between Male 
and Female Adolescent Consumption 


Mean 

Workers 
w + u — 2v 
Residual 

Degrees of 
Freedom 

1 

3 

1 

55 

Sum of Products 
of $ and a 
-0.500 

0.833 

0.050 

-5.383 

Sum of Products 
of l and a 
-11.250 
- 1.417 

0.200 

26.467 

Sum of Products 
of q and a 
56.333 

4.500 

0.092 

-12.925 


60 

-5.000 

14.000 

48.000 

Mean 

1 

Sum of Products 
of C and a 
74953.2 

Sum of Squares 
ota 

0.41667 


Workers 

3 

-1252.5 

2.75000 


w + u — 2v 

1 

158.0 

0.00833 


Residual 

55 

-2232.7 

21.82500 



60 

71626.0 

25.00000 



rbi~\ ro.o: 
\bi « o.o 
L&aJ Lo.oi 


[ - 5.3831 r—0.1467581 

26.467 « 0.030175 

—12.926 J L— 0.021892 J 


0.0291991 0.0008544 0.00094251 

1.0008544 0.0016646 0.0000218 

►.0009425 0.0000218 0.0013459J 

Residual sum of products of C and s (corrected for £, l, and q) equals —2232.7 — 1009.3 — —3242.0. 
Residual sum of squares of a (corrected for £, l, and q) equals 21.82500 — 2.10983 » 19.71517. 
Regression coefficient d is -3242.0/19.71517 - -0.0507224(3242.0) - -164.4. 

-0.0507224 B ■= 

0.0507224 B' B 

Thus the covariance matrix for ei, e«, et, and d is 


f 0.00744391 r 

-24.il r 

’ 1304.41 

-0.0019870 L 164.4 B - 


251.1 

L 0.0011104 J L 

- 3.6J L 

.—133.9 J 

r 0.0010925 -0.0002916 

0.0001630- 

1 

» -0.0002916 0.0000778 

-0.0000435 


L 0.0001630 -0.0000435 

0.0000243. 



“0.0302916 0.0005628 0.0011055 0.00744391 

0.0005628 0.0017424 -0.0000217 -0.0019870 

0.0011055 -0.0000217 0.0013702 0.0011104 ' 

.0.0074489 -0.0019870 0.0011104 0.0507224J 


In practice the inversion of anything greater than an 8 by 8 matrix 
is tedious. The 3 by 3 matrix would seem to be a convenient unit with 
which to work, although when we are uncertain whether certain factors 
should be taken into account these may be tested and, if necessary, in¬ 
corporated. 

A further point that should be noted is that the set of orthogonal 
factors eliminated by the analysis of variance can be considered as the 
first step in the above process and that, correspondingly, these factors 
can be incorporated into the over-all inverse matrix at any stage. 

Example. To demonstrate the form of this analysis, we might test 
whether the accuracy of the analysis carried out in Tables II and III might 
be improved by differentiating between the sexes of children over 13 
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and whether a reliable estimate of any such differences can be obtained. 
This is done using a dummy variate £ which takes values +1 for male 
adolescents, —1 for female adolescents, and 0 for other children. The 
form of the analysis is shown in Table IV. The estimated regression 
coefficient in this case is —164.4 ± 421.9 so there is no gain from intro¬ 
ducing this extra variable, the accuracy of which is not very good. 
However, it has been assumed that this extra variable has been taken 
into account and an over-all covariance matrix has been calculated. 

One further point should be noted about the form of analysis: the 
individual analyses of variance reveal wherever two sets of factors in 
the collected data deviate very greatly from orthogonal samples and 
therefore indicate where the existence of interaction will be of greatest 
importance. 


4. DETERMINATION OF THE WEIGHTS 

It has already been pointed out that an increase in size of family 
normally leads to an increase in the variation and that for the method 
of least squares to be efficient the observations should be weighted ac¬ 
cording to their relative accuracy. This can be done according to some 
predetermined scale or according to a rough initial analysis. Fortunately 
it has been shown [4] that the analysis is accurate even if the weighting 
is fairly rough. However some care is necessary in carrying out the 
over-all analysis because of the problems raised by interaction with size 
of family. Thus, for example, it is fairly obvious that the effect of loca¬ 
tion and economic classification will vary with size and constitution of 
family. Normally the assumption that these effects are constant for 
families of a particular size will be sufficiently accurate, but any further 
assumption concerning their variation with size of family will lead to 
a greater degree of inaccuracy in the representation. Again, if the in¬ 
dividual consumption varies with size of family this tends to give an in¬ 
correct picture in an over-all analysis. Thus, for example, if the relative 
consumption decreases with size of family, since the larger, i.e., older, 
families contain a greater proportion of adolescents, this effect, if not 
taken into account, will be shown in an over-all analysis by a decrease 
in the estimated consumption of the adolescents. 4 Thus the following 
approach is suggested. 

4 There are, however, two other points which should be noted at this stage. 
Firstly, if interaction is detected in analyses by size of family, the combination 
of these analyses cannot be carried out uncritically if the results are to be of 
general application. Thus, if children in small families are getting more than their 
requirements and children in large families less than their requirements, to state 
that the average is “just right” hardly does justice to the situation, while a stand¬ 
ard error attached to such an average acquires a specialized meaning. Secondly, 
an effect of the land described above can occur irrespective of size of family if 
there is a tendency towards *‘arrested development” in the family consumption. 
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As a first step in the analysis we eliminate effects that are known to 
vaiy with size of family. A rough analysis is then carried out eliminating 
the effect of family constitution. This is most conveniently carried out 
using graduated parameters, as in the above example. Unless great ac¬ 
curacy is required, the type of work need not be taken into account since 
the determination of the weights to within 20% will usually suffice, al¬ 
though if it is desired to investigate the extent and form of interaction 
larger analyses will be required. The relative weights given by the re¬ 
ciprocals of the residual mean squares can now be used to combine the 
individual analyses after the stage where the effects varying with size 
of family have been eliminated. The analysis then follows the usual 
lines with the initial matrix C(x t x 3 ) now taking the form: 

Ci 0 ••• 0 

0 C 2 • * ■ 0 

0 0 • 9 • C n m 

However, it may subsequently be necessary to combine or analyse the 
estimates obtained by size of family, so that some general remarks on 
the combination of least-squares estimates are necessary. 

5. THE COMBINATION OF LEAST-SQUARES ESTIMATES 

If we have a series of normally and independently distributed estimates 
0i 3 02 , • • • , 0n , of a parameter 0 , with variances Vi, V *, • • ■ , F» , 
then it is well-known that the most efficient combined estimate 0 is 
given by (X) TT 1 )^ = S VT 1 ^ , with a variance V given by V" 1 = 23 FT 1 . 
Similarly, if we have a series of normally and independently distributed 
estimates 0 i, 0 s, • ■ • , 0 », of a set of parameters 0 , with covariance 
matrices Y \, F 2 , • - * , F n , then the most efficient combined estimates 
are given by (X^T 1 ) 0 = ^2VT l 6 iJ with a covariance matrix F given 
by ‘P -1 = 23 FT 1 . This, in effect, states that an over-all least-squares 
analysis should be carried out with weighting proportional to the residual 
mean squares in the individual analyses. An alternative approach to 
this seems worth noting. If we have two sets of estimates 0 X , 0 2 with 
covariance matrices Yi , V 2 , then we can find a transformation A such 
that A'ViA and A'V«A are diagonal and, correspondingly, so that 0 
is transformed to A'S. The transformed set of estimates are independent 
of each other so that the ordinary weighting rules will apply and 

[(A'FiA )- 1 + (A'YtA^lA'e - {A r V l A)^A f Q l + (A'F^A'fc , 
i.e., 

A-^VT 1 + = A-HVTX + it 1 **), 

which is the same formula as obtained previously. This alternative ap- 
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proach, however, shows that the loss of information resulting from the 
direct combination of least-squares estimates will depend upon the 
deviations of V\ and V t from diagonal matrices. In particular, the devia¬ 
tion of VT l Vi or FT 1 Fi will largely determine the loss of accuracy for 
the combination of matrices. Also it suggests that an initial transforma¬ 
tion to make the matrices Vi and V 2 approximately diagonal might be 
fairly efficient. 

As a first step in investigating the efficiency of direct combination we 
might consider least-squares matrices of the kind A 1 P 1 A 1 where Ai is 
diagonal and 


1 

Pi 

Pi -• 

• Pi 

Pi 

1 

Pi • • 

• Pi 

Pi 

Pi 

1 •• 

- Pi 

JP1 

Pi 

Pi * • 

• 1 . 


This type of matrix will arise when each observable has an equal prob¬ 
ability of occurrence with every other observable. The inverse of this 
matrix is A^-Pi^Ar 1 , where 



'Pi 

Qi 

Qi --- 

Of 


Qi 

Pi 

Qi--- 

Qi 

II 

Qi 

Qi 

Pi--- 

Qi 


j Qi 

Qi 

Qi • • • 

Pi. 


1 + Pi(n — 2) 

(1 - pi)[l + pi(n - 1)] ’ 


Ql (1 - pi)[l + viin - 1)]’ 

and n is the order of the matrix. This matrix can now be used to investi¬ 
gate the loss of information. Thus, iiAi = a! 7, so that the least-squares 
matrix is aiPi , and the estimates from this matrix are directly combined 
with those from a second matrix a 2 P 2 , then the percentage loss of in¬ 
formation is found to be 


_ 100(n - l)(pi - pa) 2 _ 

(1 - p){l + p(n - 1)}{1 + pi(n - 2)}{1 + jte(n - 2)} 


where 


V - 


QiPi 4~ OtPs 
<*1 + 02 


dldz 

(01 + ChY ’ 


The latter half of this expression depends only upon the relative 
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number of observations in the two groups and cannot take a value ex¬ 
ceeding i which it does when 01 = 02 . Table V gives the values of this 
expression for 01 = o 2 ,2a 2 ; n = 3, 5, 7, 9; pi — 0.0, 0.2, 1.0; p 2 = 0.0, 
0.2, 1.0. It is apparent that the loss of information is serious only when 
the difference between pi and p 2 is large, i.e., in effect, when one set of 
observations might be used to offset a high correlation between estimates 
obtained from the other. This effect is naturally more important if the 

Table V 


Percentage Loss of Information Resulting from the Direct Combination 
of Least-Squares Estimates 
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” at 





01 “ 

2 at 



to 

0.0 

0.2 

0.4 

0.6 

0.8 

1.0 


0.2 


0.6 

0.8 

1.0 

n *» 3 













0.0 

0.0 

1.5 

5.1 

10.0 

16.5 

25.0 

0.0 

1.3 

4.5 

9.3 

16.4 

28.6 

0.2 

1.5 

0.0 

1.1 

3.9 

8.3 

15.1 

1.4 

0.0 

1.0 

3.6 

11.4 

18.0 

0.4 

5.1 

1.1 

0.0 

0.9 

3.6 

8.9 

4.6 

0.9 

0.0 

0.8 

4.7 

11.0 

0.6 

10.0 

3.9 

0.9 

0.0 

0.9 

4.8 

8.9 

3.4 

0.8 

0.0 

0.9 

6.2 

0.8 

16.5 

8.3 

3.6 

0.9 

0.0 

1.9 

14.1 

6.9 

2.9 

0.8 

0.0 

2.6 

1.0 

25.0 

15.1 

8.9 

4.8 

1.9 

0.0 

20.0 

11.5 

6.5 

3.4 

1.4 

0.0 

n “ 5 













0.0 

0.0 

2.0 

5.0 

8.3 

12.1 

16.7 

0.0 

1.7 

4.3 

7.3 

11.4 

18.2 

0.2 

2.0 

0.0 

0.7 

2.3 

4.4 

7.3 

1.9 

0.0 

0.6 

2.1 

4.3 

8.5 

0.4 

5.0 

0.7 

0.0 

0.4 

1.6 

3.6 

4.9 

0.7 

0.0 

0.4 

1.6 

4.3 

0.6 

8.3 

2.3 

0.4 

0.0 

0.4 

1.7 

7.9 

2.0 

0.4 

0.0 

0.4 

2.1 

0.8 

12.1 

4.4 

1.6 

0.4 

0.0 

0.6 

11.0 

3.8 

1.3 

0.3 

0.0 

0.8 

1.0 

16.7 

7.3 

3.6 

1.7 

0.6 

0.0 

14.4 

5.8 

2.7 

1.2 

0.4 

0.0 

n “ 7 













0.0 

0.0 

2.1 

4.5 

6.0 

9.4 

12.5 

0.0 

1.7 

3.7 

5.9 

8.7 

13.3 

0.2 

2.1 

0.0 

0.5 

1.5 

2.7 

4.3 



KS9 

1.3 

2.6 

4.9 

0.4 

4.5 

0.5 

0.0 

0.2 

0.9 

1.9 ! 

4.5 


ESI 

0.2 

0.9 

2.3 

0.6 ! 

6.9 

1.5 

0.2 

0.0 

0.2 

0.9 

6.8 

1.3 

EH 



1.1 

0.8 

9.4 

2.7 

0.9 

0.2 

0.0 

0.2 

8.9 

2.5 

EaI 

mm 

H 9 

■K] 

1.0 

12.5 

4.3 

1.9 

0.9 

0.2 

0.0 

11.1 

3.5 

1.4 

Ejjr| 



n - 9 
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5.8 

7.7 

10.0 

0.0 

1.7 

3.2 

4.9 

7.0 

hjq 

0.2 

2.1 

0.0 

0.4 

1.0 

1.8 

2.9 

2.1 

0.0 

0.3 

0.9 

1.7 

3.2 

0.4 

4.0 

0.4 

0.0 

0.2 

0.5 

1.2 

4.2 


0.0 

0.1 


1.4 

0.6 

5.8 

1.0 

0.2 

0.0 

0.1 

0.5 

5.9 

■ilH 

0.1 

■)Rn 

0.1 


0.8 

7.7 

1.8 

0.5 

0.1 

0.0 

0.2 

7.5 

1.6 

0.5 

0.1 


0.2 

1.0 

10.0 

2.9 

1.2 

0.5 

0.2 

0.0 

9.1 

2.3 

0.9 

0.4 




highly correlated estimates involve a greater proportion of the total 
information available, and it would appear to be generally true of all 
least-squares estimates that they can be combined without much loss 
of information provided there is not an appreciable change in the inter¬ 
action between the factors involved in each estimate. For example, the 
direct combination of estimates obtained from the least-squares matrices 


1 1-6 0 0 

1-6 100 
001 1-e 

0 0 1-e 1 


1 0 1-6 0 

010 1-e 

1-e 010 

0 1-e 0 1 
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and 

"i o o i-r 

0 1 1-6 0 

0 1-e 1 0 ’ 

_l-6 0 0 1 _ 

where e is small, would involve almost complete loss of information 
ainra the high correlations may be used to offset each other. 

Thus, while the direct combination of least-squares estimates is 
feasible, it requires a careful consideration of whether the individual 
groups of observations may augment one another, and here again the 
possibility of using a transformation presents itself. 

6. SURVEY PLANNING 

It has been suggested above that, from the point of view of the statis¬ 
tical analyses, orthogonality or partial orthogonality is a property to be 
desired in survey planning. These suggestions are worthy of further dis¬ 
cussion in relation to the execution of the survey and the application 
of its results. Naturally, if we wish to investigate particular points, 
emphasis should be laid upon these points to ensure that accurate com¬ 
parisons can be made. For example, if it is desired to estimate the effect 
of size of family on individual consumption, a higher proportion of large 
families than would normally occur might be included in the survey to 
ensure that this comparison is as accurate as possible. Again, the joint 
and independent estimation of two or more effects requires the use of 
orthogonal samples, and the existence of interactions is best recognised 
with orthogonal samples. However, apart from the difficulties of collect¬ 
ing such a sample, other difficulties will often make it impracticable. 
Over-all comparisons will normally be made by weighting estimates 
from different groups according to the proportions in some standard 
population which is used as a basis of comparison, and if this results in a 
relatively large loss of information then some other method must be 
used. Thus the process of taking an orthogonal sample might lead to an 
imbalance in the proportions of families of different sizes or in the propor¬ 
tions of children of different ages. Also, an orthogonal sample will not 
necessarily measure what is required whereas this might be provided by 
a nonorthogonal sample. For example, consider an investigation in 
which we have two economic classifications, “rich” and “poor,” and 
two family size classifications, “large” and “small”; the virtual non¬ 
existence of the “large-rich” groups would necessitate a great deal of 
extra sampling if the two comparisons are to be made orthogonal. How¬ 
ever, in fact the comparison of the dietary practices of huge and small 
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families must inevitably be referred to the “poor” group if the com¬ 
parison is to be a valid one, and correspondingly in determining the 
effect of income group small families must be used. Hence the extra 
sampling works to the disadvantage of the final result. 

This rather baldly leaves out of account finer points such as the inter¬ 
action of the two factors both from the statistical point of view and in 
consequence of the maxim that a rise in family size causes a relative 
decrease in income, but it is fairly obvious that orthogonality is not 
always to be desired. Nevertheless, when the sets of factors involved 
scarcely interact, if an orthogonal sample can be collected without undue 
difficulty the subsequent analysis might be greatly simplified. Similarly, 
if the population gives rise to almost orthogonal samples, then orthogonal 
samples might be taken and subsequently adjusted for the effect of 
interactions on the over-all comparisons that are to be made. Larger 
departures from orthogonality might require, if interaction is present, 
a partially-orthogonal sampling design. 5 There are a large number of such 
designs depending upon various partitions of sums of squares which can 
be carried out for any or all of the methods of classification, so that 
it will usually be possible to find a design which would be reasonably 
representative. However, if the method of weighting suggested above 
is adopted, then the factors whose effects vary with size of family, i.e., 
economic, geographical, and seasonal effects, must be eliminated first 
of all. Thus the sample should be designed to allow these factors to be 
eliminated simultaneously with a minimum of trouble. Only when this 
can be done will attention to the other factors be justified. 

So far nothing has been said about the method of sampling families 
of different sizes and the best methods of estimating the individual con¬ 
sumption of children of different ages. Theoretically these can be studied 
by fractional replication designs, but from the practical viewpoint this 
is both tedious and wasteful in relation to the comparisons that will 
finally be made. In practice, therefore, we shall with certain reservations 
usually be content with stratifying for other factors, including possibly 
size of family, and analysing the results by the analysis of covariance. 
The reservations arise in consequence of the interactions of family 
constitution with other factors, which may cause the almost complete 
identification or confounding of two or more effects if special action is 
not taken. Thus, for example, special action may be necessary to prevent 
the effect of size of family being identified with an increase in age and 
manifested by an apparent decrease in adolescent consumption. 

Hence, to summarise, the sample should deviate from a random or 
stratified random sample only in so far as it is necessary to ensure that 

5 If a sample is taken so that two or more effects are nearly orthogonal, then it 
is often possible to treat the sample as if it were orthogonal without undue qualms. 
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particular effects are distinguished and, if possible, to allow economic, 
geographical, and seasonal effects to be eliminated simultaneously. 

University of Aberdeen 
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THE THEORY OF DEMAND APPLIED TO THE FRENCH GAS 

INDUSTRY 

By Michael J. Vebhulst 

Data for the French gas industry is studied under the assumption 
that the demand for gas by a consumer is a function of the price of 
gas and of the disposable income of the consumer. The demand equa¬ 
tion is shown to be identified within the model defined by the demand 
equation, the equation of production, and the equilibrium equations. 
Elasticities of demand with respect to price and disposable income 
are obtained and confidence regions are calculated and interpreted. 

SUMMARY 

The object of the article is to study the demand for manufactured gas 
in the French gas industry in the fourth quarter of 1945. The data avail¬ 
able relate to a sample of 46 firms divided into three groups. 

Assuming that the demand for gas by a consumer is a function of the 
price of gas and of the disposable income of the consumer, it is attempted 
to measure the elasticities of demand for gas with respect to price and 
disposable income, respectively. 

By considering together the demand equation, the equation of produc¬ 
tion, and the equilibrium equations, it is possible to show that the de¬ 
mand equation is identified within the model defined by these equations, 
so that the elasticities of demand can be computed. 

It is found that the elasticity of demand with respect to the price of 
gas is about minus three and the elasticity of demand with respect to 
the disposable income is about zero. Moreover, confidence regions are 
calculated and their shape suggests that the values of the elasticities 
may vary widely with the size of the firms constituting the sample 
analyzed. 

* * * 

In a previous article 1 we have tried to determine the form of the 
production function of a gas firm (manufactured gas) in the neighborhood 
of the point of equilibrium, and we have made use of an economic model. 
In the model, we have assumed that the revenue function of a gas firm 
in the neighborhood of the point of equilibrium can be represented by an 
equation of the form 

(1) a - &P ?0 , 

where z stands for the gas receipts of the firm, p stands for the gas output 
of the firm, and b and ft are two constants. 

i “The Pure Theory of Production Applied to the French Gas Industry,” 
Econometrica, Vol. 16, October, 1948, pp. 295-308. 
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With the statistical data available at the time of writing the former 
article, it was not possible to determine the value of ft . Some supple¬ 
mentary data now available make possible this determination. The 
object of the present article is to study the demand in the French gas 
industry in the fourth quarter of 1945. But now we take into account 
the disposable income of the consumers. 

In economic theory, it is shown that the demand for a commodity can 
be considered as a function of the price of the commodity, the prices 
of other commodities, and the disposable income of the consumer. How¬ 
ever, in a concrete study, the statistical data are not such that the de¬ 
termination of this function is immediately possible. It is necessary to 
make restrictive assumptions. 

We shall assume that the demand for gas by a consumer is a function 
of the price of gas and of the disposable income of the consumer and 
independent of the variations of the prices of all the other commodities. 
Let q be the quantity per capita of gas that the individual stands ready 
to consume, p the price of gas, r the disposable income per capita. 
We assume that the demand function can be represented by an equation 
of the form 

(2) q = fcrV. 

where k, a, and /S are constants. We notice that 0 and a are the elasticities 
of demand for gas with respect to the price and the disposable income, 
respectively. 

It is known in mathematics that any continuous function of two vari¬ 
ables can be represented in the neighborhood of a point by an equation 
of the type (2), where a and /3 are constants. To be able to know whether 
or not the type of function adopted is admissible, the ideal method would 
be to conduct an experiment, imposing alternative prices and levels of 
income on the consumer and studying his reactions. But such an experi¬ 
ment is not possible. However, the statistical data available make the 
determination of the function (2) possible in an indirect way, by means 
of econometric methods. But before laying down these methods, it is 
necessary to present the statistical data available. 

For each of the 46 firms listed in the table for Groups I, II, and 
m, we know the number of consumers supplied, the index of the aver¬ 
age disposable income of a consumer, the average price of the gas con¬ 
sumed, and the average quantity of gas consumed per capita. These 
data are obtained from the results of an inquiry made by the Office 
Professionnel du Gaz in Paris at the beginning of 1946. They relate to 
the operation of 46 gas firms in the fourth quarter of 1945.* 

* The figures for numbers of consumers are those of 1946. 
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The figures for quantity consumed and for price need no commentary. 
But a word of explanation is necessary for the figures for indices of dis¬ 
posable income. It is not possible to obtain the figures for disposable 
income in a direct way, so we have established indices of disposable 
income in an indirect way as follows: 



Figure 1.—The map of France is divided into three regions. In region I (white) 
the people are mostly engaged in industrial activity. In regions II and III the 
people are mostly engaged in agricultural activity. However, in region II (shaded) 
there is less than one head of cattle for three hectares of land, and in region III 
(dotted) there is more than one head of cattle for three hectares of land. 

The provinces of France have been divided into three groups (see the 
map of France, Figure 1), as was done in a study made by E. Genissieu 8 

* E. Genissieu, “Influence du tarif sur la consommation, larecette, et le bdndfice 
Aon* la distribution de 1’dnergie dlectrique,” Revue Gknkrale de VElectriciU , Vol, 
35, April, 1934. 








-Fbench Gas Producers 


48 


MICHAEL J. VERHULST 



log q 

2.233 

1.978 

1.940 

2.041 

1.806 

2.057 

1.886 

1.869 

2.049 

1.792 

1.929 

1.591 

1.914 

1.623 

1.959 

1.643 

1.799 

2.009 

1.954 

1.869 

2.049 

1.819 

1.771 

Quantity 

(cubic 

meters) 

& 

NOlOOHOHNNHOODWOO^OJ^CO $ H W 

rH r-< rH t—1 tH i—1 


log p 

h oo io io h 

U)®NQNO©^«OH«ffi»O^WHN»5 O CO H LO CO 

S©?-sotococPt^<o<ocoi>.r-t>.2>r-co5S fiwScocor^ 

ddddo’ddddddddddddd ddddo 

Price 
(francs 
per m*) 

$4, 

S8S 3^88889 99Se88SS9 S 9 9 S 8 

cd •«* id co’ oo »d ua ^ ^<6 »d us rf id Tji ^ >d cd ^ wa 


log r 

i-H o b- a> >Q 

S: : : S: : : S: i «: i : Si : 8 

^ ^ TH d 

2.344 

2.292 

2.354 

2.182 

Index of 
Income 

V- 

s' ' ' s' ' “ s' ' s' ' ' s' " ~ 

Isis 


I 

Isssssslssslisssss fcSSSSS 

•^^’eccdcdcdedcdedcddddddddd th co co co cd 

Number 
of Con¬ 
sumers 

fe: 

co^ooo§^8wS§i-^S§5SS^§S °o^ i> r-^ ^ 

OO^fOiSiOiSrfeOrHrH GO CO CO »0 CO 

Group and Location 

Group I: 

Rueil (Seine et Oise). 

Orleans (Loiret). 

Chfil ons sur Marne (Marne). 

Compi5gne (Oise). 

Lun&ville (Meurthe et Moselle). 

Meaux (Seine et Marne). 

Fdcamp (Seine Infdrieure). 

Soissons (Aisne). 

Bayeux (Calvados). 

Cr5py-en-Valois (Oise). 

Commercy (Meuse). 

Meung-sur-Loire (Loiret). 

Gisors (Eure). 

Joinville (Haute Marne). 

Pont-Ste.-Maxence (Oise). 

Ste. Menehould (Marne). 

Bar-sur-Seine (Aube). 

La Capelle (Aisne). 

Group II: 

Annecy (Haute Savoie). 

Chartres (Eure et Loir). 

Auxerre (Yonne). 

Bergerac (Dordogne). 
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on the demand for electricity in France. In the first group, we have the 
provinces where, in the towns of less than 80,000 inhabitants, the people 
occupied in agricultural activities are the minority of the working popu¬ 
lation. In other words, the provinces of the first group are mainly in¬ 
dustrial. In the second and third groups, we have the provinces where, 
in the towns of less than 80,000 inhabitants, the people occupied in 
agricultural activities are the majority of the working population. But 
in the second group, there is less than one head of cattle for three hectares 
of land, and in the third group more than one head of cattle for three 
hectares of land. 

We immediately see that this classification has some other advantages. 
It takes into account the differences in climate and it corresponds to 
the differences in the facilities of coal supply since the industrial areas are 
concentrated around the mines. It therefore seems that a division of the 
country on these bases is acceptable with regard to the similarity of 
consumers’ preferences and habits. 

To obtain the indices of disposable income of an average consumer, 
we have made use of two series of figures. For the industrial region 
(Group I) we use the figures of the average wages of the workers in the 
gas firms. However, as the dispersion of the figures is too great to corre¬ 
spond to the probable dispersion of the true incomes, we have divided 
the firms into subgroups of three or four firms according to the number 
of consumers supplied, and computed the average wages of the workers 
in the subgroups. It is these averages that are taken as indices of the 
average incomes of the consumers. 

In the agricultural regions we have proceeded otherwise. It is possible 
to obtain the figures for the number of inhabitants in the areas supplied 
by the gas firms. 4 As we also know the figures for the number of con¬ 
sumers, 6 it seems that the ratio of number of consumers to number of in¬ 
habitants is a good index of the disposable income of the consumers. In 
fact, for agricultural homogeneous regions—homogeneous from the point 
of view of the similarity of economic preferences and habits—the main 
economic reason that explains that this ratio is not a constant is that the 
average disposable income of the groups of consumers is different. These 
ratios, therefore, multiplied by 1,000, i.e., the number of consumers 
for 1,000 inhabitants, have been taken as indices of disposable income 
in the agricultural regions. 

Turning now to the statistical methods used, 5 it is enough to say that 

4 Figures for 1946. 

5 The figures for the number of inhabitants and the number of consumers have 
been supplied by the Direction du Goa of the Ministere de la Production in Paris. 

• In what follows I had the help of Mr. Herman Rubin, to whom I am very much 
indebted. 



THEORY OF DEMAND AND FRENCH GAS INDUSTRY 


51 


these methods are those used by Messrs. M. A. Girshick and Trygve 
Haavelmo in their recent paper on the statistical analysis of the demand 
for food. 7 

In the case of the gas industry, it is possible to show that the equation 
(2) taken together with the three equations considered in the article 
on the production aspect 8 is identified within the model defined by the 
four equations. The determination of the coefficients of equation (2) 
is then as follows: 

Denoting by Zi, Zt , the logarithms of the disposable income per capita 
and of the number of consumers, respectively, and by yi,ys, the loga¬ 
rithms of the quantity per capita of gas consumed and of the price of 
gas, respectively, we compute the moments m,„ relative to each group of 
firms. The results are shown in Table II. 

Table II— Moments of Observations 
Group I 



Si 

z% 

Vi 

Vi 

Zi 

0.9071 

2.3350 

0.7069 

-0.1784 

Z2 


139.2595 

19.4850 

-6.1290 

yi 



8.4860 

-1.9574 

y 2 


Group II 


1.2416 


Sl 

Z<* 

Vi 

Vi 

Zi 

1.286 

1.574 

0.554 

-0.046 

Z2 


50.751 

8.837 

-3.330 

yi 



3.615 

-0.906 

yz 


Group III 


0.756 


Sl 

as 

Vi 

Vi 

Zl 

2.280 

7.900 

0.702 

-0.633 

Z2 


86.280 

11.010 

-5.860 

yi 



2.040 

-0.857 

V 2 




0.926 


From these moments we compute first the following expression 



7 M. A. Girshick and Trygve Haavelmo, “Statistical Analysis of the Demand 
for Food: Examples of Simultaneous Estimation of Structural Equations,” 
Econometrica, Vol. 15, April, 1947, pp. 79-110. 

8 See the article cited above. We give in the Appendix the three equations dealt 
with in the article. 
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Then we compute 

)l ) 3 

^h/2 z 1 ^1/2*2/ V^*2*l ^*2*2/ 

which leads to an expression of the form 

_ fan 2>u\ 

1 P22/ 

We then compute the values of fi and a by the formulae 

P22 

and 

a — pn — PnP- 


The results are as follows for the three groups: 9 


Group I 
Group II 
Group III 


Price elasticity 0 
-3.115 
-2.492 
-2.339 


Income elasticity a 
0.166 
0.341 


-0.341 


The values of j8 are consistent between groups but the values of a are 
not. This follows from the imperfection of the series of indices of dis¬ 
posable income adopted. However, the figures of disposable income have 
but a small influence on the values of p, so that we can say that within 
the model adopted the values of P are good approximations of the elas¬ 
ticity of demand for gas with respect to the price. The dispersion of the 
values of a seems to show that the demand for gas is independent of the 
disposable income of the consumers in the neighborhood of the point of 
equilibrium. However, in view of the inadequacy of the disposable- 
income series, the latter statement is made with due reserve. 

We have calculated confidence regions for p and for a and p jointly 
in the case of Group I. For the other groups the corresponding regions 
would have a similar shape. 10 

9 We have computed also the values of /3 and a corresponding to Groups II and 
III taken together when the figures of disposable income adopted are the average 
wages of the workers in the gas firms, as has been done in Group I. These 
values are 0 = —3.049 and a — —0.447. 

10 See T. W. Anderson andH. Rubin, “Estimation of the Parameters of a Single 
Equation in a Complete System of Stochastic Equations,” Annals of Mathematical 
Statistics , Vol. 20, March, 1949, pp. 46-63. 
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For 0 alone we obtain: 

5% 0 < -0.729 or 0 > 17.58, 

1 % all values of 0. 

For a and 0 jointly, the results are indicated in Figure 2. The con¬ 
fidence regions are situated inside the hyperbolae drawn on the graph. 



Figure 2. —This shows the confidence regions for a and £ jointly in the case of 
Group I (gas firms situated in industrial provinces). The confidence regions inside 
the hyperbolae are obtained by means of the new statistical methods, and those 
inside the ellipses by means of an ordinary correlation analysis. 

We can compute also the values of jS 0 corresponding to equation (1). 
We first transform equation (2) into an equation of the type (1) with 
z, p, and r as variables. We have 

q = ferV 3 ; 


but 


z = Nqp 


and 


p = Nq , 

N being the number of consumers. Then 
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and we see that 

(3) ft - 1 + J. 

The values of ft are for the three groups: 11 

Group I: ft = 0.679, 

Group II: /3 0 = 0.598, 

Group III: ft = 0.572. 

In addition to the preceding computations, we thought that it would 
be useful to compare the results obtained by means of the new statistical 
methods with the results which can be obtained by means of an ordinary 
correlation analysis (least-squares method). The results are as follows: 

Price elasticity Income elasticity 

(3 a /So 

Group I -1.133 0.090 0.117 

Group II —0.606 0.134 —0.650 

Group III —0.206 0.114 —3.85 

The least-squares confidence regions for /S are in the case of Group 1: 
5% -2.417 < 0 < -0.049, 

1% -2.908 < jS < 0.042, 

and for a and /3 jointly the results are indicated in Figure 2. The con¬ 
fidence regions are situated inside the ellipses drawn on the graph. 

In conclusion, it seems that we can say that, in the neighborhood of 
the point of equilibrium, the elasticity of demand for gas with respect to 
the price of gas is about —3, and the elasticity of demand for gas with 
respect to the disposable income is about zero. However, the latter 
statement is made with due reserve, as has been explained above. 

Further, the shape of the confidence regions suggests that the value of 
0 may vary widely according to the size of the firms constituting the 
sample analyzed. 

It is important also to emphasize the difference between the results 
obtained by means of the new statistical methods and the results ob¬ 
tained by means of an ordinary correlation analysis. It is now well known 
that the second method is wrong. 12 

11 And in the case considered in the footnote: /So = 0.672. 

14 See T. Koopmans, “Statistical Estimation of Simultaneous Economic Rela¬ 
tions,”/owmalo/ the American Statistical Association, Vol. 40, December, 1946, 
pp. 448-466. 
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Finally, as in the article on the production aspect of the French gas 
industry, we found that the values of a% and a"ft 0 are on the average: 

a% = 0.82, a'% = 0.12, 

where a' and a" are the elasticities of gas output with respect to costs 
and capital charges respectively (see the Appendix); we see that the 
values of a' and a" are on the average: 

a' = 1.22, a" = 0.18. 

If we assume that there is perfect competition in the markets of the 
factors of production, the value of e defined by 

(4) e - a' + a" 

shows that there are increasing returns to scale. 

APPENDIX 

The equations of each structure of the model have the following form 
as far as the production aspect is concerned: 

Z — a'fioX — a"fioY — ki -(■ , 

Z — X = Kt + e*, 

Z — Y = KS + €g , 

where Z stands for the logarithm of 2,2 being the gas receipts of the firm» 
where X stands for the logarithm of x, x being the net prime costs of the 
firm, i.e., prime costs minus by-products receipts; where Y stands for 
the logarithm of y, y being the capital charges of the firm; and where 
a', a", /So, ici, kj , k* are constants within each structure, but where 
€ 1 , € 2 , ea are random variables independently distributed by producer, 
with means zero and constant covariance matrix. 

The first of these three equations is the production function, and the 
two others are the profit-maximization equations. 

a' and a", of course, are the elasticities of output with respect to 
costs and capital charges respectively, and ft is defined by relation (3), 
where /3 is the elasticity of demand for gas with respect to price. 

International Bank for Reconstruction and Development 



A NOTE ON THE PURE THEORY OF PRODUCTION 
By Kenneth May 

The pure theory of production, formulated in terms of demand and 
production functions, is a classic part of partial equilibrium theory. It 
is commendable that efforts are being make to link this theory with cost, 
output, and price data. Perhaps the most difficult phase of such work 
is the matching of economic situations with appropriate models chosen 
from the variety available in the pure theory. Since statistical analysis 
assumes the appropriateness of a model and is concerned with estima¬ 
tion of its parameters, an inappropriate model may still lead to decep¬ 
tively satisfying empirical results. It is in connection with this problem 
that we comment upon the economic hypotheses of a recent article. 1 

The paper deals with twenty-five firms producing manufactured gas 
in France in the last quarter of 1945. The economic hypothesis is the 
classic monopoly model. Each firm is assumed to have a production 
function involving two factors and a revenue function involving the 
amount of gas produced and sold by the firm. The revenue function is 
equivalent to and could be replaced in the model by a demand function 
by means of the identity: revenue equals price times output. 2 The classic 
equilibrium conditions are derived by maximizing the profit of each firm 
on the assumption that it can set its output (or price) at will, the price 
(or output) then being determined by the demand function (or revenue 
function). Output, price, and factor amounts are then determined by 
the familiar marginal conditions. The paper is, of course, concerned 
mainly with estimating the elasticities involved in the model. 

Do the economic hypotheses underlying this model apply to the 
French gas industry in the last quarter of 1945? For many years the 
French gas industry had belonged to that category of public utility 
which was “run with private capital and municipal participation and 
control.” 3 The municipality had considerable control over the manage- 

1 Michel J. J. Verhulst, “The Pure Theory of Production Applied to the French 
Gas Industry,” Econometrics, Vol. 16, October, 1948, pp. 295-308. The same 
model with a modified demand function is used by the author also in “The Theory 
of Demand Applied to the French Gas Industry,” Econometrica, Vol. 18, Janu¬ 
ary, 1950, pp. 45-55. The present note is the outcome of correspondence between 
Verhulst, J. Marschak, and the writer on several interesting questions raised by 
these papers. We are concerned here exclusively with the appropriateness of the 
model used. 

* In the second article cited in the previous footnote, Verhulst uses a demand 
function involving consumer income and points out the relation between the 
revenue and demand functions. 

*0. C. Hormell, Control of Public Utilities Abroad, Syracuse, New York: 
Syracuse University, 1930, p. 21. (Reprint, originally published as an appendix 
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ment of the enterprise. Often a minimum return was guaranteed to 
the shareholders, the city making up any resulting losses and sharing 
in profits when they occurred. Rates, conditions of service, and numerous 
other details were subject to control by the municipality and, in the 
last resort, by the Prefect and the Ministry of Public Works. Rates were 
fixed, not on the basis of maximum profit, but in terms of cost and 
public need. Similarly, the producer was required to give specified 
quantity and quality of service. In short, the industry was in a position 
somewhat similar to that of the gas industry in the United States, but 
if anything less free to make price and output adjustments. 4 

In the last quarter of 1945, the industry was shifting toward nationali¬ 
zation, which was to take place in April, 1946. “At that time, the munici¬ 
palities had lost control over rates to the ‘Comit6 National des Prix’ in 
Paris, under the direction of the Ministry of National Economy. Rates 
were related to those existing at the beginning of the war by means of 
indices compiled according to the costs of materials entering into the 
manufacture of gas. From time to time, higher rates would be decided 
upon when justified by the increase of costs as evidenced in the increasing 
number of firms in deficit.” 5 

In such an environment, what is the optimum problem for the firm? 
The price is set by public authority. Hence it cannot choose the price 
and output which yield maximum profit. If it ignores the demand func¬ 
tion, it might set its output in order to maximize profit for the fixed 
price. 6 But the firm is well aware that such a procedure is not feasible. 
It is faced not only with a fixed price but with the obligation to give a 
certain quantity and quality of service. Its optimization problem, as 


to the Report of the Commission on the Revision of the Public Service Commis¬ 
sions Law of the State of New York.) 

4 Ibid., pp. 21-41. The public status of price is emphasized by the following 
quotation from page 29: “Under the French law the charge to the consumer or 
user of the services of a public utility is considered to be a special impost An 
impost can be laid only under authority of parliament. Regulation of rates of a 
public utility remains a public affair notwithstanding any features of the con¬ 
tractual side of a concession. Public service rates are not a table of prices fixed by 
contract. In practice rates may be proposed by the concessionaire, or established 
by the public authority upon the recommendations of the concessionaire, but 
never can the rates become effective without the approval of the public authority 
designated by law. In law, therefore, the fixing of rates is an act of regulation per¬ 
formed by a competent public authority. Hence, a rate may be modified at any 
moment without the consent of the concessionaire or the consumer, notwithstand¬ 
ing even the contract which the consumers may have with the concessionaire, unless 
otherwise provided by law.” 

* Verhulst, in correspondence with the writer. 

•See G. C. Evans, Mathematical Introduction to Economics, New York: Mc¬ 
Graw-Hill, 1930, pp. 8-9. 
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far as economic action is concerned, is then exclusively one of internal 
efficiency, the familiar minimization of the cost of producing a given 
output. 

At the same time the firm will try by political means to secure favor¬ 
able conditions from the regulating authority, but it can hardly hope to 
persuade the government to fix prices at the level which gives maximum 
monopoly profit. Government regulation of utilities has been established 
precisely to force monopolies to higher outputs and lower prices than 
would prevail under unregulated conditions. Nor is there any reason to 
think that the fixed price and corresponding output will be at all near 
the monopoly values. Obviously the demand for gas is such that an un¬ 
regulated monopoly could increase its price considerably before reaching 
the maximum profit, and it is just this possibility which impels public 
regulation. 7 

The economic hypotheses of the paper under consideration lead to 
the equilibrium conditions a//3o = x/z and c/% = y/z, where x, y, and z 
are respectively “net prime cost,” “an index of capital charges,” and 
revenue, and where a', a", and 0o are the elasticities of output with 
respect to x and y and of demand. Estimates are found for a[ = a'0o and 
ct 2 = a"(3o- We might expect that these estimates would correspond to 
some extent with the ratios x/z and y/z of the data if the model were 
appropriate. The estimates of these parameters for the ten larger firms 
are a[ = 0.83 and a* = 0.10 and for the fifteen smaller firms, a x = 0.80 
and ai 2 = 0.14. Using the data given in the paper, we find that for the 
ten larger firms x/z ranges from 0.75 to 1.51 with an average of 0.93. 
The estimate of a[ is almost at the lower end of the range of values of 
x/z . For the fifteen smaller firms x/z varies from 0.804 to 1.88 with an 
average of 1.27. The estimate of a[ is 0.80, which is smaller than any 
of the x/z for this group. The values of y/z from the data for the larger 
firms vary from 0,131 to 0.258, in contrast to an estimate of «2 at 0.10. 
For the smaller firms y/z ranges from 0.098 to 0.85 with only two out of 
seven values below 0.39, yet the estimate of <22 is 0.14. 8 The values of 
x/z and y/z seem to be consistently larger than we would expect from 
the theory and the estimates of the parameters. 

These discrepancies suggest the possibility that the economic hypothe¬ 
sis is inappropriate, but they might well be accounted for by difficulties 

T In the case worked out by Evans and cited in the previous footnote, the 
monopoly sets its output so as to maximize profit for the fixed price; the regulating 
authority sets the price so as to equalize demand and supply. The resulting price 
is substantially lower and the output higher than for the case of unrestricted 
monopoly. Such a price-fixing model would be more realistic than that used in 
the paper under discussion, but for the reasons cited a regulated monopoly is 
actually faced with given price and output. 

8 Values of y are given in the data for only half the firms. 



NOTE ON PUKE THEORY OF PRODUCTION 


59 


associated with aggregation, faulty data, etc . 9 The decisive point is that 
the institutional framework of the French gas industry in the period 
considered did not permit the realization even approximately of the 
assumptions of the classic monopoly model and in fact was designed 
specifically to achieve price and output substantially different from those 
given by the well-known monopoly equilibrium conditions. 

Carleton College 

fl Verhulst writes: “The reasons for the discrepancy between the values of 
, and xjz are, in my opinion, first of all that the model does not consider the 
output of by-products produced as a supplementary variable, and correspondingly 
considers the net prime cost instead of the prime cost, and second that the index 
of capital charges is a bad index especially for the smaller firms. It is not possible 
to say anything about the values of y/z because the values of y are not the actual 
values of the capital charges; they are an index of these charges. The discrepancy 
shows only that the values of a[ should normally be slightly higher. Moreover, the 
coefficient which really matters is the sumaj + a' 2 equal to 0,93 for the larger firms 
and 0.94 for the smaller.” 



HOMOGENEOUS SYSTEMS IN MATHEMATICAL ECONOMICS: 

A COMMENT 1 

By Kenneth J. Arrow 

In a recent paper 2 in this journal, Professor Tintner has developed some 
highly useful general theorems bringing together the various problems 
in economic theory which lead to relations homogeneous of degree zero 
in certain variables. These theorems were derived by Professor Tintner 
under the assumption that the various functions involved are dif¬ 
ferentiable twice. 3 Now, there appears to be a rapidly developing tend¬ 
ency in modern mathematical economics to avoid assumptions of dif¬ 
ferentiability which seem to have no economic relevance and which 
frequently are unnecessary. Indeed, the use of methods of the differential 
calculus occasionally leads to unnecessarily complicated derivations and 
exposition. 4 It is the purpose of the present note to show that Professor 
Tintner’s chief results can be obtained without any assumptions of 
differentiability and in a simpler manner. It will consequently be noted 
that some remarks of Professor Tintner implying that differentiability 
is a necessary condition for homogeneity are misleading. 

* * * 

The tools used by Professor Tintner are the following two theorems. 
Let the behavior of some individual be described by saying that he 
maximizes g(x, x*, x**) with respect to x and x* subject to the restric- 
tions, h w (x, x*, x**) = 0, (k = 1, 2, • • • , N). Here x, x*, x** are vec- 
tors; let zi , • • • , x v be the components of x. 

Theorem 5: If the function g which is to be maximized and the side 
conditions h^ are all either independent of the variables that are components 
of x ** or homogeneous of some arbitrary degrees in the same variables , 

1 1 wish to thank J. Marschak, Cowles Commission for Research in Economics 
and The University of Chicago, and G. Tintner, Iowa State College, for their 
very helpful comments and criticism. 

2 G. Tintner, “Homogeneous Systems in Mathematical Economics/’ Econo- 
metrica, Vol. 16, October, 1948, pp. 273-294. 

* Ibid., p. 277. 

4 ThiB point has been especially stressed by Samuelson. See P. A. Samuelson, 
Foundations of Economic Analysis , Cambridge, Massachusetts: Harvard Univer¬ 
sity Press, 1947, pp. 70-76, 107-112; and “Comparative Statics and the Logic of 
Economic Maximizing, 1 ” Review of Economic Studies , Vol. 14 (1), 1946-47, pp. 
41-43. It is true, however, as pointed out by one of the reviewers of Samuelson’s 
book, that the differentiability or nondifferentiability of the utility or revenue 
function or of the constraints on behavior is of importance in characterizing the 
behavior of the decision variables with respect to variations in the initial condi¬ 
tions. See K. E. Boulding, “Samuelson’s Foundations : The Role of Mathematics 
in Economics,” Journal of Political Economy, Vol. 56, June, 1949, p. 194. 
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then the solutions Zi, • • • , z P are homogeneous of zero degree in these 
variables. 

Theobem 6: If the function g which is to he maximized and the side condi¬ 
tions h (k) are either independent of the variables that are components of 
x* and x** or homogeneous of some arbitrary degrees in the same variables , 
then the solutions Xi , X 2 , * • • , x p are homogeneous of zero degree in the 
variables that are components of x**. 

Following Professor Tintner, a function/(w, u*) of two vectors u, u* 
is said to be homogeneous of degree K in u if f(tu, u*) = t K f(u, u*) for 
every positive value of t. s It may be observed that if / is independent of 
u, it is homogeneous of degree zero in u. 

Theorem 5 will first be derived from Theorem 6. 

Proof of Theorem 5: Let x f = (x, x*) = (xi , • • ■ , x r ), and let x” be 
a vector whose components are variables not appearing in g or in any 
of the functions h ik \ Under the assumption of Theorem 5, g and h m 
are each homogeneous of some degree in x", x**, or independent of them. 
Then, Theorem 6 applies, with x r , x" replacing x , x**, respectively, so 
that the solutions Xi , • • * , x r , and, in particular xi, • • • , x P , are 
homogeneous of degree zero in x**. 

Proof of Theorem 6: Let f, x* maximize g subject to h m = 0 for a 
given x **. Then, by definition of maximum, 

(1) g(z, z*, x**) i g(x } x *, x**) 
for all x , x* such that 

(2) **,»**) = 0. 

Take any t > 0. Assume g homogeneous of degree Kq in x*, x**, h {k) 
homogeneous of degree K k in x*, x**. Multiply through both sides of 
(1) by t K ° > 0. By the definition of homogeneity, it follows easily that 

(3) g(x , tx *, tx**) ^ g{x , tx *, tx**) 

for all x , x* satisfying (2). Multiply through in (2) by t Kh ; by the defini¬ 
tion of homogeneity, (2) is equivalent to 

(4) h {k) (x, tx*, tx**) - 0. 

Therefore, (3) holds for all x , x* satisfying (4). Replace x* by (x*/t) 
in (3) and (4); this is permissible since t ^ 0. We then have 

(5) g(&, ti*, tx**) ^ g(x, x*, tx**) 

5 Tintner, op. cit p. 274. The term “positive homogeneity ,, is frequently used 
in the above sense, f ‘homogeneity’’ being reserved for the case where f(tu, u*) =» 
t K f(u , u*) for all t. 
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for all x, x* satisfying 

(6) h w (x, x*, tx**) = 0. 

Clearly, x, tx* satisfy (6) so that from (5) and (6) and the definition 
of a constrained maximum, x, tx* maximize g(x, x*, tx**) subject to 
h w (x, x*, tx**) = 0. Since x is imchanged by multiplying all the com¬ 
ponents of x** by a positive constant, the solutions x\ , • • ■ , x p are 
homogeneous of degree zero in x**. 

It has also been proved, incidentally, that the components of the 
solution x * are homogeneous of degree one in x**. Thus, in Professor 
Tintner’s discussion of monopoly, 6 it can be shown that the prices 
charged by a monopolist are homogeneous of degree one in the prices 
charged on atomistic markets. 

Since differentiability has been shown to be irrelevant for the validity 
of the basic theorems on homogeneous functions, it cannot be, as Pro¬ 
fessor Tintner states in several places, that lack of differentiability ex¬ 
plains lack of homogeneity. In the case of the kinked demand curve in 
oligopoly, 7 the point seems to be that the established price must be taken 
as a variable distinct from price as a decision variable; since it is a datum 
it is to be included, along with the prices on atomistic markets, in the 
components of a;**. The analysis of oligopoly then proceeds as in Professor 
Tintner’s paper, so that output is homogeneous of degree zero in all the 
components of x**; but of course, output need not be homogeneous of 
degree zero in the prices on atomistic markets alone. 

Similarly, it cannot be that the existence of lumpiness disturbs homo¬ 
geneity amply because of the lack of differentiability. 8 Mathematically, 
lumpiness may be represented by letting certain variables assume only 
integer values. The previous definitions of homogeneity do not have any 
meaning in this case. 

Stanford University 

8 Ibid., pp. 284-285. 

7 Ibid., p. 287. 

8 Ibid., p. 294. 



A NOTE ON TINTNER’S “HOMOGENEOUS SYSTEMS” 

By Cecil G. Phipps 

In Econometrica for October, 1948, Gerhard Tintner has discussed 
“Homogeneous Systems in Mathematical Economics.” His work is in 
two parts, a mathematical discussion followed by applications to eco¬ 
nomic problems. The purpose of this note is to comment upon his 
mathematical proofs. 

First, it is to be noted that the development of the mathematical part 
would have been much simpler if his theorems had been derived directly 
from the definition of homogeneity. This procedure would have avoided 
cumbersome matrices and determinants. 

Second, the conditions of his Theorem 3 are only sufficient; a simple 
example will show that they are not necessary. Let 

f{x, a) = g(x) 0,2 a -, 

where x and a have the meaning given them by Tintner. Then f is 
homogeneous of degree zero in the a. Next let ai = ci + 5, a 2 = c 2 + 5, 
and a 3 = c 3 . After this substitution, f(x, c) will be homogeneous of zero 
degree in the c although the a were not homogeneous of any degree in 
the c. 

The results of this theorem are applied near the middle of page 292. 
There he asks the question: What conditions must be imposed upon the 
method of forming anticipations in order to retain the homogeneity of 
degree zero of the solutions? The answer is of course that we do not 
know what conditions are necessary but we do know some that are 
sufficient. Tintner, however, has another answer. He states in the follow¬ 
ing paragraph, “In order to preserve homogeneity of zero degree of 
the solutions, it is necessary..although the conditions are only suf¬ 
ficient. 

The discussion of the subsequent problem must be modified accord¬ 
ingly. Formula (12.2) on the next page will hold only under the assump¬ 
tion that we happen to have homogeneity. 

University of Florida 
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COMPTE-RENDU DU CONGRES DE COLMAR 
12-14 SEPTEMBRE 1949 

Le Congers Europ^en de la Society d’Economytrie s’est term k Colmar, 
France, du 12 au 14 Septembre 1949. M. Francois Divisia avait la 
responsibility de Porganisation du congrfes et M. Ren6 Roy celle du 
programme scientifique et de compte-rendu qui suit. 
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Vinci, Felice: Generalisation de Vinegalite de Bienayme et ses applications 
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* * * 

TMorie maihfrnatique de Viqwilibre iconomique, equations generates 
de la dynamique , Luigi Amoroso, University de Rome. 

L’essai que je d4sire prysenter k Colmar se rapporte k la note qui est 
annexye au discours que j’ai eu Phonneur de prononcer le 13 novembre 
1948 k PAcadymie dei Lincei, en commymoration de V. Pareto et qui a 
yty publiy© par la m&ne Acad&nie (Quademo n. 10 dei Prdbtemi di 
Scienza e Culture) et par le Giomale degli E&momisti (Novembre-D6- 
cembre 1948), J’ai voulu montrer par mon discours, que la Theorie 
mathemaiique de VSquilibre iconomique peut etre expos6e d a n s une forme 
simple et flygante k la fois, si, d’une mani&re tout-A-fait analogue aux 
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paramEtres qui paraissent dans les Equations de la mEcanique classique 
dans leur deuxiEme forme lagrangienne, les coordonnEes, qni repre¬ 
sented une configuration gEnErique de chaque sujet, conserved un 
sens indEterminE et par consequent peuvent exprimer aussi bien des 
quantites possEdEes que des quantites consommEes, produites, epargnees. 
Les equations de PEquilibre economique peuvent alors Etre contenues 
en trois lignes: la premiere se rapportant aux choix individuels, 
la deuxiEme aux liaisons que Pareto dit du premier genre, la troisiEme 
aux liaisons du deuxiEme genre. Les liaisons du premier genre dans les 
expressions paretiennes sod caraetErisEes pour se rapporter chacune 
au mEme sujet, quel que soit Pobjet; celles du deuxiEme genre, au 
contraire, pour se rapporter chacune au mEme objet, quel que soit le 
sujet. 

L’Equilibre Economique, on le sait bien, ne correspond pas k un Etat 
de repos, mais k ime configuration du mouvement uniforme (station- 
naire par rapport au temps). Le problEme dynamique, dans la science 
Economique, jaillit tout court lorsqu’on repousse PhypothEse de Puni- 
formitE. Je me propose d’envisager quelles sont les consEquences de 
PElimination de cette hypothEse k PEgard de la thEorie contenue dans la 
Note susdite. J’en tire des Equations, qui, en certaines hypotheses, 
peuvent Etre considErEes comme les Equations gEnErales de la dynamique 
Economique. 

DISCUSSION: Les hypotheses de continuity, d&ivability, etc., sont-elles bien 
n^cessaires? Equations differentielles ou Equations aux differences? On £voque le 
dEbat: error in variables, error in equations. Le problEme est pose du raccord de 
la thEorie parEtienne avec 1’observation statistique (discontinuitEs, agrEgation, 
etc.) et avec la politique Economique. 

La causaliU dans le thSor&me du rendement social , Anur^ Nataf, 
Fonds MonEtaire International, et Michael J. Verhtjlst, Interna¬ 
tional Bank for Reconstruction and Development. 

L’actention est toujours plus portEe, en Economie, sur une Etude ap- 
profondie des modEles Economiques proposEs. Ce sont sans doute, k 
notre connaissance, Samuelson et Schumpeter qui ont insistE le plus 
systEmatiquement sur ce point, attirant Pattention sur le fait que des 
modEles Economiques de mEme forme pouvaient s’appliquer k des Etats 
qui, dans la vie de tous les jours, sont considErEs comme trEs EloignEs 
les uns des autres. Nous allons, dans ce qui suit, essayer de voir les 
causes essentielles de ces diffErences dans le cadre des thEories du 
rendement sodaL 

Rappelons qu’un Etat est de rendement social maximum lorsqu’on ne 
peut augmenter la satisfaction d’un individu sans diminuer en mEme 
temps celle d’un autre au moins. Les diffErents Etatfs considErEs dans 
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ces theories se rapportent tous k des conditions de structure techniques 
et psychologiques suppos4es fixes. 

Le problfeme, jusqu’ici, quel que soit le mode d’exposition et de 
demonstration adopts, s’est toujours nettement decompose en deux 
parties distinctes, sans lien apparent entre elles: (1°) Etablissement 
des conditions de production permettant de tirer le parti maximum des 
ressources Hans une structure donn4e; (2°) Modes de repartition des 
produits ne causant pas de perte “s&che” de rendement social. 

Dans retude du premier problkne, on arrive k la conclusion (que 
nous appellerons <70 que, quelle que soit la structure politique ou 
economique consid4r6e, les conditions de maximation de la production 
sont les mimes. Cependant, il faut bien voir, avec Mr. Alims, qui, k 
notre connaissance, a le plus dairement mis ce point en relief, que ceci, 
non seulement suppose que l’on se donne les facteurs de production au 
debut de la periode economique consideree, ce qui semble aller de Boi, 
mais aussi il la fin de cette periode, ce qui engage lourdement la decision 
d’ensemble, en dehors de tout critfcre foumi par le th4orkne lui-mlme. 

La conclusion Ci ne prend tout son sens qu’avec ces conditions aux 
limites. Si l’on songe que, dans la pratique, bien des facteurs de pro¬ 
duction sont lies, qu’il existe pour eux des limitations naturelles, obli- 
geant A un choix entre leur utilisation, il apparait vraisemblable qu’avec 
les mimes facteurs de production primaires, 1 Ci n’emplchera pas que 
le choix des productions k effectuer dependra de critferes exterieurs k 
ceux que peut foumir la theorie du rendement social et que ces critlres 
ont un caracthre social (au sens ordinaire du mot). 

C’est alors, nous semble-t-il, que l’on peut mieux voir les relations 
causales entre les deux points: production et distribution. Le point 
important n’est pas que la repartition des revenus doit Itre telle qu’elle 
assure une repartition optima d’une production supposes elle-m&ne, 
et k priori, optima. Mais ce qui est important, c’est que la cause ultimo 
de choix entre diff6rents etats de production est la possibilite de cer- 
taines productions. Nous avons ete profondement frappes par l’analogie 
qui existe entre cette situation et la notion de solution d’un jeu pre¬ 
sentee par Yon Neuman et Morgenstem. H nous semble possible d’ap- 
pliquer au moins l’esprit de leur mlthode pour identifier les differents 
etats de rendement social avec les ensembles de solutions d’un jeu, 
l’etat qui prlvaut etant celui que les conditions sociales imposent. 

Qu’une fois la solution etablie, il soit possible de trouver un gystfeme 
de prix compatible avec un cadre economique de concurrence parfaite, 
ceci ne s’inscrit pas en faux contre le fait qu’il n’y a pas de possibilite 

1 Ce sont les gisements min<5raux et les possibilitfe agricoles, ainsi que les possi¬ 
bility de population. Ces facteurs sont leB seuls sur lesquels on n’ait que trfes peu 
d’action. 
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de solution unique par le seul jeu de cette concurrence parfaite. Par 
consequent, la recherche de la solution par F4tablissement empirique 
d’un systems de prix, lorsque Ton desire un 4tat final donne, n’a pas 
de sens dans F4conomie statique lorsqu’on n’ajoute pas d’autres causes 
motrices. Cette recherche ne prend son sens que si Fon fait intervenir 
des causes dynamiques qui n’ont aucune raison d’amener ft un 6tat 
final donne, et qui remplacent en taut que causes definissaat compiete- 
ment la solution, la donate des conditions aux limites. 

L’on voit alors la difference entre les regimes de concurrence parfaite 
selon que celle-ci soit priv6e ou sociale. Dans le deuxfeme cas, la nature 
des choix k faire est nettement et m£me crfiment mise en relief. Dans 
le premier cas, paradoxalement, malgre Fapparente liberte des joueurs, 
la solution est determin6e absolument k partir des conditions initiales 
et de la dynamique economique. Une theorie de cette dynamique est 
indispensable pour apprficier la valeur pratique des solutions 6conomi- 
ques offertes par la concurrence parfaite priv6e. 

DISCUSSION: II convient de distinguer finality et causality. La notion de finality 
ne doit pas seulement 4voquer une plantation integrate, mais aussi les heurts 
detentions particulieres. Une sorte de finality, mais sociale, se retrouve chez von 
Neumann, dans la notion de “solution” d’un jeu. En ce qui concerne la thdorie 
du rendement social, on h^site sur la signification des fonctions de production et 
sur leur importance et Pon se demande si Poptimum par£tien peut se d^finir sans 
faire intervenir les prix. 

Centralisation de Vinigaliti de BienaymS et ses applications econo - 
migues , Felice Vinci, University de Milan. (Expose fait par 
Mr. Guilbaud en Fabsence de Mr. Vinci.) 

Dans une distribution de frequences d’un ensemble d’observations 
d&ignons par E % , (i = 0,1, 2, • • - , n), les hearts absolus k partir d’une 
origine quelconque c, ranges par ordre de grandeur; appelons fi les 
frequences relatives, de telle fagon que le moment d’ordre r par rapport 
k c soit: 


n 

Pe,r = 2 ft • 

»-0 

Si Fon choisit une constante arbitraire X, inferieure ou egale k Fdcart 
E, compris entre les extremes, on obtient le moment incomplet: 

n 

^ Xr fi • 

H faut donner k X la forme d’un multiple de F^cart moyen <r 0 ,r : 


X — hr \/pe r — h r <Tc,r* 
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Puis, en divisant ies deux mexnbres par n e , r , on aura le moment in- 
complet relatif: 


( 1 ) 

d’oil: 

( 2 ) 


.me, r = 


* K ±jft, 

lic.r 


1 



Admettons que les valeurs observ4es varient de fagon continue et que 
les 6carts absolus ranges par ordre de grandeur prennent les valeurs 
r4elles comprises entre 0 et w. Au cas oil les frequences de ces hearts 
seraient constantes, le moment d’ordre r par rapport & c serait donn£ 
par la moyenne arithm&tique simple des puissances des hearts, c’est-A- 
dire: 




E r dE = 


r+1 


03 


w Cr+l) ' 


Substituant dans la pr6c6dente integrate & la limite inf6rieure 0 la 
constante arbitraire X comprise entre 0 et co, on aura encore: 

i r® ,,h-i \ r + 1 

X*,, = - f E T dE= \ 

03 Jx 03 (r + 1) 


d’oil le moment incomplet relatif: 



Donnant It X et 4 a? la forme d’un multiple de l’6cart moyen <r,, r : 
\ = kr'\/uc,r 33 ^r^r) 

W = K r y/p^ r = K T (Xe,ry 


on peut 4crire: 
(3 bis) 



Si Ton substitue dans Pin6galit4 (2) le pr4c6dent rfeultat It *m c , T , nous 
pouvons 6crire enfin: 


(4) 


1 K + K? 1 - £* 


On obtient ainsi pour la frequence des 4carts plus petits en valeur 
absolue que X une limite inf&ieure encore plus annroch4e de la dite 
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frequence que la limite obtenue k partir des deux premiers termes du 
premier membre qui, pour r = 2, exprime Pinegalite bien connue de 
Bienaym6. 

Cette substitution est permise quand les frequences des hearts d4- 
croissent k mesure que crolt la valeur absolue de ceux-ci, en ce sens que 
le moment (3) r4sulte de ce cas plus grand et permet par consequent de 
tirer de Pinegalite (2) une limite encore plus basse, laquelle limite est 
encore abaissee par la continuite des valeurs absolues, parce que le 
moment incomplet mis k la place du numerateur de liquation (3) tend 
k crottre dans une proportion plus forte que le denominateur: il com- 
prend les ecarts les plus grands en valeur absolue. 

Cette hypothkse—qu’une distribution des frequences a xm seul maxi¬ 
mum et que Ton peut, dans ces conditions, lui substituer une distribu¬ 
tion d£croissante des valeurs absolues des hearts II partir d’une origine 
convenablement choisie—est eommunement admise pour les erreurs 
d’observation et vaut couramment dans d’autres domaines: elle ne re* 
streint pas sensiblement les perspectives ouvertes par lesnouveaux 
r&ultats qui, de ce fait, prennent une certaine importance quant k leur 
applications 6conomiques pour lesquelles on a maintes fois constate que 
les formes gaussiennes ou quasi gaussiennes sont inad£quates. D’autre 
part, rexistence d’un multiple maximum defini K r de Pecart moyen 
est un fait experimental que Ton peut etablir avec une marge de securite 
ecartant toute estimation inexacte et qui, du reste, pour r = 2 ne 
depasse pas la valeur de 5. 

Pour donner un exemple, supposons que dans Pinegalite (4) r = 2 
et confrontons les limites inferieures des frequences pour les ecarts 
plus petits en valeur absolue que les multiples de Pecart moyen en 
posant if 3 = 00 (hypoth&se de Bienaym6) et if 2 = 5: 



Xa ™ 00 

X 2 -*5 

dotSsence 

1.5 

0.5556 

0.5676 

0.0120 

2.0 

0.7500 

0.7660 

0.0160 

2.5 

0.8400 

0.8600 

0.0200 

3.0 

0.88S9 

0.9129 

0.0240 

3,5 

0.9184 

0.9464 

0.0280 

4.0 

0.9375 

0.9695 

0.0320 

4.5 

0.9506 

0.9866 

0.0360 

5.0 

0.9600 

1.0000 

0.0100 


Des tables speciales ont ete dressees pour le maniement rapide de 
Pinegalite (4) attribuant k les valeurs entires de 2 k 10 et faisant 
varier A* 2 par intervalles d’un decime k commencer par 1.6. 

DISCUSSION: Le gain n’est peut-4tre pas num4riquement considerable, mais il 
importe de savoir s 5 il est le plus grand possible avec les hypotheses faites. La 
proposition du Prof. Vinci doit 6tre replacee dans Ie cadre general des perfec- 
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tionnements de Pin6galit£ de Bienaym^-Tchebychef, lesquels sont nombreux: la 
m4thode Vinci peut 6tre retenue et g6n6ralis4e de fagon eflicace. 

BIBLIOGRAPHIE: F. Vinci, “Le distribuzioni statistiche e gli errori sperimen- 
tali,” Studi delVIstituto di Scienze Economiche e Statistiche delVUniversitd degli 
Studi di Milano , Vol. 1, 1944. 

F. Bignardi, “Sulle generalizzazioni della diseguaglianza di Bienaymd— 
Tchebychef nello studio delle distribuzioni di frequenze,” Annali della Facoltd, di 
Economiae Commercio delVUniversitd degli Studi di Palermo ,n. 1,1947; “Di alcuni 
criteri di applicazione delle diseguaglianza di Bienaym4—Tchebychef e di Vinci 
nello studio delle distribuzioni di frequenze,” Ibid., n. 2, 1947. 

An International Economic System, Jacques J. Polak, International 
Monetary Fund. 

This paper summarizes some of the econometric work performed by 
the Research Department of the International Monetary Fund. An 
attempt is made to construct a multicountry model which would give 
a satisfactory explanation of the international transmission of fluctua¬ 
tions in economic activity. 

In the simplest model we disregard changes in prices. We assume for 
each country i the following relations (omitting constant terms): 


(1) 

Xi — (t *r w , 

(2) 

lh — 9HiXj, 

(3) 

Wli = IHVi, 


where the symbols have the following meaning: 

(a) Variables (all expressed in millions of dollars at constant prices): 

Xi indicates volume of exports of i, 
yi indicates real national income of i, 
mi indicates volume of imports of i, 

Xv, indicates volume of world trade; 

(b) Parameters: 

a indicates marginal propensity of foreign countries to import from i, 
( 3fii indicates foreign trade multiplier of i, 

P» indicates marginal propensity to import of i. 

The system of 3 n equations for n countries indicated above is com¬ 
pleted by a definitional equation: 

(4) Xv = SiTTli. 

This system represents the mechanism of transmission of economic 
fluctuations. Without “shocks” the system would lead to all variables 
assuming equilibrium values depending on the constants in the equa¬ 
tions. The shocks are provided by additional terms, especially in equa- 
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tions (2) (autonomous investment, government expenditure) and (3) 
(import restrictions, institution of tariffs). 

Combination of (2) and (3) provides an indication whether the system 
is stable: 

(5) mi = piXi 

where 

p% = fi/Dtli • 

We call p the “international reflection ratio. 55 It is the ratio between 
*he increase in a country’s imports (as effect) and the increase in its 
exports (as cause). If p > 1, the country sends back to the rest of the 
word larger fluctuations than it received. The weighted average S.cr ipt 
indicates whether the international economic system as a whole is 
stable (2i<r* = 1). 

Under the simplest assumptions 911* == '7^"” where y* = marginal 
propensity to consume. If we define: 

5* == 1 — y*, 

we see that p» ^ 1 as 5* ^ 0. The sign of determines the international 
stability of country i. 

No serious complications follow from the introduction of relative 
price terms in equations (1) and (3). The result of the operation of 
relative prices is to shift a certain amount of economic activity from 
one country to another; but, apart from differences in multipliers 
between different countries, there is no effect on world trade as a whole. 

The parameters in equations (1), (2), and (3) were measured by 
correlation for 25 countries for the interwar period, making allowance 
for relative prices in (1) and (3) and for known autonomous factors in 
(2) and (3). The results were on the whole satisfactory, except for the 
export equations of crop producing countries and the multiplier equa¬ 
tions of Western European countries. For the United States, the multi¬ 
plier was derived from Tinbergen’s system (League of Nations 1939) 
since it was assumed that fluctuations in U. S. income were primarily 
autonomous with respect to exports. 

The range of the values found for p was as follows: 

P NOCBEE 07 COUNTRIES 

0.20-0.49 5 

0.50-0.74 10 

0.75-0.90 4 

0.91-1.17 6 

The value for 5 was found in the neighborhood of 0.15 for Western 
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Europe, the U. S., and Canada, and near zero for Australia, New Zea¬ 
land, and the Union of South Africa. 

The weighted average of the p’s was found to be about 0.5. It follows 
that an initial reduction in world trade (caused, for example, by a 
depression in the U. S.) will lead to a further reduction in world trade 
of the same magnitude through the operation of the international 
economic system. 

DISCUSSION: Certains auditeurs s^tonnent des faibles valeurs des 41asticitds 
obtenues, provenant sans doute d’inerties particuli&res aux importations, mais 
aussi d’incertitudes considerables, explicables par les difficult^ de l’agrdgation. 
H faudrait sans doute distinguer diverses categories de marchandises, categories 
assez larges pour eviter des effets excessifs de substitution. Dans Petablissement 
d’une regression lineaire, le tout est lie & chacune des parties: toutefois si les 
parties sont assez petites, la dependance peut £tre negligee. 

The Influence of Devaluation on the Domestic Price - and Wage-Levels 
J. A. Hartog, Netherlands Economic Institute. 

A number of countries are supposed to devaluate their currencies with 
respect to the currency of a given country. The changes of the different 
wage- and price-levels consequent upon this are analyzed by means of 
a model presented by J. Tinbergen (“Le problfeme de raretd du dollar,” 
Revue d y Economic 'politique, Janvier, 1948). This model was gener¬ 
alized so as to enable one to trace the repercussions when more than 
one country depreciates its currency. 

If one supposes that the devaluation takes place in a period of less 
than full employment, Tinbergen’s model can be split up into two 
parts, one describing the price formation, the other determining the 
level of the variables, which are expressed in real terms. 

We shall introduce the following symbols: p % indicates the level of 
retail prices in country i; k t indicates the exchange rate of country i 
with respect to country n; ir) indicates the import quota of country i with 
respect to country j , measured as the proportion of the value of imports 
from country j into country i to the gross national product of country i; 
tt\ indicates the amount of labor incorporated into the last unit of 
product, measured as the quotient of the wage bill and the gross na¬ 
tional product; indicates the absolute increase in the wage level upon 
a rise in the price-level of one unit. The magnitude of X is determined by 
negotiations between trade unions, entrepreneurs, and the government. 

If we measure the p x and k % in such units that their level just before 
the devaluation is unity and take this level as origin, with the equations 
describing the price formation in the form of price-fixing equations, 
and if we eliminate the wage rates, take the differences and linearize 
the system by neglecting products of differences, the system may be 
written as follows: 
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(1 — \r))Ap z — 2 ^AVi = — S n'Aki + S flrjAfry 

? i 3 

(i = 1,2,..., n), 0* == 1,2,..., n), O' 5* 0 and A& n = 0. This system 
expresses the Ap t in terms of the X, and the M,. 

The actual computations concerned six countries (the United King¬ 
dom, France, Belgium, the Netherlands, Germany, the United States) 
and the rest of the world, the United States figuring as country n. 
For this purpose different hypotheses were made with respect to the 
magnitude of the X* and the different degrees of devaluation Ak t . 

DISCUSSION: Dans quelle mesure le r^sultat obtenu d^pend-il de 1’estimation 
du coefficient lambda li6 aux variations des contingences politiques? D’autre part, 
les inerties sont tr&s difterentes selon les branches de production et il en r&ulte 
une incertitude sur la signification du r&mltat. 

Quelques applications d Veconomie de la thSorie mathemaiique des 
reseaux, Georges Th. Guilbaud, Institut de Science Economique Ap- 
pliqu4e, Paris. 

L’analyse thdorique et statistique des comptabilit^s sociales, la multi¬ 
lateralisation des clearings internationaux, diverses questions concemant 
la circulation mon£taire et l’inflation, conduisent k utiliser des repre¬ 
sentations graphiques en forme de rgseaux, et par consequent font 
souhaiter les d^veloppements adequats d’une theorie gen4rale. 

Un rdseau est constitue par des cellules ou comptes et par des chemins 
ou transactions; chaque transaction sort d’un compte et entre dans 
un autre. De ces quatre notions fondamentales et de leurs relations 
nalt une g6om6trie, qui se double d’une alg£bre lorsqu’on introduit les 
valeurs num^riques des transactions et qu’on fait quelques hypotheses 
sur ces valeurs (hypotheses de conservativite, par exemple). 

En examinant quelques probiemes particuliers—corrections statis- 
tiques d’une comptabilite qui devrait &tre conservative; calcul indirect 
de certaines transactions, consider6es comme des soldes; formes diverses 
d’une combinaison de transactions, tel le Revenu National; analyse 
de revolution d’une comptabilite; reduction de cr4ances par clearings 
multilateraux; la theorie generate des multiplicateurs, etc.—on est con¬ 
duit a donner un relief particulier k la notion de circuit et on retrouve 
la duality noeud-maille decouverte par Kirchhoff et qui a joue un tr&s 
grand rdle en topologie combinatoire. 

Mais, dans tous les probiemes precedents, on pose une certaine 
homogeneite des transactions, qui sont toutes des sommes monetaires. 
Or, le systfeme economique comprend aussi des flux de biens et sendees. 
II est interessant de presenter la theorie generate de l’equilibre (celle 
de Walras et Pareto, mais le cadre est bien plus general) comme une 
theorie de r4seau: cellules de consummation, cellules de production, 
marches, et les transactions entre ces elements. 
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En commen^ant par le cas le plus simple, qui est le cas classique, on 
dotera chaque cellule de production dime liaison entre les transactions 
qui y aboutissent (fonction de production), chaque cellule de consom- 
mation dim indicateur de choix, fonction des transactions de la cellule, 
enfin, on Ecrira la conservation des flux aux cellules de marchE. On 
peut alors dEfinir dim seul coup les situations parEtiennes optimales 
en termes rEels, on trouve encore des conditions qui font intervertir les 
mailles. En d’autres termes, l’Equilibre gEnEral est Equivalent & l’Equi- 
libre des mailles indEpendantes. 

Une fois dEfini l’Equilibre en termes rEels, on peut montrer co mm ent 
les flux de biens et services d’une situation optimale peuvent Etre 
induits par une circulation monEtaire, chaque cellule pouvant alors 
avoir en une certaine mesure, un comportement autonome de maximum 
liE. 

L’avantage d’une telle prEsentation est de montrer les extensions 
possibles de la thEorie parEtienne; on peut gEnEraliser les fonctions de 
production en introduisant des liaisons multiples, les variables ne sont 
plus forcEment les transactions d’une mEme cellule {external economies). 
D’autre part, dans la rEaiisation d’une certaine autonomie de cellules, 
le mEcanisme connu sous le nom de concurrence parfaite n’est nolle- 
ment indispensable. On sera amenE & dEfinir, pour chaque cellule, un 
horizon Economique qui contient tous les ElEments de choix; dans cer¬ 
tains cas les horizons seront disjoints, dans d’autres il y aura des 
recouvrementsqui gEnEralisent les situations dites de monopole bilatEral, 
et Etablissent le lien entre la thEorie desrEseaux et la thEorie des jeux. 

DISCUSSION: II faut manier avec prudence les analogies, par exemple Elec- 
triques. Les discussions Economiques devraient ne pas perdre de vue l’enchaine- 
ment circulaire des causes et des efleets; les raisonnements sur les “mailles” sont 
au moins aussi importants que les raisonnements traditionnels sur les “noeuds.” 
On souligne I’intErEt, pour les Economistes, dinstruments mathEmatiques spEci- 
alement adaptEs k leur recherche. 

TarificaMon au cout marginal des demandes pSriodiques , Marcel 
Botfeux, Service Commercial National d’ElectricitE de France. 

Le problems des “pointes” de la demande est un problEme bien connu 
des cheminots et des Electriciens: la d eman de d’Energie, comme la 
demande de transport, prEsente des pEriodicitEs marquEes (quotidienne, 
hebdomadaire, saisonniEre); au cours de chaque pEriode, la demande 
passe par un maximum, la “pointe,” qui commande le volume des in¬ 
stallations et par consEquent celui des cotits fixes. 

Le phEnomfene n’est pas particulier aux entreprises de transport et 
d’ElectricitE: le problEme de la pEriodicitE se pose dEs lors que les frais 
de stockage nEcessaires pour adapter le rEgime de la production & celui 
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de la demande ne sont pas n4gligeables, et k fortiori lorsque ce stockage 
est impossible. 

Taille optima des installations . Xous nous bomerons ici au cas d’une 
production non stockable. Pour simplifier l’expos4, nous admettrons 
que les facteurs de production se divisent nettement en facteurs mobiles 
et facteurs fixes que nous repr4senterons respectivement par un seul 
facteur, le facteur ‘‘exploitation” et le facteur “installation.” 

Si les regimes de la production et de la demande 4taient permanents, 
la taille optima des installations serait caract4ris4e par P4galit4 du 
cotit marginal d’exploitation et du cotit marginal “total” (exploitation 
+ installation). Lorsque le regime de la demande est p4riodique, on 
peut decomposer la demande de la p4riode en demandes 414mentaires 
successives sensiblement permanentes; la taille optima des installations 
est alors caract4ris4e—en premiere approximation seulement—par 
l’4galit4 du cotlt marginal total k la moyenne des valeurs prises par 
les cotits marginaux d’exploitation relatifs au volume de chaque de¬ 
mande 414mentaire. 

Cas des installations inelastiques. Les installations habituelles sont 
“inflastiques”: la d4pense de production croit proportionnellement k 
la quantity produite q jusqu’& une quantity limite qi qu’il est impossi¬ 
ble de d4passer. Pour q = q x , le cofit marginal d’exploitation n’est ni 
4gal au cofit partiel, ni infini, mais ind&ermini ; la courbe du cofit mar¬ 
ginal d’exploitation en fonction du d4bit affecte done la forme d’un angle 
droit dont une branche est pratiquement horizontale (d’ordonn4e 4gale 
au cofit partiel), et dont l’autre est verticale (d’abscisse 4gale k la 
capacity limite de Pinstallation). 

Lorsque Pinstallation a la taille optima, Pune au moins des demandes 
414mentaires de la p4riode coupe la courbe du. cofit marginal d’exploita¬ 
tion sur sa branche verticale. Tarifi4es au cofit marginal, les demandes 
qui coupent la branche horizontale ne r4mun4rent que les d4penses par- 
tielles; les autres r4mun4rent en outre les frais d’installation (4valu4es au 
cofit marginal). 

Conclusion et generalisation. Si, conform4ment k la terminologie des 
41ectriciens, on appelle “courbe de charge” la courbe donnant, au eours 
de la p4riode, la quantit4 demand4e en fonction du prix, la tarification 
marginaliste des pointes d’une installation in41astique a pour objet d’4cra- 
ser cette courbe suivant une horizontale partout ofi ce r4sultat peut 
4tre obtenu sans faire descendre le tarif horaire au-dessous du cofit 
partiel. La courbe de charge, apr4s tarification, est done form4e d’une 
succession de paliers de m4me niveau li4s entre eux par des portions de 
courbe situ4es en dessous de Phorizontale des paliers. L’ordonn4e de 
Phorizontale est 4gale k la capacit4 limite de Pinstallation. Cette capacit4 
est optima lorsque le produit des tarrfs qui assurent l’4crasement de la 
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courbe de charge, r&aiun&re, outre les d4penses partielles, le cofit mar¬ 
ginal des installations. 

L’horizontale des paliers est le diagramme de u productibilit4” de 
Finstallation. Lorsque la productibilit6 subit des variations p4riodiques 
(centrales hydro-41ectriques au fil de beau), le rSsultat ci-dessus se 
g4n4ralise: la courbe de charge aprfes tarification doit 6pouser la forme 
du diagramme de productibilit4 sauf en certaines regions oil elle pr6- 
sentera des ddcrochements. 

DISCUSSION: L’experience T.V.A. est invoqu£e ainsi que les discussions de 
tarifs qui ont eu lieu k cette occasion. Les effets de substitution modifient lem£can- 
isme de P Statement des pointes mais ne changent pas 1’aspect formel du result at. 
Les demandes horaires sont-elles Slastiques? Si elles ne le sont pas toutes, ce sont 
justement les demandes inSlastiques qui supporteront les frais d’installation. 

Decision Models , Ragnae Feisch, University Institute of Economics, 
Oslo. 

L ’auteur 4tudie un module ofi se trouvent repr6sent6s les principaux 
moyens d’action du gouvemement; en rSduisant le systfcme k une soixan- 
taine de variables, il reste douze degrSs de liberty qui ddcrivent les 
possibility de decisions politiques,. II importe de souligner les conditions- 
limites et les discontinuity. Le choix peut etre figure par un point mobile 
dans un domaine polyddrique dont les frontifcres et la connection doivent 
fitre 6tudi6es de try prfes. 

Vilfredo Pareto vu par le profit Keyn&sien, Eraldo Fossati, University, 
Trieste. 

Le temps est dfeormais venu de pouvoir affirmer qu’il est sans signi¬ 
fication de continuer k discuter en faveur ou contre Poeuvre de Keynes, 
une des figures auxquelles, il faut bien le reconnaitre, nous devons le 
plus de progrfes dans la science 4conomique; le nier ou Popposer k ses 
pr4d4cesseurs, c’est nier le processus naturel du d4veloppement de notre 
science. Pour nous convainere d’une v4rit4 aussi 416mentaire, il comment, 
k notre sens, de nous poser la question suivante: quelle vision pourrions- 
nous avoir de Poeuvre de Pareto si nous la voulions voir k travers des 
lunettes Keyn^siennes? 

Pareto represent© l’expression la plus haute de la th4orie statique et 
Keynes Pexpression la plus vive du travail modeme de creation de la 
th4orie djmamique. Entre P4quilibre du premier, impliquant le plein 
emploi de tous les facteurs de production et P6quilibre sans plein emploi 
du second, on ne saurait envisager de comparaison qui ferait ressortir 
le contraste entre deux terrains de recherche aussi diff6rents que statique 
et dynamique. H reste seulement k voir le point de jonction des deux 
syst&mes, ou mieux encore, la signification de Pun par rapport & Pautre 
dans le processus du passage de la statique k la dynamique. 
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D’un tel point de vue, nous pourrions, je pense, arriver aussi k nous 
repr&enter la “th4orie g4n4rale” de Keynes comme un cas “particulier” 
de la “th4orie dynamique g4n4rale,” que Ton peut deliver de Foeuvre 
par4tienne. Nous aimerions voir le passage de la statique k la dynamique 
par le recours aux deux principes par4tiens fondamentaux suivants qui, 
semble-t-il, conf4rent bien k Pareto le droit d’occuper une place 4minente, 
m6me en dynamique: (a) aucune place ne peut 6tre assignee k la th4orie 
de la monnaie dans la th6orie de F4quilibre g4n4ral; (b) la logique con¬ 
structive de la statique et de la dynamique 4conomique doit 6tre une. 

Partant de ces deux principes g4n4raux, nous avons pu retrouver, il 
y a aujourd’hui plus de quinze ann4es, gr&ce k Fintroduction syst&na- 
tique des facteurs ‘'incertitude” et “risque” (interpr4t4s d’une manifere 
quantitative tout k fait particuli&re) dans la th4orie de F4quilibre 
4conomique g6n4ral, une th4orie dynamique ginSrale dont la th4orie 
statique serait le cas-limite. Par cette voie, nous pouvons aussi nous 
repr4senter un cas “particular” d’4quilibre dynamique sans plein emploi 
par simple deduction de Phypoth£se d’un cas special dynamique dans 
lequel les fonctions d’exe£s de demande soient fonctions homogknes de 
degr4 z4ro relativement aux prix. On pourrait pr4tendre que ce ne serait 
pas 1 k recourir exactement au processus keyn4sien, mais il semble que 
Fon peut bien affirmer que notre r4sultat est le r4sultat keyn£sien naturel 
dans le tableau de la th4orie dynamique d£riv4e de la th4orie de F6qui- 
libre general. Ainsi pourrait 4tre 4galement 4tablie la fonction Evolutive 
et non r4volutionnaire de Foeuvre keyn4sienne dans le d4veloppement de 
la science 4conomique. 

Quelques observations sur la complexity et la simplicity dans la recherche 
iconomStrique , Hans Staehue, Economic Commission for Europe. 

AnoRS qu’au d4but, F4conom4trie modeme s’occupait en premier lieu 
de probl&mes micro-4conomiques (notamment la mensuration par Frisch 
et Irving Fisher de Futility marginale de la monnaie), son d4veloppement 
ult4rieur, fortement stimuli par les id6es de Keynes, a port4 de plus en 
plus sur les recherches macro-4conomiques. En m&me temps, Fusage des 
math&natiques s’est intensify, et i’on a profits de methodes statistiques 
nouvelles qui, elles aussi, ont une base mathimatique beaucoup plus 
4tendue que celles connues il y a vingt ans. 

Ce d4veloppement est-il n4cessaire? En d’autres mots, peut-on con¬ 
sider comme 4conom4triques au sens propre des 4tudes qui portent 
sur une partie seulement d’une 4conomie nationale, voire de F4conomie 
mondiale? Des r&ultats quantitatifs obtenus dans un champ restreint 
par des m4thodes simples, sans recours aux math&hatiques ou aux tech¬ 
niques statistiques avanc4es, sont-ils admissibles? 

La r4ponse k ces questions est 4vidente. On peut la formuler en citant 
Pareto ou Barone: le seul but de la th4orie est d’expliquer les faits, 
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pourvu qu’on entende par “faits” l’aspect objectif ou quantitatif des 
choses. II importe peu que ces faits soient micro- ou macro-^conomiques. 
On peut ajouter que la “gen6ralite” et l’“eiegance,” vertus essentielle- 
ment mathematiques, ne sont pas des vertus en soi lorsqu’il s’agit de 
comprendre ou d’expliquer un ensemble de faits economiques. Au con- 
traire, on risque de perdre davantage en r^alisme que ce qu’on gagne en 
g4n4ralit4. Quant aux methodes de recherche k appliquer, une seule 
restriction parait n4cessaire: qu’elles soient aussi simples que possible 
pour £tre efficaces. 

Pour soutenir ces theses, on pr4sentera des applications d’un thfiorfeme 
de Marshall, celui de Pin41asticit4 de la demande indirecte (inelasticity 
of derived demand), a des “industries,” applications conduites au moyen 
de proc£d£s essentiellement graphiques. 

Ces applications, dues aux efforts de deux jeunes etudiants de l’Uni- 
versite de Harvard, Roger Smith et Harold Pilvin, concement, d’une 
part, une industrie particulifere (k savoir celle des foumitures pour 
plombiers) et, d’autre part, la conduite d’un certain nombre d’industries, 
en ce qui conceme leurs prix de vente, pendant la depression 1929-1933, 
en fonction du “degr4 de monopole.” 

Les details de ces recherches et leurs r4sultats seront pr4sentes orale- 
ment, avec documents k Pappui. II en r4sultera que ces resultats meritent 
d’etre accept4s avec confiance comme explications satisfaisantes de 
certains faits 4conomiques. 

Sans vouloir le moindrement diminuer Pint4ret que pr4sentent les 
developpements techniques sus-mentionnes, on pourrait £tre tente de 
penser que, m£me dans Petude de situations relativement complexes, des 
moyens simples sont parfois suffisants pour d4gager des liaisons interes- 
santes. En general, on peut se demander s’il n’y aurait pas lieu de mettre 
en garde contre une certaine tendance vers Pemploi de theories et de 
methodes k caractfere technique souvent trfcs pouss6, dont Papplication, 
k moins qu’elle ne soit necessaire, p&che lourdement par manque 
d’eiegance. D’autre part, les recherches portant sur un champ restraint 
oil les faits peuvent encore 4tre compris comme resultant d’actions 
individuelles, ont certainement l’utilite de rappeler k l’esprit la complexite 
extraordinaire des variables de la macro-economie oil les decisons in¬ 
dividuelles des consommateurs et des producteurs sont noyees dans 
Panonymat des phenomfenes collectife. 

DISCUSSION: Convient-il de mettre en oeuvre tous les raflmements de l’outil 
statistique, alors que le materiel debasereste grossier? Quelle foi peut-on accorder 
& un resultat qui n* appar&it que gr&ce k Papplication de methodes complexes? 
La discussion porte ensuite sur PinfLuence du degre de concentration sur les prix 
(these de Mr. Harold Pilvin) et Involution comparee de la plomberie et du b&ti- 
ment (Roger Smith). 
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Le coin marginal, Roger Hotter, Soeiyty Nationals des Chemins de 
Fer Frangais. 

Le cofir marginal est dyfini comme la variation des dypenses de produc¬ 
tion avec la production elle-m&ne. Si les dypenses ytaient une fonction 
math4matique continue et derivable de la production, le cotit marginal 
en serait la d6riv6e; mais la r6alit6 est beaucoup plus complexe. H faut 
tout d’abord rapprocher les dypenses de la production correspondante, 
ce qui se fait pratiquement par ezerdces . II faut tenir compte du fait 
que les dypenses sont engages en fonction de la production privue et 
que si la production r4elle est inKrieure k cette provision, certaines d6- 
penses subsistent k leur montant primitif: elles sont iniludables. H faut 
tenir compte du d4calage temporel entre d^pense et production par un 
processus special, appel4 amortissemenL Enfin, de nombreux facteurs de 
production ne peuvent £tre mis en oeuvre que par quantity indivisibles: 
si ces quantity sont petites, on peut valablement les moyenner , mais si 
elles sont grandes, la d6pense pr4sente une discontinuity. 

Compte tenu de ces constatations comptables banales, Involution des 
dypenses d’une entreprise produisant un seul bien s^tudie ais&nent, et 
Ton constate que les dypenses de production d’un exercice d4pendent k 
la fois de la production r4elle et de la production pr4vue. Si Pon examine 
plusieurs exercices suceessifs, on est amen4 k constater que le point 
repr£sentatif des dypenses en fonction de la production se d4place sur un 
faisceau de lignes limit£ par une enveloppe inf4rieure correspondant au 
plein emploi de tous les facteurs de production. On est amen4, de ce 
fait, k consid4rer trois coefficients: (a) le prix de revient partiel ne tenant 
compte que des dypenses imm4diatement yiudables et qui vaut pour les 
variations trfcs rapides, hors du plein emploi; (b) le ccM rrvarginal partiel 
qui tient compte en plus de dypenses Ientement yiudables et qui vaut 
pour les variations lentes, hors du plein emploi; (c) le coztt marginal total 
qui tient compte de toutes les dypenses et qui ne vaut que pour les varia¬ 
tions Ientement croissantes, avec permanence du plein emploi. 

L’4tude du long run est inseparable de celle du progrks technique ; 
celui-ci se pr&ente le plus g4n4ralement sous la triple forme simultan4e 
de: la diminution du prix de revient partiel; Faugmentation des dypenses 
fixes; Faugmentation de la production maximum. Le progrfes technique 
est done, le plus souvent, li4 k un niveau minimum de production, au 
dessous duquel il se renverse. En outre, si la production est constante, le 
progrfcs technique provoque un certain sous-emploi, car il a pour sous- 
produit gratuit im exc4dent de capacity de production, inutile dans ce 
cas. 

Dans la plupart des entreprises peuvent se pr4senter toute une syrie 
de circonstances qui compliquent le calcul du cofit marginal: Certains 
facteurs de production peuvent pr&enter de grandes indivisibilitys, en- 
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trainant des discontinuity dans la variation des dEpenses; Pentreprise 
peut Etre astreinte k satisfaire la demande, ce qui l’oblige k avoir des 
marges de sEcuritE; la demande peut avoir des oscillations pEriodiques, 
ce qui pose des problemes trEs dElicats; le bien produit peut Etre stock- 
able; Pentreprise peut produire simultanEment plusieurs biens; certains 
de ces biens peuvent faire Pobjet de productions parfaitement ou im- 
parfaitement liEes. Enfin, PEconomie dans laquelle vit Pentreprise peut 
Etre distordue, c’est-&-dire que diverses causes Eloignent le rendement 
social de son maximum, et que les prix—et notammment ceux des fac- 
teurs de production—sont faux. 

Ces indications permettent de saisir les difficultEs extremes que ren¬ 
contre un chef d’entreprise dEsireux de connattre les colits marginaux de 
ses productions; la recherche intelligente du cotit marginal nEcessite 
une connaissance exceptionnellement bonne de la structure intime de 
Penterprise, et de ses Evolutions virtuelles, ainsi qu’une culture mathE- 
matique trEs Etendue. Aussi, le cotit marginal, dans son acception origi- 
nelle, est-il un concept abstrait; on ne peut le chiffrer eoncrEtement qu’en 
simplifiant considErablement son calcul par une sErie de conventions. 

DISCUSSION: Br&ve discussion sur la possibility de voir la courbe de dEpense 
descendre jusqu’A la courbe de long terme en cas de lente regression de Pindustrie. 
On souligne PintErEt de ces confrontations des notions thEoriques avec les pre¬ 
occupations des techniciens. 

Remarques sur une notion d’utilitS generate et une definition de prix 
rationnels, NoSl Bachet, IngEnieur en Chef des Transports. 

Un estdividu qui dispose d’un revenu r et achEte des biens directs aux 
prix p, choisit la rEpartition qui lui donne PutilitE maxima. II rend done 
m a x ima sa fonction d’utilitE <p(qi , g 2 > • • • ) avec la condition: E pq = r. 
Les propriEtEs mathEmatiques de la solution sont bien connues. On en 
dEduit qu’& parfcir d’un complexe adaptE aux prix p —c’est-tl-dire rE- 
sultant d’un choix libre en prEsence de ces prix—la variation d’utilitS 
individuelie dtp est proportionnelle k la diffErentielle 2p dq quelles que 
soient d’ailleurs les variations dq, libres ou imposEes. Cette variation est 
homogEnek un revenu. Puisque Pon a toujours: 2p dq + Eg dp = dr, on 
voit qu’une variation d’utilitE 2p dq donnEe est Equivalents k celle que 
donnerait un accroissement de revenu dr = 2p dq, les prix Etant laissEs 
constants. On voit apparaltre une mesure objective de la variation 
d’utilitE. H ne faut pas toutefois se mEprendre sur cette notion. Dire que 
les variations 2p dq de deux individus sont Egaies, cela signifie seulement 
que, pour Pun et pour Pautre, elles sont Equivalentes k une mEme 
variation de revenu dr = Sp dq. L’EgalitE n’est que dans la cause sus¬ 
ceptible de les produire, non dans les effets subjectifs. II faut utiliser la 
notion ainsi dEcouverte d’une maniEre pragmatique. Cette notion peut 
donner lieu nEanmoins k des applications intEressantes. 
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Si on considfcre deux 4tats dconomiques tres voisins A et B, tels que 
le passage de A k B apporte une variation 2p dq nulle ou positive pour 
tout individu, on a: 2(Zp dq) = dQ ^ 0, Q 4tant les quantity totales 
des biens directs foumies aux foyers. La rdciproque n’est pas vraie. On 
peut avoir 2pdQ > 0 sans que toutes les variations 2p dq soient posi¬ 
tives. Mais si, gr&ce k une amelioration de la production un 4tat B 
apporte par rapport a un 4tat A une variation 1>pdQ positive, oil 
certaines variations individuelles Sp dq sont negatives, on peut modifier 
la repartition des revenus de telle mani&re que chaque variation 2 )p dq 
soit positive, la variation totale Sp dQ £tant d4sormais participle par 
tous. Par ailleurs, on remarquera que si Ton est dansun 6tat de maxima- 
tion du rendement social, il est impossible, en vertu m4me de la definition 
de cette notion, de modifier l’etat economique en ayant des variation 
Sp dq toutes positives ou nulles. H en resulte que, dans cet etat, en respec- 
tant les conditions donn4es, toutes les variations possibles sont telles 
que Pon a: 3p dQ = 0. 

Puisque Pon est par hypoth&se dans un regime de fibre choix, k defaut 
de quoi la differentielle 2p dq n’aurait aucun sens, toute modification de 
structure se manifeste par des variations de prix. Les prix qui suscitent 
un emploi optimum d’un potentiel de production donne sont tels que 
toute modification de ces prix avec maintien du plein emploi, laisse nulle 
la variation £p dQ. Ces prix sont donn6s par la formule: 


dA dB 

P = a dQ TQ + 


a, b, etant des prix de facturation qui ajustent Poffre et la demande et 
A, B, les consommations des facteurs de production. Le sens des quo¬ 
tients dA/dQ, dB/dQ , appelle des remarques int^ressantes. 

Cette notion de prix rationnels peut s^tendre aux prix des biens in- 
directs. Dans le cas duplication de ces prix, on peut donner une port4e 
plus g4n£rale au sens de la differentielle. Ces notions permettent d’abor- 
der de nombreux probfemes, notamment en ce qui conceme la tarification 
rationnelle. 


DISCUSSION: L’expose est rattach4 aux discussions classiques sur la th4orie des 
surplus et la Constance de l’utifit4 marginals de la monnaie On souligne que toute 
decision concernant le bien-&tre collectif implique le d^passement du “no bridge.” 

La notion de surface de coUt dans Vetude du comportement dynamique 
des entreprises , Michael J. Verhulst, International Bank for Recon¬ 
struction and Development. 

En toute rigueur, la th£orie des fonctions de production ne s’appfique 
qu’& une entreprise consid4r4e individuellement et n’explique que le 
comportement technique de l’entreprise. 

Par ailleurs, une entreprise est trfes souvent compos4e de multiples 
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organes caract4ris4s chacun par une fonction de production, dite ^14- 
men t air e; ainsi, une batterie de fours & coke, un haut-foumeau dans un 
complexe m4tallurgique. Ces fonctions de production 414mentaires sont 
le plus souvent lin4aires. On peut alors montrer qu’en premifere approx¬ 
imation la fonction de production de Pentreprise est 4galement lin4aire. 

On peut aussi montrer que pour une entreprise de structure donn4e, la 
quantity produite, repr4sent4e par la fonction de production, peut se 
ramener k une fonction des degrfcs d’emploi des capacit4s des diff4rents 
organes qui composent Pentreprise. On peut montrer de plus que cette 
quantity 4tant repr4sent4e, en fonction des quantit4s utilis4es des divers 
facteurs, par la surface de production, il y a sur cette surface, pourchaque 
quantit4 produite, un point d’4quilibre oil le cofit est minimum pour une 
production donn4e, et que lorsque cette quantit4 varie, le lieu du point 
d’4quilibre est ime “courbe de cofit minimum” trac4e sur cette surface. 

Si Pon considfcre ensuite comme variables, non seulement les degrfes 
d’emploi des divers organes de Pentreprise, mais encore leurs capacit4s, 
ce qui est le cas dans un milieu en expansion qui exige un d4veloppement 
de Pentreprise, on peut regarder la quantit4 produite comme une fonc¬ 
tion de ces capacit4s en m4me temps que de leur degr4 d’emploi. Nous 
appelons cette fonction “fonction de production dynamique.” On peut 
observer que la fonction de production dynamique d’une entreprise se 
r4duit k la fonction ordinaire de production quand on considfere les 
capacit4s comme des constantes. 

On peut donner k cette fonction de production dynamique une forme 
synth4tique g4n4rale. D4signant par u le degr4 d’emploi et par h la 
capacit4 (ou encore le capital de Pentreprise, puisque Pun est un bon 
indice de Pautre), la fonction de production est du type: 

(1) y « F(u , h), 

oil y est la production de Pentreprise exprim4e en volume physique. 

Le cotit de fabrication technique C y de la production y est, de la 
m4me fagon, fonction du degr4 d’emploi de la capacit4 de Pentreprise et 
du capital de Pentreprise, de sorte que: 

(2) C v = G(u, h). 

Eliminant u entre les deux fonctions, on constate que le cotit de 
fabrication technique C y est fonction de la production y et du capital h: 

(3) C v - h), 

oh y est une variable de d4bit et h une variable de structure. On est 
amen4 ainsi k repr4senter le cofit de fabrication technique par une 
“surface de cotit technique” exprimant le cofit en fonction d’une 
variable de structure et d’une variable d’activiti . 
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On peut admettre qu’en premiere approximation le cotit de la main- 
d'oeuvre, le cotit d'entretien et les frais g6n4raux sont proportionnels au 
cotit de fabrication technique C Vi de sorte que si C d£signe le cotit total, 
on peut aussi Scrire: 

(4) C = £%, A). 

La surface representee par (4) peut §tre appetee “surface de cotit.” 

Les points de la surface de cotit correspondant k une valeur donate 
du degr£ d’emploi verifient a la fois liquation (4) [ou (3)] et liquation 
(1) [ou (2)], c’est-a-dire qu’ils se disposent sur une courbe dite “courbe 
d’Sehelle” exprimant le cotit en fonction du debit ou de la capacity. 
Alors que la courbe ordinaire de cotit exprime celui-ci en fonction du 
d6bit (ou du degr6 d'emploi) pour une capacity donn^e, il existe une 
courbe d^ehelle pour chaque valeur donn£e du degre d'emploi. 

Nous avons pu determiner numeriquement la surface de cotit pour 
Pindustrie des transports aeriens et Pindustrie du gaz en France, et pour 
Pindustrie du pdtrole aux Etats-Unis. 

DISCUSSION: Les r&sultats sont confronts avec ceux obtenus par le Professeur 
Schneider dans son 6tude sur Pindustrie du chocolat. La discussion porte ensuite 
sur la nature de la courbe de long terme £tudi£e par Pauteur: contour apparent 
de la surface de cotit ou bien courbe historique? 

La thiorie marginaliste et Vorganisation scientifique du travail , Jean 
Rocher, Ingdnieur des Arts et Manufactures. 

Introduction. Rappel du th^orfcme de Gossen: “Lorsque ses ressources 
sont insuffisantes pour lui permettre de se procurer tout le bien possible 
k sati ete, Phomme doit se procurer chacun d’eux dans les proportions 
telles que la valeur d’usage du dernier atome soit la m&ne pour tous les 
biens.” Demonstration du thdor^me par la mdthode de Monsieur Tint- 
ner: dans le cas du regime permanent; dans le cas du regime non per¬ 
manent, avec definition du terme correcteur dynamique. 

Application de la thiorie marginaliste d Vorganisation scientifique du 
travail: definition du r61e de Porganisation scientifique du travail; pos- 
sibilite d'appliquer le theorfeme de Gossen k ce problfeme, du fait du 
caractfere toujours limite du budget d'une entreprise, et un caractfere 
mesurable de Putilite marginale dans le cas du probl&me d'organisation; 
remarque sur le rdle des contingentements; interpretation des diffdrents 
termes et plus particuliferement du coefficient correcteur dynamique; im¬ 
portance de la notion d’horizon. 

Consiquences du thtoreme de Gossen dans Vorganisation scientifique d'une 
entreprise: limite d’emploi d’un agent de la production; retribution d’un 
agent de la production; cotit reel des services d’un agent de la production; 
prix de revient reel du fonctionnement d’un organisme; coefficient 



84 


CONGERS DE COLMAR 


de productivity—son importance pour revaluation du degr6 d’organisa- 
tion de Pentreprise et de la prosperity de cette entreprise; nouvelle 
definition du r61e de Porganisation et les conditions k remplir pour que 
le but recherche soit atteint. 

Quelques consequences societies de la theorie marginaliste appliquie k 
Vorganisation sdentifique du travail . A Pinterieur de Pentreprise: position 
reelle de Pentreprise vis-A-vis de la limitation de son budget; caracteris- 
tiques des r61es des differentes categories d’agents (techniciens: diminuer 
Putilite marginale des agents de la production; chercheurs: augmenter 
cette utility marginale; commergants: augmenter Putilite marginale des 
produits; financiers: augmenter les disponibilites budgetaires); la hierar¬ 
chy (des valeurs, des horizons, des utilites marginales, des salaires). 

Consequences sociales plus generates: opposition entre les exigences des 
lois de repartition optima des richesses et les exigences de la production 
de ces richesses; causes deposition de PinterSt general et des intents 
particuliers du fait: de la difference d’horizon; de l’inter£t de Pindividu 
de conserver une utility marginale eievee, et de la Society de diminuer 
cette utility marginale. 

Conclusion . Difficultes devaluation des utilites marginales du fait: 
de la grande elasticity de Putilite marginale; de Pinterdependance des 
utilites marginales des differents agents de la production; du caractfere 
dynamique des problfemes poses; possibilites cependant de solutions au 
moins approchees dans le cas des problfcmes d’organisation; difficultes 
d’une extrapolation k des ensembles plus importants que les entreprises 
et precautions k prendre. 

DISCUSSION: Le terme dynamique correctif est rapproch6 des Equations eul6- 
riennes du Professeur Amoroso. Quelques precautions doivent 6tre prises dans 
1’usage et 1’interpretation de cette vitesse de variation du coilt marginal. Des 
modules simples et discontinue permettent peut-£tre de donner une signification 
intuitive au terme correctif. 

Repartition rationnelh des stocks de merchandises dans un reseau de 
distribution, Robert Heston, Institut de Statistique de Paris. 

La statistique mathematique permet de decrire d’une manure precise 
les lois de Yecoidement aliaioire de divers stocks de marchandises. Ces 
lois conduisent k definir par nature de stock un niveau de “securite” k 
partir duquel il faut se reapprovisionner pour satisfaire la demande avec 
une probability fixee k Pavance. L’application de cette methode de gestion 
entratne Pexistence d’un stock mort qui est mesure par l’esperance mathe¬ 
matique du stock restant k la fin du deiai de reapprovisionnement. Le 
calcul du stock mort global d’un reseau de distribution permet de choisir 
la chalne de distribution optima comportant ou non la presence d’un ou 
plusieurs grossistes interposes entre le producteur et les detaillants. 
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Ecoulement d’un stock . La distribution de frequence des sorties peut 
6tre £tudi£e comme dans le cas d’4coulement des eaux de riviferes (Gibrat) 
en prenant comme unite de dur4e eidmentaire le jour ou la semaine. Les 
lois dissymdtriques semblent gdndralement apparentdes k la loi de Galton 
MacAlister. Si Pon fait intervenir le d£lai de rdapprovisionnement A, 
multiple de la dur£e ei&nentaire, la nouvelle loi de distribution pour ce 
ddlai A est ime somme de variables al6atoires que Pon trouve k partir 
de la fonction caractdristique. Graphiquement si Pon prend A comme 
variable, une loi Gaussienne en premiere approximation, le lieu des 
points du stock final attendu dans 95% des cas est une surface intercepts 
par une courbe parabolique; on en d&luit le stock de sicurite et le stock 
mort de la forme 2s VA fau second ordre pr&s). 

Comparaison de deux riseaux de distribution. Considdrons une “region” 
sans grossiste comprenant N detaillants ayant m&nes debits de mar- 
chandises et m&nes d£lais d’approvisionnement les stocks morts sont 
mesurfe par feVA. Le “stock mort” global de cette branche de rdseau 
est: tXs\/ A. Si un centre livreur est install^ au milieu de la region pour 
desservir les A r detaillants, l’6cart-type du debit aieatoire de marchan- 
dises devient s\/X et son stock mort: ts\/WA. Par contre, les detaillants 
etant approvisionnes par ce centre en un temps tr&s court 4gal k 
Punite (par exemple A = 1 jour), le stock mort global devient: 

tsX + ts^/NX. 

L’efficacite de l’intervention d’un centre livreur ou grossiste peut etre 
mesur£e par le rapport du nouveau stock mort k Pancien: 

tsX + tsVNl 1 1 

tNsVs Va + Vx' 

Par exemple, si A = 36 jours, N = 100 detaillants, le nouveau stock 
mort est de i + xo- = 0.5}67 de Pancien. 

L’intervention du prix de transport permet encore de trouver le prix 
de revient final de la marchandise et de calculer la dimension optima des 
lots de renouvellement adaptfe aux rfseaux. 

DISCUSSION: Ces considerations th4oriques sont de nature k eclairer le dilemme 
entre distribution directe et syst&me de centres livreurs, oil la pratique manifeste 
souvent quelques hesitations. Le probleme des stocks de marchandises 4voque 
celui des encaisses mon6taires. 

The Cobb-Douglas Production Function: Interpretation of the Statis¬ 
tical Results . D. H. van Dongen Torman, Netherlands Economic In¬ 
stitute. 

Starting from the theory" of marginal productivity, written in the form: 
Apo/Apj = 1, where y 0 = p&o , po standing for price of product and x 0 for 



86 


CONGRESS DE COLMAR 


quantity of product, and where y % = p x x % , p x standing for prices of 
factors of production and x t for quantities of factors of production, it 
can be shown that p\ s* p 0 (dx 0 /dx x ). Even when assumptions are intro¬ 
duced regarding free competition in the markets for product, labor, cap¬ 
ital, capital goods, and raw materials, when the latter are taken to be 
limi tational with respect to the product, the prices of the factors of 
production cannot be explained by this last expression when the vari¬ 
ables are measured in physical units. On the whole no such relation will 
be found when measuring in value units. 

As regards the distribution of income, assumed to be in the proportion 
of the exponents in the production function, it can be shown that again 
a great number of assumptions have to be made when the variables are 
measured in physical units. When measured in value units, however, no 
such assumptions as mentioned above are necessary. 

A good fit between real and computed income distribution in the 
latter case, therefore, does not allow conclusions such as are often drawn 
by Douglas, et al. 

Les indices de rationalisation, Renj£ Roy, Institut de Statistique de 
PUniversit6 de Paris. 

D’une manifere g4n4rale, nous d&ignons par “indices de rationalisation” 
un nombre indice qui exprime num6riquement le degr6 de perfectionne- 
ment atteint dans une branche particulifere d 5 activit6 ou dans un groupe 
6ventuellement plus 6tendu, par rapport k une situation de rdf&rence. 

Si nous considdrons par exemple le cas simplify d’une operation qui 
n’exige que Putilisation de main d’oeuvre k Pexclusion de tout autre 
facteur de production, et qui s’applique k la fabrication d’un seul genre 
d’articles, nous pouvons d4finir Pindice de rationalisation relatif k cette 
operation particulifere au moyen du rapport q/h de la quantity produite 
au nombre d’heures de travail consacr6es k cette production. Si nous 
admettons en outre que la branche d’activitd en cause est r6gie par la 
concurrence parfaite, le rapport qui pr6cMe pourra etre remplacd par 
le quotient s/p du salaire au cotit de production. 

Plus g4n6ralement, lorsque nous envisageons une operation qui exige, 
outre la main d’oeuvre, Putilisation d’autres facteurs de production et 
qui aboutit par ailleurs k la production simultande de plusieurs genres 
difKrents d’articles, nous devons remplacer Pexpression simplifide qui 
prScfede par le rapport de deux nombres indices, Pun concemant le 
volume de la production et Pautre, celui des facteurs mis en oeuvre. 
Dans le cas de concurrence parfaite, mais dans ce cas seulement, Pindice 
de rationalisation peut 6tre 6galement dSBni par le rapport de Pindice du 
cofit des facteurs k Pindice du cofit de production pour la branche d’ac- 
tivitfi en cause. 
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Le calcul pratique des indices de rationalisation ainsi congus pose 
done les monies probl&nes que celui des indices de prix et de quantity; 
ils se rfeument essentiellement: en premier lieu, 4 la definition du champ 
des operations embrassees par l’indice k calculer, et en second lieu, par 
le mode de calcul auquel on entend recourir. 

Sur ces deux points, nous proposons de faire appel aux solutions que 
nous avons suggerees dans un memoire anterieur consacre aux “index 
economiques” et reposant sur l’utilisation generate des indices de 
type monetaire, c’est4-dire des indices 4 chaine pouvant etre assimiies 
en fait k des indices budg4taires comportant l’utilisation de poids varia¬ 
bles et par consequent la reference k des situations intermediates entre 
la situation courante et la situation de reference. 

Une telle methode presente l’avantage de rattacher les indices de 
rationalisation k un systfeme coherent d’indices de prix et de quantity 
concemant soit des operations eiementaires, soit des ensembles plus ou 
moins etendus. Parmi les questions auxquelles s’apparente la recherche 
des indices de rationalisation figurent notamment celles qui concement 
le salaire reel, les eiasticit6s de production pour la main-d’oeuvre ou pour 
le capital et les elements constitutifs du revenu national. 

DISCUSSION: L’introduction d’un taux de rationalisation caractdrisant le 
rythme du progrfes technique au cours du temps met en Evidence 1’influence 
respective des variations de l’effectif des travailleurs, de l’importance des inves- 
tissements et du progrfe technique, dans une formule gdneralisfe de Douglas. 



CONSULTATION ACTIVITIES WITH THE UNITED NATIONS 

The Econometric Society was represented at the recent United Nations 
Scientific Conference on the Conservation and Utilization of Resources 
by virtue of the consultative status which the Society has with the Eco¬ 
nomic and Social Council of the United Nations. The report which 
follows was prepared by Mr. Howard R. Tolley, Director of the Eco¬ 
nomics and Statistics Division of the Food and Agriculture Organization, 
who served as the appointed representative of the Society at the 
conference. 

This Conference, which was convened at United Nations Headquarters on 17 
August and adjourned on 6 September 1949, was very different from any other 
conference which has been convened by the United Nations or any of its agencies. 
The Conference was attended by delegates from some thirty nations, members of 
the United Nations Organizations, and by representatives of a selected group of 
learned societies and institutions. They included about 500 “scientists, engineers, 
resource technicians, economists, and other experts. ,, Conferees participated “as 
individual experts and not as representatives of their governments or organiza¬ 
tions.” 

There were no political speeches, and no resolutions calling for action by mem¬ 
ber nations or other international organizations were proposed. Instead, there 
was an honest effort on the part of all participants to consider in a “scientific” 
manner the problems involved in the conservation and utilization of the world’s 
resources. 

In the three weeks during which the Conference was in session more than three 
hundred papers were presented and discussed. They covered a very wide range of 
subject matter. Some examples are: the pressure of population on resources; indi¬ 
vidual farm planning for optimum use of resources; statistical tools in resource 
appraisal and utilization; organization of forest services; undiscovered oil and gas 
reserves; techniques for increasing coal production; tools and equipment for 
small-scale farming; management and cultivation of fresh water fish. 

The Conference was organized in six sections: Minerals, Fuels and Energy, 
Water, Land, Forests, Wild Life and Fish. In addition to the section meetings, 
there was a series of so-called Plenary Meetings where papers on topics of interest 
to the entire Conference were presented and discussed. The proceedings of the 
Conference are being published by the United Nations. In all, this Conference 
had many of the characteristics of a meeting of a “learned society” and in spite 
of the heterogeneity of the topics considered the delegates and participants im¬ 
pressed one as being a rather homogeneous international group bent on exploring 
the frontiers of their various specialized fields. 

To an economist, it was notable, and in a sense disappointing, that even though 
the Department of Economic Affairs of the United Nations had general responsi¬ 
bility for the organization of the Conference, there was no section devoted to the 
Economics of Conservation and Utilization, and in comparatively few of the 
papers was there careful analysis and consideration of economic problems and 
implications. In fact most of the speakers seemed to consider that “resources” 
meant natural resources only, e.g., minerals, land, water, etc. Only a few seemed 
to be cognizant of the modern economic concept of “allocation-of-resources” or 
even the older concepts of the “combination-of-factors” and “marginal utility.” 
On the other hand, among the few papers presented by economists and statisticians 
were some that gave the results of pioneering work and at the same time pointed 
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to the need for much more economic and statistical study and analysis. Notable 
in this respect were papers by Colin Clark of Australia, P. C. Mahalanobis of 
India, Frank Yates of England, E. De Vries of Holland, and John D. Black, 
Sherman Johnson, and V. Webster Johnson of the United States. 

With the increasing international emphasis that is being given to “economic 
development/' it is to be hoped that the economists and statisticians of the world 
will devote more of time and energy than they have in the past to study and 
analysis on a national and international basis of the allocation of resources, the 
combination of the factors of production, the economic costs and benefits of re¬ 
source exploitation, and related subjects that are so important in developing 
national and international plans and programs. This is both a challenge and a 
responsibility. 


REPORT OF THE COUNCIL FOR 1949 

The Council approved the election of seven new Fellows in 1949. The 
names suggested by the Fellows included all the candidates nominated 
by the Council in 1948 but not elected, and from these names (none 
having been suggested by other members of the Society) the Council 
nominated sixteen candidates, three hating been tied for fourteenth 
place. From this list the Fellows elected seven new Fellows as follows: 
Maurice Allais, Abram Bergson, Bernard Chait, Milton Friedman, M. 
G. Kendall, P. C. Mahalanobis, and Franco Modigliani. Brief bibliogra¬ 
phies of the new Fellows are printed elsewhere in this issue. 

The Council elected the following officers for 1950: President, Tjalling 
C. Koopmans; Vice-President, R. G. D. Allen; Secretary', William B. 
Simpson; Treasurer, Alfred Cowles. 

By unanimous vote of the Council, Dickson H. Leavens, retired 
managing editor of Econometrica, was elected to honorary membership 
in the Society. A brief biography of Mr. Leavens appears in the October 
1948 issue of Econometrica. 

The terms of the following members of the Council expired on Decem¬ 
ber 31, 1949: R. G. D. Allen, Colin Clark, Simon Kuznets, and Jacob 
Marschak. Of these all but Jacob Marschak were eligible for re-election, 
the latter already having served two consecutive three-year terms. The 
Fellows elected the following for three-year terms ending December 31, 
1952: R. G. D. Allen, Colin Clark, Simon Kuznets, and Herman 0. A. 
Wold. Members of the Council whose terms expire on December 31,1951 
are Costantino Bresciani-Turroni, Francois Divisia, Wassily- Leontief, 
and Paul A. Samuelson. Members of the Council whose terms expire on 
December 31,1950 are Ragnar Frisch, John R. Hicks, and Oscar Lange. 
The officers of the Society are ex-officio members of the Council. 

Changes in dues and subscription rates voted by y the Council in 1949 
are reported elsewhere in this issue. 


William B. Simpson, Secretary 



TREASURER’S REPORT 

Statement op Accounts, Fiscal Year Ended September 30, 1949 


Income 


Dues: United States and Canada. 

Other countries. 

. $4,202.00 
. 1,660.40 

$ 5,862.40 

Subscriptions: United States and Canada... 

Other countries. 

. $1,873.00 
. 2,847.60 

4,720.60 

Sale of back numbers. 

Sale of exchanges. 

Miscellaneous income. 


2,537.98 

309.99 

101.84 


Total earned income 


Expense 


Journal: Salaries. $2,351.04 

Printing and mailing Vol. 17 and 
provision of inventory copies.... 4,981.03 

Washington Proceedings Supple¬ 
ment. 2,900.00 

Transfer of inventory to new printer, 
insurance on back numbers, etc.. 567.09 $10,799.16 

Administration: Salaries.$3,514.04 

Postage. 651.45 

Printing and stationery. 502.74 

Miscellaneous. 448.04 5,116.27 

General: Audit.$ 150.00 

Sundry. 36.68 186.68 


Total expense. 

Excess of expense. 

Less net increase in inventory 


$13,532.81 


16,102.11 

$ 2,569.30 
52.96 


Net loss carried to surplus 
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$ 2,516.34 
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Balance Sheet as of September SO , 1949 


Cash in bank. 

Accounts receivable: 

Past due accounts: Dues. 

Subscriptions. 

Sale of back numbers.. 

$1,735.10 

1,880.30 

973.55 


$ 3,362.8 

Less 100% allowance for bad debts. 

$4,588.95 

4,588.95 



Current account for dues. 

Sundry debtors. 


$1,070.00 

18.30 

1,088.30 


Inventory of back numbers of Econometrica, at marginal cost. ... 2,785.16 

$ 7,236.29 


Liabilities 


Accounts payable. $ 899.89 

Accrued publishing expense: 

July-October, 1949, issue. $1,898.40 

Washington Proceedings Supplement. 2,727.94 4,626.34 

Dues collected in advance. 154.30 

Subscriptions collected in advance. 458.40 

Surplus: Balance, October 1, 1948. $3,613.70 

Less net loss. 2,516.34 

Surplus, September 30, 1949. 1,097.36 


$ 7,236.29 


Summary of Surplus Account , 19S1-1949 


Total donations received, 1931-1949.. — $23,918.50 

Add: Inventory of back numbers of Econometrica at marginal cost, 

first counted as an asset in 1945. 2,489.30 

$26,407.80 

Less: Grant made to International Statistical Confer¬ 
ences in 1947... $1,000.00 

Net deficit, 1931-1949 . 24,310.44 25,310.44 

Surplus, September 30,1949. $ 1,097.36 
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Alfred Cowles, Treasurer 


NOTICE OF CHANGES IN DUES AND SUBSCRIPTION RATES 

The dues of members of the Econometric Society who are residents of 
countries other than the United States and Canada were reduced from 
$6.00 to $4.50 by vote of the Council of the Econometric Society in 
December, 1949. This action was taken in order to help offset the in¬ 
crease in the cost of membership (in terms of local currencies) which 
occurred as a result of the recent devaluation of currencies with respect 
to the American dollar. The new rate applies to the current 1950 dues, 
bills for which will be mailed in January. 

The dues of members residing in the United States and Canada remain 
at $8.00. The subscription rate for nonmembers remains at $9.00 for 
all countries. 

The subscription rate for graduate students recommended by a faculty 
member was increased from $3.00 to $4.00 by vote of the Council, effec¬ 
tive January 1,1950. The Council also voted to increase, as of the same 
date, the family membership rate from $2.00 to $3.00. The latter rate 
applies to one of two members of the Econometric Society who are 
husband and wife and who elect to receive between them only one sub¬ 
scription to Econometrica. Both increases were approved in order to 
bring these rates into accord with the increase in regular dues and 
subscription rates voted by the Council in 1947. 




ELECTION OF FELLOWS, 1949 

The Fellows of the Econometric Society have elected seven new 
Fellows, whose names and partial bibliographies are given below. A com¬ 
plete list of Fellows as of January, 1950, follows. 

Maurice Allais, Institute de Statistique de PUniversit5 de Paris, 
Paris, France. 

A la Recherche d’une Discipline Economique , Premiere Partie—L’Economie 
Pure et Annexes, Paris: Ateliers Industria, 1943, 920 pp. 

Economic Pure et Rendement Social t Paris: Imprimerie Rationale, 1945, 72 pp. 

Abondanceou Misere: Propositions heterodoxes pour un redressemen* de V economie 
frangaise, Paris: Librairie de Mydicis, 1946, 131 pp. 

“Le Probl&ne de la Gestion Economique,” Revue d'Economie Politique, Vol. 56, 
April-June, 1946, pp. 220-226. 

1 Organisation Concurrentielle ou Planisme Autoritaire,” Memotre des In- 
gEnieurs Civile de France , Vol. 99, December, 1C46, pp 399-414. 

“L'Oeuvre d’Irving Fisher,” Revue d’Economie PobUque , Vol. 57, May-June, 
1947, pp. 459-468. 

“Le Probleme de la Planification dans une Economie Collectiviste,” Kyklos, 
Vol. 1, No. 3, 1947, pp. 254-2S0, and Vol. 2, No. 1,194S, p. 48-71 

“Le Probleme des Salaires,” Conference faiic dans le cadre du 25* cycle d'Etudes 
de la Cegos , Paris, November, 1947, pp. 6-20. 

Economie et Int&rM, Paris: Imprimerie Nationale, Vols. I and II, 1947, 800 pp. 

‘‘Rendement Social et Productivity Sociale” (abstract), Ecovometrica, Vol. 
16, January, 1948, pp. 65-66. 

“Le Probleme de la Coordination des Transports et la Th4orie Economique,” 
Revue d’Economie Politique , Vol. 58, March-April, 194S, pp. 212-271. 

“Les Probl&nes Economiques et Sociaux de FHeure et leurs Solutions,” Bul¬ 
letin des Transports et du Commerce , Paris, November, 1948, pp. 690-697. 

“Pouvons-Nous Atteindre les Hauts Niveaux de Vie Amyricains 0 ” Les Etudes 
Amkricaines i Vols. 15 and 16, 1949, pp. 41-50. 

“IntdrSt et Productivity Sociale,” Journal de la Societe de Statistique de Paris , 
Vol. 89, September-October, 1948, pp. 355-380. 

“Les Aspects Sociaux de PUnion Economique Europyenne,” Rapport pr&sente 
d la Conference Economique europeenne de Westminster du Mouvewent EuropEen , 
April, 1949, 109 pp. 

“Etude Thyorique des Conditions Genyrales de l’Amynagement Optimum de 
la Production, de la Distribution et de PUtilisation des Combustibles Solides,” 
Charbonnagcs de France , Document intyrieur, August, 1949,170 pp. 

“Productivitys, Salaires Ryels et Union Economique,” Economia Interna¬ 
tionale, Vol. 2, August, 1949, pp. 615-629. 

“Pyriode de Production, Rypartition des Facteurs Primaires de Production et 
Taux dTntyr£t,” Journal de la Societt de Statistique de Paris , Vol. 90,1949. 

“Rendement Social et Productivity Sociale,” Metroeconomica, Vol. 1, No. 2,1949. 

Abram Bergson, Graduate Faculty of Political Science and Russian 
Institute, Columbia University, New York, New York, U. S. A. 

“Real Income, Expenditure Proportionality and Frisch’s New Method of 
Measuring Marginal Utility,” Review of Economic Studies , Vol. 4, October, 1936, 
pp. 33-52. 
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“A Reformulation of Certain Aspects of Welfare Economics,” Quarterly 
Journal of Economics , Vol. 52, February, 1938, pp. 310-334. 

“Incidence of an Income Tax on Saving,” Quarterly Journal of Economics , 
Vol. 56, February, 1942, pp. 337-341. 

“Distribution of the Earnings Bill among Industrial Workers in the Soviet 
Union, March, 1928; October, 1934,” Journal of Political Economy, Vol. 50, April, 
1942, pp. 227-249. 

“Prices, Wages and Income Theory,” Econometric a, Vol. 10, July-October, 
1942, pp. 275-289. 

“Price Flexibility and the Level of Income,” Review of Economic Statistics, 
Vol. 25, February, 1943, pp. 2-5. 

The Structure of Soviet Wages: A Study in Socialist Economics , Cambridge, 
Massachusetts: Harvard University Press, 1944, 255 pp. 

“The Fourth Five Year Plan: Heavy versus Consumers’ Goods Industries,” 
Political Science Quarterly, Vol. 62, June, 1947, pp. 195-227. 

“A Problem in Soviet Statistics,” Review of Economic Statistics , Vol. 29, No¬ 
vember, 1947, pp. 234-242. 

“Soviet Defense Expenditures,” Foreign Affairs, Vol. 26, January, 1948, pp. 
373-376. 

“Socialist Economics,” A Survey of Contemporary Economics , H. Ellis, ed., 
Philadelphia: Blakiston Co., 1948, Chapter 12, pp. 412-448. 

Comment on Hans Staehle, “The International Comparison of Real National 
Income,” Conference on Research in Income and Wealth, Studies in Income and 
Wealth , VjI. 11, New York: National Bureau of Economic Research, 1949, pp. 
252-259. 

Bernard Chait, Anvers, Belgium. 

“Note sur les Syst&mes Macrodynamiques,” Econometrica, Vol. 3, October, 
1935, p. 472. 

“L’EconomStrie et 1’Etude des Cycles Economiques,” Revue de VInstitut de 
Sociologie , Brussels, Vol. 17, No. 4, October-December, 1937, pp. 785-789. 

Les Fluctuations Economiques et VInterdkpendance des Marches, Brussels: 
Louis, 1938, 344 pp. 

Essai d'Explication des Crises Economiques par VEconometrie , Paris: Her¬ 
mann, 1938, 51 pp, 

Le Problhne des Crises Economiques, Paris: Burlet, 193S, 10 pp. 

“Les Fluctuations Economiques et l’Interd4pendance des Marches: A Reply,” 
Journal of Political Economy, Vol. 48, October, 1940, pp. 740-744. 

“Sur l’Econom4trie,” Revue de VInstitut de Sociologie, Brussels , Vol. 29, No. 2, 
April-June, 1949, pp. 247-290. 

Milton Friedman, The University of Chicago, Chicago, Illinois, 
U.S.A. 

“Professor Pigou’s Method for Measuring Elasticities of Demand from 
Budgetary Data,” Quarterly Journal of Economics , Vol. 50, November, 1935, pp. 
151-163. 

“Plans for a Study of the Consumption of Goods and Services by American 
Families” (with Hildegarde Kneeland and Erika H. Schoenberg), Journal of the 
American Statistical Association, Vol. 31, March, 1936, pp. 135-140. 

‘Marginal Utility of Money and Elasticities of Demand, II,” Quarterly 
Journal of Economics, Vol. 50, May, 1936, pp. 532-533. 
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“The Use of Hanks to Avoid the Assumption of Normality Implicit in the 
Analysis of Variance,” Journal of the American Statistical Association, Vol. 32, 
December, 1937, pp. 676-701. 

“Mr. Broster on Demand Curves,” Journal of the Royal Statistical Society , 
Vol. 101, 1938, Part II, pp. 450-454. 

“A Comparison of Alternative Tests of Significance for the Problem of 
m Bankings,” Annals of Mathematical Statistics f Vol. 11, March, 1940, pp. 86-92. 

“The Empirical Derivation of Indifference Functions” (with W. Allen Wallis), 
in Studies in Mathematical Economics and Econometrics , Chicago: University of 
Chicago Press, 1942, pp. 175-189. 

“The Spendings Tax as a Wartime Fiscal Measure,” American Economic Re¬ 
view , Vol. 33, March, 1943, pp. 50-62. 

Taxing to Prevent Inflation: Techniques for Estimating Revenue Requirements 
(with Carl Sumner Shoup and Ruth P. Mack), New York: Columbia University 
Press, 1943, 236 pp. 

Incomes from Independent Professional Practice (with Simon Kuznets), New 
York: National Bureau of Economic Research, 1945, 599 pp. 

“Lange on Price Flexibility and Employment: A Methodological Criticism,” 
American Economic Review , Vol. 36, September, 1946, pp. 613-631. 

“Lerner on the Economics of Control,” Journal of Political Economy , Vol. 55, 
October, 1947, pp. 405-416. 

“Planning an Experiment for Estimating the Mean and Standard Deviation 
of a Normal Distribution from Observation on the Cumulative Distribution,” 
Techniques of Statistical Analysis, New York: McGraw-Hill, November, 1947, 
Chapter EX, pp. 319-335. 

“A Monetary and Fiscal Framework for Economic Stability,” American Eco¬ 
nomic Review , Vol. 38, June, 1948, pp. 245-264. 

“The Utility Analysis of Choices Involving Risk” (with L. J. Savage), Journal 
of Political Economy , Vol. 56, August, 1948, pp. 279-304. 

Discussion of Marschak-Hart papers on “Liquidity and Uncertainty,” Papers 
and Proceedings of the American Economic Association , Vol. 39, May, 1949, pp. 
196-199; and in Econometrica, Vol. 17, April, 1949, p. 1S2. 

“The Marshallian Demand Curve,” Journal of Political Economy i Vol. 57, 
December, 1949, pp. 463-495. 

M. G. Kendall, London School of Economics, London, England. 

Introduction to the Theory of Statistics (with G. Udny Yule), London: Charles 
Griffin & Co., Ltd., 1937, 570 pp. 

“The Geographical Distribution of Crop Productivity in England” (with 
discussion). Journal of the Royal Statistical Society , Vol. 102, Part I, 1939, pp. 
21-62. 

“On the Method of Paired Comparisons” (with B. Babington Smith), Bio- 
metrika , Vol. 31,1940, pp. 324r-345. 

“The Effect of the Elimination of Trend on Oscillations in Time Series,” 
Journal of the Royal Statistical Society , Vol. 104, Part 1,1941, pp. 43-52. 

“The Financing of British Agriculture” (with discussion). Journal of the 
Royal Statistical Society , Vol. 104, Part II, 1941, pp. 111-142. 

“On the Future of Statistics” (with discussion), Journal of the Royal Statistical 
Society , Vol. 105, Part II, 1942, pp. 69-91. 

“Partial Rank Correlation,” Biometrika , Vol. 32, April, 1942, pp. 277-283. 

“Oscillatory Movements in English Agriculture” (with discussion), Journal 
of the Royal Statistical Society 9 Vol. 106,1943, pp. 91-124. 
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The Advanced Theory of Statistics, London: Charles Griffin & Co., Ltd., 1943 
and 1946; Vol. I, 457 pp.; Vol. II, 521 pp. 

“On Autoregressive Time-Series,** Biometrika, Vol. 33, 1944, pp. 105-122. 

“On the Analysis of Oscillatory Time-Series” (with discussion), Journal of 
the Royal Statistical Society , Vol. 108, 1945, pp. 93-141. 

Contributions to the Study of the Oscillatory Time-Series , London: Cambridge 
University Press, 1946, 76 pp. 

“The Estimation of Parameters in Autoregressive Time Series** (abstract), 
Econometrica, Vol. 16, January, 1948, p. 43. 

“Continuation of Dr. Jones’ Paper (on ‘Systematic Sampling of Continuous 
Parameter Populations’),” Biometrika , Vol. 35, 1948, pp. 291-296. 

“Losses of U.K. Merchant Ships in World War II,” Economical Vol. 15, No¬ 
vember, 1948, pp. 289-294. 

“United Kingdom Merchant Shipping Statistics,” Journal of the Royal Statis¬ 
tical Society Series A , Vol. 61, Part II, 1948, pp. 133-144. 

Rank Correlation Methods, London: Charles Griffin & Co., Ltd., 1948, 160 pp. 

“Rank and Product-Moment Correlation,” Biometrika , Vol. 36, June, 1949, 
pp. 177-193. 

“The Place of U.K. Shipping in World Trade,” Institute of Bankers Interna¬ 
tional Summer School , Oxford, 1949. 

P. C. NLahaianobis, Indian Statistical Institute, Presidency College, 
Calcutta, India. 

“Analysis of Race-Mixture in Bengal” (Presidential Address, Anthropological 
Section, Indian Science Congress, 1925), Journal of the Asiatic Society of Bengal , 
Vol. 23, No. 3,1927, pp. 301-333. 

“Tests and Measures of Divergence,” Journal of the Asiatic Society of Bengal, 
Vol. 26, No. 4,1930, pp. 541-588. 

“Statistical Analysis of Anglo-Indian Head Length,” Records of the Indian 
Museum, Calcutta , Vol. 23, Part 2, 1931, pp. 97-149. 

“A Revision of Risley’s Anthropometric Data Relating to the Tribes and 
Castes of Bengal,” Sankhyd, Vol. 1, June, 1933, pp. 76-105. 

“On the Generalized Distance in Statistics,” Proceedings of the National In¬ 
stitute of Science of India, Vol. 2, Part 1, 1936, pp. 49-55. 

“Normalization of Variates and the Use of Rectangular Coordinates in the 
Theory of Sampling Distributions” (vith Raj Chandra Bose and Samarendra 
Nath Roy), Sankhyd , Vol. 3, March, 1937, pp. 1-40. 

“A Note on the Foot and Stature Correlation of Certain Bengal Castes and 
Tribes” (with Bhupendra Nath Datta), Sankhyd , Vol. 3, May, 1938, pp. 245-248. 

“On the Exact Test of Association Between the Occurrence of Thunderstorms 
and an Abnormal Ionization” (with Subhendu Sekhar Bose), Sankhya, Vol. 3, 
May, 1938, pp. 249-252. 

“A Sample Survey of the Acreage Under Jute in Bengal,” Sankhya , Vol. 4, 
March, 1940, pp. 511-531. 

“Application of Statistical Methods in Physical Anthropometry,” Sankhyd, 
Vol. 4, March, 1940, pp. 594-598. 

“A Review of the Application of Statistical Theory to Agricultural Field 
Experiments in India (Revised),” The Indian Journal of Agricultural Science , 
Vol. 10, April, 1940, pp. 192-212. 

“Rain Storms and River Floods in Orissa” (with a map), Sanhhyd, Vol. 5, 
September, 1940, pp. 1-20. 
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“Statistical Analysis of Experiments on Differential Limen Values for Lifted 
Weights” (with K. R. Nair), Sankhyd , Vol. 5, August, 1941, pp. 285-294. 

“An Enquiry into the Prevalence of Drinking Tea among iliddle Class Indian 
Families in Calcutta,” SankhyQ , Vol. 6, June, 1943, pp. 283-312. 

“Sample Surveys” (Presidential Address, Indian Science Congress, Baroda, 
1942, Section of Mathematics and Statistics), Proceedings of the Twenty-ninth 
Indian Science Congress , Part II, pp. 25-46. 

“On Large-scale Sample Surveys,” Philosophical Transactions of the Royal 
Society of London , Series B, No. 584, Vol. 231, 1944, pp. 329-451. 

“Report on the Bihar Crop Survey, Rabi Season 1943-44,” Sankhyd , Vol. 7, 
August, 1945, pp. 29-106. 

“Sample Surveys of Crop Yields in India,” Sankhya , Vol. 7, April, 1946, pp. 
269-280. 

“A Sample Survey of After-Effects of the Bengal Famine of 1943” (with R. K. 
Mukherjee and A. Ghosh), Sankbja } Vol. 7, July, 1946, pp. 337-400. 

“Recent Experiments in Statistical Sampling in the Indian Statistical In¬ 
stitute” (with discussion), Journal of the Royal Statistical Society , Vol. 109, Part 
IV, 1946, pp. 325-378. 

Franco Modigliani, Bureau of Economics and Business Research, 
University of Illinois, Urbana, Illinois, U. S. A. 

“Liquidity Preference and the Theory of Interest and Money,” Economet¬ 
ric 4, Vol. 12, January, 1944, pp. 45-88. 

“L’Organizzazione e la direzione della produzione in un’economia socialista,” 
Giornale degli Economisti , September-October, 1947, pp. 1-74. 

Discussion of Marschak-Hart papers on “Liquidity and Uncertainty,” Papers 
and Proceedings of the American Economic Association , Vol. 39, May, 1949, pp. 
201-208; and in Econometrica, Vol. 17, April, 1949, pp. 1S3-1S4. 

“Fluctuations in the Saving-Income Ratio: A Problem in Economic Fore¬ 
casting,” Conference on Research in Income and Wealth, Studies in Income and 
Wealth , Vol. 11, New York: National Bureau of Economic Research, 1949, pp. 
371-443. 


PROPOSED ELECTION OF FELLOWS 

The Fellows of the Econometric Society will elect new Fellows in 1950. 
Only Fellows are entitled to vote in this election, but all members of the 
Society are entitled to suggest names of candidates. These will be pre¬ 
sented to the Council for such action as it sees fit when it makes nomina¬ 
tions for Fellowships. Suggestions from members should be sent to 
William B. Simpson, Secretary", The Econometric Society, The Univer¬ 
sity of Chicago, Chicago 37, Illinois, U. S. A., to reach him before April 
15,1950. 

A list of the present Fellows is given on pages 98-99 of the present 
issue. 



FELLOWS OF THE ECONOMETRIC SOCIETY 
January 1950 

Professor Maurice Allais, Paris, France. 

Professor R. G. D. Allen, London, England. 

Professor Luigi Amoroso, Rome, Italy. 

Professor Oskar N. Anderson, Munich, Germany. 

Professor Abram Bergson, New York, New York, U. S. A. 

Professor Arthur L. Bowley, Haslemere, Surrey, England. 

Professor Costanttno Bresciani-Turroni, Milan, Italy. 

Professor Arthur F. Burns, New York, New York, U. S. A. 

Mr. Bernard Chait, Anvers, Belgium. 

Mr. Colin Clark, Brisbane, Australia. 

Professor J. M. Clark, New York, New York, U. S. A. 

Mr. Alfred Cowles, Chicago, Illinois, U. S. A. 

Professor William Leonard Crum, Berkeley, California, U.S.A. 
Professor Harold T. Davis, Evanston, Illinois, U. S. A. 

Professor Gustavo Del Vecchio, Rome, Italy. 

Dr. J. B. D. Derksen, Lake Success, New York, IJ. S. A. 

Professor Francois Divisia, Paris, France. 

Dr. Paul H. Douglas, Washington, D. C., U. S. A. 

Dr. Luigi Einaudi, Rome, Italy. 

Professor Griffith C. Evans, Berkeley, California, U.S. A. 

Dr. Mordecai Ezekiel, Washington, D. C., U. S. A. 

Professor Milton Friedman, Chicago, Illinois, U. S. A. 

Professor Ragnar Frisch, Oslo, Norway. 

Dr. Robert Gebrat, Paris, France. 

Professor Corrado Gini, Rome, Italy. 

Professor Trygve Haavelmo, Oslo, Norway. 

Professor Gottfried Haberler, Cambridge, Massachusetts, U. S. A. 
Professor Friedrich A. Hayek, London, England. 

Professor J. R. Hicks, Oxford, England. 

Professor Harold Hotelling, Chapel Hill, North Carolina, U.S. A. 
Professor Leonid Hurwicz, Urbana, Illin ois, U.S.A. 

Dr. Nicholas Kaldor, London, England. 

Dr. M. Kalbckt, Lake Success, New York, U. S. A. 

Mr. M. G. Kendall, London, England. 

Dr. Lawrence R. Klein, New York, New York, U.S. A. 

Dr. N. D. Kondratieff, U. S. S. R. 

Professor Tjalleng C. Koopmans, Chicago, Illinois, U. S. A. 

Professor Simon Kuznets, Philadelphia, Pennsylvania, U. S. A. 
Professor Oscar Lange, Cracow, Poland. 
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MEETINGS OF THE SOCIETY IN 1950 

Tentative plans call for one or more meetings of the Econometric So¬ 
ciety to be held in Europe during 1950, as well as for the initiation of 
regular regional meetings in India and Japan. 

Three meetings are scheduled for the United States in 1950: a regional 
West Coast meeting in Los Angeles, California, in June (see announce¬ 
ment below); a meeting at Harvard University in Cambridge, Massachu¬ 
setts, during the first week in September, concurrent with the Interna¬ 
tional Congress of Mathematicians; and a meeting in Chicago, Illinois, 
in late December in conjunction with meetings of the American Eco¬ 
nomic Association, American Statistical Association, Institute of Mathe¬ 
matical Statistics, and related social science organizations. 

Further information regarding these meetings will appear in the April 
issue of Econometrica. 

ANNOUNCEMENT OF LOS ANGELES MEETING 
JUNE, 1950 

Starting with a joint meeting in mid-June, 1950, with the Institute of 
Mathematical Statistics at the University of California at Los Angeles, 
the Econometric Society plans to initiate as a regular practice the hold¬ 
ing of an annual regional meeting of the Society on the West Coast. The 
program will include sessions with emphasis on economic theory as well 
as sessions organized jointly with the Institute. Although definite dates 
have not been set for the meeting, it is expected that the Econometric 
Society sessions will start on Wednesday or Thursday, June 14 or 15, and 
continue for three or four days, ending in time to permit attendance at 
the summer session on mathematical statistics to be held on the Berkeley 
campus of the University of California. 

Abstracts of papers intended for presentation at the Los Angeles meet¬ 
ing and other correspondence regarding the meeting should be addressed 
to the program chairman, Professor Kenneth J. Arrow, Department of 
Economics, Stanford University, Stanford, California. Other members 
of the program committee include Stephen Enke, The Rand Corpora¬ 
tion and University of California at Los Angeles; Frank L. Griffin, Reed 
College; Ernest S. Keeping, University of Alberta; George M. Kuznets, 
University of California, Berkeley; George A. Lundberg, University of 
Washington; Yeme S. Myers, Lockheed Aircraft Corporation; Laszlow 
Radvanyi, National University of Mexico; Kenneth D. Roose, Univer¬ 
sity of California at Los Angeles; and William B. Simpson, Cowles Com¬ 
mission for Research in Economics (ex officio). 

Further details as to arrangements will be contained in the April issue 
of Econometrica and in a preliminary program which will be mailed 
American members in advance of the meeting. 
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EDITOR’S NOTE 


Publication of theSupplementtoEcoNOMETRiCA containing the econ¬ 
ometric papers presented at the Washington meeting of the Econometric 
Society, held in conjunction with the International Statistical Confer¬ 
ences, September 6-18,1947, has been delayed due to unforeseen difficul¬ 
ties. TheSupplementispartofVol. 17 of Econometrica, and will be dis¬ 
tributed in the spring of 1950 to those who were members or subscribers 
in 1949. 

The report of the Boulder meeting of the Econometric Society, held 
August 29-September 1, 1949, will appear in the April, 1950, issue to¬ 
gether with the report on the symposium on mathematical training of 
social scientists. The report of the New York meeting will appear in the 
subsequent issue. 


CRITICISM INVITED 

Letter to the Editor 

Dear Sib: 

The entropy-ophelimity analogy of Lisman (Econometrics, Vol. 17, January, 
1949, pp. 59-62) is supposed to illustrate the division of income into expenditure 
and saving as an outgrowth of the principle of maximization. I believe the mathe¬ 
matical part of this analogy can be further specified and then applied in the 
general case, namely when heat (energy) is distributed among n heat containers, 
as is income distributed among n budgetary columns. In my ‘‘Dynamical Theories 
of Money and the Mechanical Analogies” ( Kozgazdasdgi Szemle , No. 1-2, 1933, 
Budapest) I made the following comparisons: (a) stock of energy Q corresponds 
to stock of commodity (money) m , (b) reciprocal of temperature l/T corresponds 
to marginal utility w, and (c) entropy corresponds to ophelimity U. 

The reciprocal of the temperature (considered a function of quantity of heat 
and of specific heat) is treated in thermodynamics often as a separate function 
under the name “reduced quantity of heat.” (Clausius.) It is understood that, 
specific heat taken constant, this function has the shape of a hyperbola. Its inte¬ 
gral (entropy) is therefore a logarithmic function of the quantity of heat. Accord- 
ingly, we have a iyperbola for marginal utility and a logarithmic curve for ophe- 
Iimity. The analogy is reflected by the following two integral formulas: T “ / dQ/T 
for entropy and U =» / u dm for ophelimity. The analogy allows the discussion of 
the equilibrium situations on parallel lines. In a set of n equations the first equa¬ 
tion expresses conservation of stock (heat, commodity)- The additional (» — 1) 
equations cover the marginal principle of maximization, translating equality' of 
marginal entropies over n heat containers and equality of marginal utilities over 
n budgetary columns. 

At first sight Lisman’s statistical interpretation of the entropy analogy in view 
of monetary phenomena appears to be promising. A similar interpretation seems 
to have been started by Divisia in 1924 and Ruefif in 1927 and was continued in 
my kinetic theory r of money (1932-35). The ultimate interpretation is still open 
and econometricians look forward with interest to Dr. Lisman ? s book. 

Chicago , Illinois Andrew Pixler 
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JOSEPH A. SCHUMPETER 
(1883-1950) 

By Wassily Leontief 

“Investigators existed in all times who stood on a height from which 
they were able to survey all the land around them rather than a single 
valley, who not only superficially and from a purely formal point of 
view recognized the right to exist of the various schools of thought— 
that amounts to very little—but who had a real understanding of their 
ideas and felt emotional affinity toward all of them.” 1 

Schumpeter was one of these exceptional men. The fortunes of a rich 
and varied personal experience were favorable to him. The son of a 
well-situated upper-class family, he spent the early part of his life in 
Vienna, one of the most sheltered and pleasant valleys of the old world. 
Still, before 1914 he had an opportunity to learn to know England, to 
spend two years in the peculiar colonial atmosphere of Cairo, and even 
to visit the United States. 

Lest we mistake the nature of these experiences, let us remember that 
young Schumpeter saw the prewar world not as a member of an expedi¬ 
tionary force, as a refugee, neither as an official representative nor 
negotiator of some kind or another, not even as a vacationing tourist. 
He saw it truly as “a gentleman and a scholar.” Hunting meadows 
rather than green conference tables, scientific or in any case intellectual 
conversations rather than diplomatic wrangling marked his early cosmo¬ 
politan experience. He knew that old world at its best and he did not 
want to see a different one. He never visited Europe after 1937. One 
is inclined even to interpret Schumpeter’s brief sojourn in Japan and 
his final move to the United States as an attempt to escape the uncon¬ 
genial social and intellectual climate of the post-First World War 
Europe. In the meantime he had his brief stretch of active political 
experience as Minister of Finance in an early republican government of 
the partitioned Austria; an experience which must have only reinforced 
his often-expressed conviction that science and politics, the urge to 

1 Translated from Joseph A Schumpeter, “Vergangenheit und Zukunft der 
Sozial wissenschaften , 1 9 Schriften der Socialimssenschafthchen Academischen Fer- 
etns in Czemowitz , Munchen und Leipzig, 1915, p. 105 

Editor’s Note Acknowledgement is made to the American Economic Associa¬ 
tion for permission to use the photograph on the preceding page. 
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understand and the drive to act, far from being complementary, are 
actually incompatible. 

Unlike Lord Keynes who was bom in the same year, 1883, but whose 
intellectual progress like that of a mountain path was slow at the begin¬ 
ning and reached its highest point in all but vertical ascent of the final 
stretch, Schumpeter attained his full scientific stature very early, before 
the age of thirty. Thus he had the unique experience of enjoying personal 
contact with Walras, Bcehm-Bawerk, and the other great of what now 
appears to be a bygone era, on the one hand, and taking part in the 
development of some of the most recent movements in our science on 
the other. 

One should not, however, overestimate the role that a man’s direct 
personal experience can play in the formation of his intellectual make-up. 
Such a relation frequently exists, and in the case of Schumpeter it 
definitely does, but it is of a more subtle, indirect kind. The strongest 
single impression with which one was left after having spent an hour 
with him in the classroom or at a scientific meeting, or even better on a 
leisurely walk along the wooded shores of the lake near his Taconic, 
Connecticut, country home, was that of the astounding width of Schum¬ 
peter’s intellectual horizon. He was equally at home in early Greek 
philosophy, English parliamentary history, Italian literature, and French 
romanesque architecture. One wonders whether, if he had pushed his 
roots in one single country, Schumpeter would have still become the 
spiritual citizen of the world that he was, at least in the latter part of 
his life. But again the connection between cause and effect might have 
actually worked in the opposite direction. 

To economics and to the social sciences in general Schumpeter brought 
a remarkable combination of imaginative vision and uncommon critical 
acumen. The vision led him to the formulation of his well-known notion 
of economic development. However significant, that contribution alone 
cannot account for the influence which Schumpeter exerted on the 
fortunes of our discipline during the last four decades. What was it 
then that made his position so prominent and his departure now so 
keenly felt? 

It was Schumpeter’s peculiar concern with the science, with the process 
of knowledge itself. The intellectual adventure meant more to him than 
the ultimate discovery. To prepare the ground for new ideas, to watch 
and to protect their growth, gave, I suspect, more satisfaction to him 
than even the final harvest; and he was wise enough—some will say 
skeptical enough—to realize that in the fields of intellectual endeavor 
no harvest is final, all fruit is perishable and only as good as the new seed 
it might contain. 

This essentially methodological approach to scientific knowledge in 
general and economics in particular determines the whole tenor of his 
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first major work, Das Wesen und der Hauptinhalt der theoretischen 
Nattonalokonomie (Munchen und Leipzig: Dunker und Humblot, 1908). 
Never translated or even republished, this remarkable book remains 
practically unknown in the English-speaking world and yet it contains 
the statement of his fundamental views which constitute the basis of 
Schumpeter's whole scientific weltanschaung. Some of these were never 
restated again as explicitly or with so much elan . It is indicative of his 
turn of mind that the nearest approximation to exposition of the general 
principles of economics was undertaken by Schumpeter at the very 
beginning of his career. In a sense it is an inventory, but certainly not a 
stock-taking of finished products counted at the end of a working day. 
It is rather a survey of tools and materials, a preliminary pilot study of 
the working processes. 

A very sharp distinction is being drawn between description and ex¬ 
planation, between explanation and the so-called practical conclusions, 
i.e., political recommendations. Schumpeter’s thinking on the role and 
the internal structure of economic theory was admittedly shaped by 
his early study of the founders of the mathematical school: Walras, 
who in Schumpeter’s view stood all by himself far above the rest of 
them, Pareto, Coumot, Barone, Auspitz, and Lieben. All these names 
and some others are already mentioned in his first published article 
which appeared in 1906 under the title, “Ueber die mathematische 
llethode in der theoretischen Nationalokonomie. ’ ’ 2 The insistent em¬ 
phasis on the formal nature of all theoretical thinking, a vigorous show- 
ing-up of all kinds of terminological humbug underlying much of the 
apparent conflict between supposedly incompatible theories, the basic 
methodological distinction between data and variables, a masterly ex¬ 
position of the “method of variation”—later popularized under the 
name of “comparative statics”—reveals a level of methodological self- 
consciousness hardly yet reached by most economic writing up to the 
present time. If it were, much of the pro- and anti-Keynesian literature 
of the later thirties and early forties would not have seen the light of day. 

The insight into the nature and appreciation of the true significance 
of a theory or a scientific procedure often finds its most sensitive measure 
in a clear and unequivocal statement of its inherent limitations. While 
extolling the elegant precision and extraordinary hitting power of the 
pure, essentially mathematical, economic theory, Schumpeter had al¬ 
ready in this, his first major work, delineated the margins of its effective 
range. He specifically designated what he called the process of develop¬ 
ment as the particular aspect of economic reality which could not be 
encompassed by the conceptual schemes of static general equilibrium 
theory. 

* Zeitschrift fur Volkswirtachaft , Sozidlpolitik und Verwaltung, Vol. 15. 
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The question was asked. The answer came less than four years later 
with the publication of the Theorie der wirtschaftlichen Entwicklung 
(Leipzig: Dunker and Humblot, 1912). 

Of all Schumpeter’s writings this has been and, as one might expect, 
will also in the future be referred to as that which contains his most 
important contribution to economics. The dramatic concept, it is pos¬ 
sibly more appropriate to use in this context the word idea, of the crea¬ 
tive entrepreneur, the “new combination,” the distinction between the 
operation of disequilibrating forces and the subsequent process of ad¬ 
justment toward equilibrium are too well-known to be dwelt upon in 
these few pages. 

Those who find pleasure, as Schumpeter himself did, in tracing devious 
a ffilia tions of ideas should note the remarkable affinity which exists 
between Schumpeter’s economic development and Henry Bergson’s 
equally famous creative evolution (the book of the same name first pub¬ 
lished in 1907). Here, as there, spontaneous variation is sharply con¬ 
trasted with “mechanical” repetition, unpredictable change and 
innovation with ordinary imitation. The common basis of the two con¬ 
ceptual schemes is even more strikingly revealed in the similarity of the 
gnosiological implications. The philosopher and the economist alike 
concluded that creative development lies outside the legitimate domain 
of mathematically formulated “static” theory. 

So far as the exact position of the line of demarcation between the 
“static” and the developmental phenomena is concerned, Schumpeter’s 
position seems to have changed gradually, reflecting at each stage the 
interim advance of the theoretical analysis itself. Already in his first 
book and the original, 1910 article on Economic Crises (“Ueber das 
Wesen der Wirtschaftskrisen,” Zeitschrift fur Volkswirtschaft , Sozial - 
politik and Vervcaltung, Vol. 19^ the process of ordinary" population 
growth and of the corresponding capital accumulation were interpreted 
as essentially static. By 1939, when the two volumes of his Business 
Cycles came out, Tinbergen’s, Frisch’s, Kalecki’s, and many other 
dynamic models had shown oscillatory processes to lie entirely within 
the reach of “mechanical” explanatory" schemes. While fully appre¬ 
ciating the importance of that great theoretical advance, Schumpeter 
considered it to represent a necessary expansion of what he originally 
called the “static” analysis. The essentially nonautomatic, unique and, 
because of that, theoretically unpredictable features of economic de¬ 
velopment retained in his eyes an important and even predominant role 
in the explanation of the ups and downs of what he called “the economic 
process of the capitalist area.” 

The spectacular progress of dynamic economics witnessed during the 
recent years might lead us to believe that the extension of the realm of 
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mechanical models will go apace. But again one must admit that the 
fundamental problem of technological change has hardly yielded an 
inch to that powerful surge. Of all nonstatic processes the progress of 
the science itself is possibly the least predictable. 

When published in 1908, Schumpeter’s theory of interest was first 
of all a bold declaration of independence. When four years later in his 
Theory of Economic Development the ‘‘spirited young author,” instead 
of mending his ways, reiterated the assertion that the rate of interest 
would necessarily be zero in a static economy, Boehm-Bawerk himself, 
in grief rather than scorn, published a sixty-page long refutation. 
Schumpeter, in his forty-page retort was respectful but unyielding. 
Boehm-Bawerk closed the exchange with a twenty-page “final remark.” 3 

From then on up to the present time, Schumpeter’s theory of interest 
was mentioned in the literature often enough but nearly always with 
the embarrassed condescension with which one refers to an admittedly 
inferior work of an otherwise excellent artist. A melancholy recognition 
of this situation transpires in his own treatment of the subject in the 
Business Cycles . Although steadfast^ maintaining his original position, 
the author “endeavored throughout to formulate the propositions in 
this book in such a way as to make them, whenever possible, acceptable 
also to those who differ from him in their view as to the nature of 
interest.” 4 

Rereading now the original controversy, one cannot but observe that 
in the light of subsequent experience the most important second and 
third of Boehm-Bawerk’s well-known “three grounds” can certainly be 
subject to reasonable doubt. Is his famous psychological law of “per¬ 
spective underestimation of future needs” really as universal as the 
author of The Positive Theory of Capital would like us to believe? With¬ 
out shifting to the opposite extreme of the Keynesian position, one 
certainly must admit that there do exist “psychological” reasons for 
accumulation other than the attraction of a positive rate of interest, 
for example, the natural desire to provide for one’s old age. Moreover, 
even if every individual consumed by the time of his death all savings 
accumulated during the early part of his life, the society as a whole— 
even in the case of perfectly stationary population—would obviously 
maintain a certain positive amount of capital assets (even at a zero 
rate of interest). Had the marginal productivity of capital—Boehm- 
Bawerk’s “third ground”—been positive whatever its total amount, 
the equilibrium rate of interest would still of course be necessarily greater 

* All three articles in Zeitschrift fur Yolkswirtschaft, Sozialpolitik und Yerwal- 
tung , Vol. 22, 1913, pp. 1, 599, and 640. 

4 Business Cycles , Vol. 1, New York and London: McGraw-Hill Book Co., 
1989, p. 123n. 
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thpn zero. This Schumpeter has never denied. He did contest, however, 
his opponent’s factual assumption that with a given amount of land 
and labor and a given technological horizon, e.g., without new inven¬ 
tions, any amount of capital, however large it might be, would neces¬ 
sarily have positive marginal productivity. He thought it more realistic 
to admit the possibility of a situation in which an addition to the already 
available stock of capital would not be able to increase the net output. 
If the size of that stock happens to be as large as, or at least not larger 
than, the amount that the society is ready to hold even without a 
positive rate of interest, the model of a static economy with a zero rate 
of interest is complete. Schumpeter might not have been so wrong 
after all. 

Turning from the analysis of the present economic system to the 
question of its future—to the problem of socialism—Schumpeter, as he 
did already on previous occasions in his essays on the sociology of im¬ 
perialism, 5 and on the theory of social classes, 6 went far beyond the limits 
of technical economics. In contrast to many of his professional col¬ 
leagues he long ago (I am told, as early as 1919) had taken the by now 
generally accepted position that from a purely technical point of view 
a socialist economy is entirely possible. His prediction of the inevitable 
demise of the area of private enterprise is based, however, on a broad 
and penetrating analysis of the inner workings of our whole social and 
political system. Nothing reflects the intellectual stature of the man 
better than the fact that he made this prediction while despising the 
entire range of social and cultural values which the new society, accord¬ 
ing to his analytical conclusions, would necessarily inaugurate. 

Though his principal lasting contributions were made outside the 
specialized field of mathematical economics and econometrics, Schum¬ 
peter had a profound understanding of its aims and methods and an 
unbounded appreciation of its achievements. While Marshall, although 
he is known to have made extensive use of the tools of mathematical 
analysis, was obviously at great pains to conceal that fact, Schumpeter, 
who hardly ever resorted to mathematics in his original work, was ever 
ready to pay highest tribute to the queen of sciences. As it is always 
in the case of a real theorist, the esthetic element played a considerable 
part in that appreciation. Thus it should not be considered flippant to 
compare Schumpeter’s relation to mathematical economics with a true 
balletomane’s attitude toward the classical ballet. He was not an active 
practitioner of the high art himself—none of his writings contains even 
a single mathematical argument of any length; he was able, however, 

* Zur Soziologie der Imperialiamen , Tubingen, 1919. 

* *T>ie sozialen Klassen im ethnisch homogenen Milieu,” Arckiv f&r Sozial - 
vrissmschafi und Sozialpolitik , Vol. 57,1927. 
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to appreciate its fine nuances, knew its histoiy, was intimately familiar 
with its present state and vitally interested in its future. 

Nothing was ‘‘farther from [his] mind than any acrimonious belief in 
the exclusive excellence of mathematical methods/’ 7 and he would have 
been the first to admit that a most exceptional mind should be able to 
find its way through the maze of an intricate theoretical problem without 
recourse to formal devices of mathematical analysis. He equally well 
knew, however—what many of his professional colleagues unfortunately 
do not—that an ordinary first class mind, if not so equipped, is more 
likely than not to fall prey to logical pitfalls lurking around the comers 
of any extended theoretical argument. 

As one of the founders and the fifth president (1940-41) of the Econo¬ 
metric Society, as a writer and teacher, Schumpeter was to a large 
extent responsible for the ever wider acceptance of the view that mathe¬ 
matical methods represent one of the most useful, well-nigh indispen¬ 
sable, instruments in the tool box of a modem economist. 

While most economists, including those in the first ranks of the pro¬ 
fession, devote today much of their time and energy to the practical 
task of oiling the creaking wheels of our economic machine, strain their 
shoulder in helping to heave it out of the rut of whatever current crises 
it finds itself in, or at least join the circle of eager onlookers supplying 
gratuitous advice from the sidelines, Schumpeter shied away from the 
practical attitude. By conviction, as well as temperament, he was a 
thinker rather than a doer. 

While others are preoccupied with worries about the future of the 
economic system and our society, he was equally concerned with the 
future of the economic and social science. It is only natural that he 
should have developed a lasting interest also in its past. The methodo¬ 
logical orientation of his general point of view combined with constant 
preoccupation with questions of change and development quite early 
turned Schumpeter’s attention toward the history of the economic 
doctrine. His “Epoehen der Dogmen- und Methodengeschichte” 8 came 
out in 1914. A year later, so to speak still in the same breath, the little- 
known pamphlet, “Yergangenheit und Zukunft der Sozialwissen- 
schaften” was published (from which the opening quotation of this 
paper stems). Work on more current issues had relegated, then, this 
particular interest to the background where it remained for over thirty 
years. Only the series of brilliant and penetrating memorial essays, 
beginning in significant sequence with Walras and ending with the post¬ 
humously published article on Mitchell, shows how alive it actually 

7 J. A. Schumpeter, “The Common Sense of Econometrics,” Econometbica, 
Yol. 1, January, 1933, pp. 5-12. 

* Grundriss der Sozialdlconomie, Tubingen, Yol. 1, Part 1. 
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was all that time. In 1943 Schumpeter began the work on a large his¬ 
tory of economic analysis. By the time of his death the principal portions 
of the manuscript were substantially completed. 

If his refusal to be preoccupied with the so-called immediate practical 
problems of the day, to take a public stand on issues raised by a most 
recent economic message of the President, or to contribute to a sympo¬ 
sium on the latest monetary stabilization scheme is to be taken as a 
sign of his retirement to the ivory tower, Schumpeter had lived in such 
retirement for at least the last fifteen years. 

But what an unusual ivory tower it was! Set up in the very middle of 
the intellectual traffic of our time, it was ever full of visitors. Everyone 
was invited to enter its wide-open doors, everyone, that is, who had 
an idea to discuss, be it in economics or sociology, in history or art. 
An undergraduate student with a low record but a hunch about a pos¬ 
sible new solution of the duopoly problem would be not less and—if 
the hunch appeared to be good—would be even more welcome than a 
prominent visiting scholar. Both would be met with lively interest and 
would leave stimulated and encouraged. Even personal woes were some¬ 
how elevated to the intellectual sphere and advanced toward an objec¬ 
tive solution if such were at all possible. A pessimist and a skeptic in 
his view on the future of our western civilization which he cherished so 
much, Schumpeter was an optimist in his belief in the boundless prog¬ 
ress of the inquiring mind. 


Harvard University 



RATIONAL BEHAVIOR, UNCERTAIN PROSPECTS, AND 
MEASURABLE UTILITY 1 * Ill 

By Jacob Mabschak 

After introducing some basic concepts and three postulates on rational 
choice, it is proposed to show that if the economists’ theory of assets is 
completed by a fourth postulate on rational choice, then utility can be 
defined as a quantity whose mathematical expectation is maximized by 
the rational man. In this sense, utility is 4 ‘measurable” and “manage¬ 
able.” These results are inspired by von Neumann’s and Morgenstern’s 
discussion of utility in Theory of Games and Economic Behavior; an at¬ 
tempt is made to sketch some relations between their approach and the 
present one. It is shown in conclusion that while gambling is compatible 
with the four postulates, the “love of danger” is not; and a property of 
the maximum mathematical expectation of utility is conjectured. 

I. SOME BASIC CONCEPTS 

1. Rational behavior: description and advice . The theory of rational 
behavior is a set of propositions that can be regarded either as idealized 
approximations to the actual behavior of men or as recommendations 
to be followed. 

This can be shown in the following proposition: “The rational man 
does not make logical and arithmetical errors,” Or, to give three partic¬ 
ular examples: “if x = 2 and y = 0.005, the rational man concludes 
that xy = 0.01”; “if all A are B, the rational man concludes that all 
non-U are non-A, but he does not conclude that all B are A”; “if P 
follows from Q, he concludes that non-Q follows from non-P, but he does 
not conclude that Q follows from P.” Now, a large proportion of people, 
especially when in a hurry to answer and to act, are apt to disobey those 
rules. Living men and women are apt to misplace their decimal points; 
they often conclude from the part to the whole; and they are not above 
confusing a sufficient condition with a necessary one. That is, they do 
not behave rationally. What is, then, the use of setting up the above 
propositions of arithmetic and logic? The use is twofold: to describe 
approximately the behavior of men who, it is believed, cannot be “all 
fools all the time,” and to give advice on how to reach “correct” con- 

1 Based on a Cowles Commission Discussion Paper, Economics No. 226 (hecto- 
graphed), July, 1948, and a paper presented at the Madison Meeting of the Econo¬ 
metric Society, September, 1948, Marschak [4], This article will be included in 
Cowles Commission Paper, New Series, No. 43. 

Acknowledgments are due to various present and former members of the 
Cowles Commission staff, especially Kenneth J. Arrow, Herman Chernoff, Nathan 
J. Divinsky, Clifford Hildreth, and Herman Rubin; to Leonard J. Savage, The 
University of Chicago; and to Abraham Wald, Columbia University. 
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elusions. These two aspects of the rules of logic and arithmetic can be 
called, respectively, the descriptive and the recommendatory aspect. 

As an approximative description of actual behavior, the rules of logic 
and arithmetic may be regarded as hypotheses on the psychology of 
reasoning and calculating: hypotheses whose predictive power (“predict 
how many people of a certain age-group, etc., will make a certain kind 
of error 5 ’) is susceptible of empirical tests. Viewed from their recom¬ 
mendatory aspect, as advice on how to reach “correct 55 conclusions, the 
rules of logic and arithmetic are susceptible only to the test of internal 
consistency; in fact, the aggregate of these rules (including the rule of 
internal consistency itself) can be regarded as nothing but the definition 
of “correctness 55 of conclusions. 

Note, however, that “correct 55 conclusions are often regarded as 
having, in addition, a “utilitarian 55 virtue. The results of decisions based 
on “correct 5 ’ conclusions are, in some sense, “preferable 55 to results of 
decisions based on incorrect ones. It is “advisable’ 5 to follow the rules 
of logic and arithmetic. In dealing with his environment (“nature, 55 
which includes “society 7 - 55 ) a man who often makes mistakes in his in¬ 
ferences and his sums is, in the long run, apt to fare less well than if he 
had been a better logician and arithmetician. Thus concepts of “welfare 55 
and of “long run, 55 or of utility and mathematical expectation, become 
involved. If advisable decisions must obey rules of logic and arithmetic, 
they are not themselves defined by those rules alone. The fulfillment of 
rules of conventional logic and arithmetic is a necessary but not a suf¬ 
ficient condition for a decision to be advisable. We need additional 
definitions and postulated rules, to “prolong 55 logic and arithmetic into 
the realm of decision. We shall define rational behavior as that which 
follows those rules, in addition to the rules of logic and arithmetic. It 
will be seen (an experience common in logic and mathematics) that 
alternative sets of postulated rules may or may not lead to different 
implications. 

Again (as in the case of the logico-arithmetical rules in the narrower 
sense) these postulates, and their implications, can be used in two ways: 
they can be conceived as approximate descriptions of actual behavior or 
they can be regarded as rules of behavior to be followed. Both the 
descriptive and the recommendatory aspects have practical use. For 
example, a government (or a firm) has to (a) choose the advisable course 
of its own responses to environment and (b) know, as a part of its 
environment, something about the actual behavior of tax-payers, con¬ 
sumers, competitors, etc. 

Rational behavior is also called the behavior of a rational man. For 
brevity, we shall speak of “the man, 55 to cover the rational consumer, 
the rational firm, the rational government, etc. 

2. Complete information . We have further to distinguish between two 
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cases: the case when the man thinks he knows certain relev an t prob¬ 
ability distributions, and the case when the man does not think so. 
We call the former case complete information, and the latter, incomplete 
information . 2 The theoiy of rational behavior under incomplete informa¬ 
tion is not presented here. It would be related to the studies on the 
rationale of sampling, started by Neyman and Pearson [1] and developed 
particularly by A. Wald, e.g., [1, 2]. The case of complete information 
can (but need not) be represented as a limiting one: it is approached as 
the number of observations which have been made by the man increases. 
Alternatively, one can think of the probabilities used in the man's 
decisions as “degrees of belief” not related to specific samples in any 
simple way, yet obeying the usual axioms on probabilities. 

A special case of complete information is that of certainty: in this 
case all probabilities have values 0 or 1. 

3. Future histories x; commodity space X. At a given point of time the 
man considers a sequence of, say, r future time intervals, up to a certain 
time point called horizon. The amounts of each commodity consumed 
during each interval and the stocks of various kinds available at the 
horizon point define one of the mutually exclusive “future histories.” 
Each such history can be represented by a point x in the “commodity 
space” X. Since, for the more remote future, the man may have a coarser 
classification of goods than for the immediate future (a point emphasized 
by Koopmans [1]), some commodities, or commodity groups, may have 
to be entered identically as zeros for some time intervals or for the 
horizon point; hence the dimensionality of X at most equals y(r + 1), 
where y is the number of commodities ever to be entered. 

One can also interpret each point x more narrowly, as the development 
of a particular “venture” (“play”), disregarding all other aspects of a 
man's future. Thus, a firm owner's choice between various uses of cash 
profits in his personal plans of consumption may be considered irrele¬ 
vant (this diminishes y) ; only the near future is considered (this make s r 
small); and attention is paid only to a particular shop or ship, patent or 
contract. Note, however, that even if one is concerned only with a single 
money wager, the number of alternative points x (here the alternative 
amounts of money gains) may be large. 

Inasmuch as the man may treat time and the amounts of goods as 
both discrete and bounded, we shall assume the number of points x 
finite, though, of course, as large as we like. We shall enumerate these 
points as x (0) , • • • , x (y> . 3 

5 Uncertainty in Knight’s [1] sense is presumably identical with incomplete 
information. See also Marschak [6] (pp. 108-110) and [6a] (pp. 183-184, 193-195); 
and Hart [1, 2]. 

* The case of a possibly infinite w has been treated by Rubin [1], with results 
substantially unchanged. The choice between v finite or infinite is one of mathe- 
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4. Prospects a: domain A. We call a prospect a the vector (the dis¬ 
tribution) of the probabilities a 0 , • • • , a ,, assigned respectively to all 
the mutually exclusive histories x w) , • • • , x <r \ We can ■write a = a{x), 
where x is a random vector. 4 We have 

V 

(4.1) 23 = 1| a? ^ 0 9 (ji> = 0, • • • j v)» 

A .-0 

Accordingly, we can represent each prospect by a point a = (a x , • • • , a,) 
in the domain A of the Euclidian r-space defined by the condition that 
A consists of all points a such that for every a, 

V 

(4 3) £ a* ^ 1, 0, (m = 1, • • • , v)-, 

we define ao: 

(4.3) 0^ao=l—23fy^l. 

M-l 

Note that A is an infinite set regardless of whether v is or is not infinite, 
because each probability can take all real values from 0 to 1 subject 
only to the restriction (4.1). 

If a prospect promises one particular history, say x (ll \ (jl = 0, • • • , v), 
with certainty, we call it a sure prospect and denote it by a 00 . Prospects 
which are not sure are called uncertain. 

5. Geometric presentation: boundary and interior of A. In Figure 1, 
v — and the sure prospect a (0) is chosen as the origin. The two other 
sure prospects a (1) , a t2) , lie on the two axes, each at unit^distance from 
the origin. The lengths of segments am == Oq = a x , ap == 02 , indi¬ 
cate the component probabilities of the uncertain prospect a; and 
do + ai + <h = l. 5 All points in or on the rectangular isosceles triangle 
a l0) a (1 V 2) constitute the domain A , as defined by (4.2). For any v, the 
sure prospect a Q) = (0, • • * , 0) is at the origin; while any other sure 
prospect, a (h) , /i = !,•••,*, will be at some other comer of the domain 
A] a itX) is a unit vector: each of its v components a { *\ic = 1, •»-,?) is 

matical elegance rather than realism: sugar is retailed by the pound, interests 
accrue daily, and horizons are limited. 

* We use letters x, a, 6, c, - - • , with or without superscripts for vectors, and 
<*i, • • • , Qn , • • • , a« , for components of o. The letters g, r, ■ • - , denote scalars. 
A line connecting two points is denoted thus ab. Capital letters A, F,J, T, V , X, 
are used for sets or classes. 

8 A more symmetrical but less familiar presentation would measure as, ai, 
as as the distances of a point a from each of the sides of an equilateral triangle. 
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1 or 0 according as ir = or ^ p. Any prospect a for which at least one 
component is zero, lies on the boundary of A. Any prospect not on the 
boundary of A is called an interior point. 


( 2 ) 

a 



6. The feasible set F. The set of all prospects that the man thinks he 
can achieve by his actions is a subset of A. It will be called the feasible 
set and denoted by F. It is determined by the man’s external sur¬ 
roundings as well as his own endowment: the technology of his farm or 
factory, his ability to borrow, the market conditions, etc. Set F is not 
dependent on the man’s ‘‘tastes,” to be defined in Section 8 below. In 
Figure 1, set F is indicated by the area bounded by, and including, the 
curved line and segments of axes. We shall always assume F to be a 
closed set. 


II. THREE POSTULATES ON CHOICE 

7. Commodity space X and probability space A. The economic theory 
of choice was originally applied to alternative bundles of commodities, 
each promised with certainty, or to alternative combinations of this 
year’s, next year’s, third year’s. .. flows of money (Fisher [2]) or of 
some other single commodity, again promised with certainty. We have 
called the set of such alternatives the space X. To treat uncertain 
prospects we have introduced the domain A of the ^-dimensional 
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probability space, v + 1 being the number of points in the commodity 
space X. The propositions (postulates, definitions, and derived proposi¬ 
tions) on choice, formulated in this Part for points in the probability 
space, hold good also for the choice between co mm odity bundles or se¬ 
quences of such bundles, 6 provided A is replaced by X . However, the 
following remarks should be made: 

(1) The coordinates of A are continuous probabilities; if coordinates 
of X represented continuous quantities of goods, v would be infinite. 
But see footnote 3. 

(2) While the points in X are usually (not always) required to have 
nonnegative coordinates, the points in A are restricted more strongly 
by (4.2). 

(3) In addition to the postulates of this Part a postulate of “mono- 
tonicity” is occasionally proposed for the theory of choice in the com¬ 
modity space X . This postulate must differ from its counterpart in A 
and will deserve special discussion, in Part VIII below. 

(4) It will be noted that for choices in the probability space, Postulate 
HI introducing indifference surfaces can be replaced by a weaker one, 
III' or III*. 

8. Postulate I: Complete ordering . One assumes a relation g (read 
“at least as good as”) between elements a, 6, c, • • ■ of A, such that the 
following two postulates hold: Postulate la: For any two a, 6, at least 
one of the following holds: a g 6, b g a (comparability ). Postulate lb: 
a 8 b$c together imply age (transitivity). Ia and lb together state 
that g is a complete ordering of A. 

We define tastes by attaching the values “true,” “false,” to the state¬ 
ments a g b applied to all pairs of points in A. 

The preference and indifference relations, p (read “preferred to” or 
“better than”) and t (read “indifferent to” or “equivalent to”), are 
defined as follows: 


apb means a g b and not b g a, 
a ib means a g b and b g a, 

where a, 6 are real vectors, and a — b means, as usual, a? = , p = 1, 

y* > ft follows from the above postulates and definitions that a = b 
implies a 16 ; that a i b implies b t a; and that iand bare transitive rela¬ 
tions. 

9. Indifference sets ; utility indices ; utility function. For any a, we define 
its indifference set J (a) as follows: J (a) consists of all b y s such that 6 t a. 
It follows that every a breaks up the set A into the following three pair- 

« Such propositions were discussed by Frisch [1,2], Wold [1], Allen [2], Lange 
2], Samuelaon [1], Arrow {2], and others. 
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wise disjunct subsets: J (a); the region of all fr’s such that fr p a; the region 
of all c’s such that ape . 

It follows that the indifference sets can be uniquely arranged into a 
sequence. If a real number u(a) is assigned to the indifference set J(a), 
one can assign to any indifference set J(b) a real number u(b) such that 
u(a) ^ u(fr) means a q 6. It follows that 

u(a) > a(b) means a p fr, 


and 


u(a) = w(fr) means a i b . 

The numbers u{a), u(b), • • • are called utility indices or, briefly, utili¬ 
ties; and the function u on set A, a utility function. The class of all 
utility functions will be denoted by U. 

A function <j)(z) is said to be monotonically increasing if <£( 21 ) > 4>{&) 
for Zi > Z 2 • Let u(a) be a utility function. Then 4>[u{A)] is a utility 
function if and only if <j> is a monotonically increasing function. 

10. Maximizing utility . Define a subset F' of the feasible closed set 
F (Section 6 above) as follows: if d and b are in F' and if c is in F but 
not inF' thend if) pc. The set F' consists of the "‘bestfeasible”prospects; 
and since F is closed, F' must contain at least one element (Arrow [1]). 
We study the case when F' has only one element (the best feasible 
prospect). Let w be a utility function. Then, under conditions just 
stated, u(c) < u(b ) = u(d) = Max u(a) over all a in F. To say that a 
certain function u is a utility function means that u(a) is maximized with 
respect to a, subject to the condition that a is in the feasible set F. 

11. Internal and external averages. Let r be a real number, 0 < r < 1. 
Then b = ra + (1 — r)c — {[toq + (1 — r)cb], • • • , [ra w + (1 — r)cj} 
will be called an internal average of a and c; it is represented by a point 
on the straight line segment ac. Let q be a real number, q > 1. Then d = 
qa -r (1 — q)c is called an external average of a and c and lies on the 
continuation of ac beyond a. Obviously, a is an internal average of d 
and c, with q = 1 'r. 

12. Postulate II: If a p b p c, then there exists r, 0 < r < 1, such that 
b i [ra + (1 — r)c). {Continuity of the preference relation.) 

13. Postulate III: For any a and r 9 0 < r < 1, there exists a prospect 
b such that not a t [ra + (1 — r)b]. That is, the neighborhood of any point 
a contains at least one point fr in A which is not equivalent to a. 

14. Indifference surfaces . Postulates II and III imply together that 
the indifference set J(a) forms a boundary between two regions of A: 
one containing all fr’s such that fr p 0 ; the other containing all c’s such 
that a p c. In this case, J (a) has one dimension less than the space, that 
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is, v — 1 dimensions, and is called an indifference surface. [Note that in 
special cases, e.g., for some points a on the boundary of A, the set J(a) 
may have < v — 1 dimensions: a may have either no 6 's (bpa) or no 
c’s (ape) in its neighborhood.] In any case, no two distinct indifference 
sets J(a) J(b) may intersect, since by the definitions in Section 8 , 
a p 6 is inconsistent with a t 6 . 

15. Postulate III and its implication that indifference sets are, in 
general, surfaces forms an interesting link with tradition. But for the 
present purposes it can be replaced by one of the following two weaker 
postulates suggested, respectively, by Abraham Wald and Herman 
Rubin. 

Postulate III*: There exist two prospects a and b in the interior of A 
such that a pb orb pa. 

Postulate III': There exist at least four distinct indifference sets . 
m. the theory of assets 

16. The theory of assets pointed out that the man chooses between 
achievable probability distributions. This proposition was just stated 
in Section 10 . However, with exceptions that will be stated below, past 
writings on the theory of assets 7 did not represent each prospect by a 
point in the space of probabilities of mutually exclusive “histories” x . 
They considered instead the joint probability distribution of the y(r + 1) 
quantities of each commodity at each point of time (see Section 3). 
Each “cell” of such a joint distribution corresponds to some history x . 
To a given distribution a(x) of the histories x corresponds one joint 
probability distribution of the alternative commodity-amounts at various 
points of time. The latter distribution can be characterized by certain 
parameters, and writers on the theory of assets represented each pros¬ 
pect by a point in the space of these parameters; call this space P. For 
example, if only one commodity—say, money income—and one point 
of time are considered, so that the alternative histories x differ only 
by the amounts of money income, each prospect can be characterized 
by the mean, the variance, the skewness, etc., of the probability dis¬ 
tribution of income; if more than one commodity or time-point is con¬ 
sidered, say 7 (r + 1 ) = e quantities, each prospect may be charac¬ 
terized by € means, e variances, e(e - l )/2 correlations, etc. Each 
distribution parameter was regarded as being a “good” (or possibly a 
‘bad”) in the eyes of the man. Accordingly, each distribution was re¬ 
garded as a bundle of “commodities,” subject to postulates which are 

7 1. Fisher [1], Appendix to Chapter XVI, p. 10. Pigou [1J, Appendix 1. Hicks 
[1,2]. Makower and Marschak [1]. Marschak (1, % 3]. This list is incomplete. See 
also footnote 10. 
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analogous to Postulates I—III above. Tastes were described by indif¬ 
ference surfaces drawn in the parameter space P, and the empirical 
properties of these surfaces were discussed. For example, the risk-aver¬ 
sion (risk-discount), i.e., the rate of substitution between the mean and 
the variance of income, expressed by the relevant slope of an indifference 
surface, was stated to be positive. Opportunities were defined as a re¬ 
gion of the space P (analogous to our region F of A). The boundary of this 
region—the “opportunity surface”—was derived from the individual’s 
initial possession of assets (physical goods and positive or negative 
claims), the prices or other conditions in the market of the assets (per¬ 
fect or otherwise), and the production conditions. With opportunities 
and tastes defined in the space of distribution parameters, the old theory 
of assets defined rational decision analogously to Section 10. (If all 
functions are well behaved, this will correspond to choosing the point of 
tangency between the opportunity surface and an indifference surface.) 
From here, the theory explained the market prices of assets in the same 
way in which prices of production factors are determined from the 
indifference maps of individuals, their initial possession of production 
factors, and the production functions for final goods. It also claimed to 
explain the determination of optimal balance sheets and plans, in the 
way the ordinary theory determines the equilibrium flows of consump¬ 
tion. 

17. It was pointed out by Tintner 8 that the utility index might be 
considered, not as a function of distribution parameters but as a func¬ 
tional of the distribution function itself. This is tantamount to the use 
of the domain of probabilities. A, as in Part I above. To become more 
than a change in notation, this suggestion will need an additional postu¬ 
late (Part IV). With the help of such a postulate, it will be shown in 
Part V that indifference sets in the A-space must be parallel hyper¬ 
planes. This will, in turn, imply the possibility of defining utility func¬ 
tions determined up to linear transformations. It will also imply that 
such a utility index of an uncertain prospect a s (a#, • • ■ , a,) equals 
its “expected utility,” defined as the average of the utility indices of the 
sure prospects <z co) , • ■ ■ , a w , weighted with the probabilities a 0 , • ■ • , a,. 
This should also help to revise the theory of determination of optimal 
plans, defined as rational balance sheets or rational strategies. 9 

18. The mean vs. other parameters. It has been common among econo¬ 
mists to insist that the means of the amounts of commodities are not 
the only parameters of their joint distribution that are relevant to the 
man’s decisions, and possibly not the most important ones, and attempts 

* Tintner [1, 2,3]; see also Hurwiez [1). 

• Marschak [7]. 
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were made to specify which additional, or alternative, parameters—e.g., 
the higher moments 10 —should be considered. These writers, e.g., Mar- 
schak [2], Tintner [1], often failed to make clear that the statement 
“the average amounts of goods are not alone relevant to the man's 
decision” does not contradict the statement that the average utility is 
maximized by him. The latter proposition permits, in fact, to relate 
"‘risk-aversion,” ‘"advantage of diversification,” and similar concepts 
of the older asset theory to the properties of the utility function of sure 
prospects. 11 

rv. FOURTH POSTULATE ON CHOICE BETWEEN PROSPECTS 

19. Postulate IVY. If a ia r and 0 < r < 1, then a i [ra + (1 — r)a']. 

In words: If prospect a is equivalent to another prospect, a', then the 
prospect of obtaining either a or o' with certainty is equivalent to each of 
them. To illustrate this postulate, we can first interpret o, o' as sure 
prospects (Section 4 above), that is, as two mutually exclusive future 
sequences of events or, still simpler, as two mutually exclusive bundles 
of commodities. Suppose a man is indifferent as between a car and a 
$1,000 bill. Then he should be also indifferent as between a car, a $1,000 
bill, and the ticket to a lottery in which the chances of winning a car or 
a $1,000 bill are, respectively, .2 and .8, say. The same applies if, for a 
car and $1,000, we substitute securities, or patents, or lottery tickets, 
etc., pro misin g, respectively (if combined with the man's other assets), 
prospects such as those defined in Part I. 

Postulate IVY Let a, a', b , be three distinct prospects ; let c — ra + 
(1 — r)b } and c' = ra' + (1 — r)6, where 0 < r < 1; then a' i a implies 
c r ie. 

In words: If two prospects a and a' are equivalent, then the prospect 
of having a or b with probabilities r, 1 — r, and the prospect of having 
a! or b with the same respective probabilities r, 1 — r, are equivalent. 
For example, suppose a $1,000 bill and a car are equivalent. Compare 
two lottery tickets, one promising a $1,000 bill or a house with probabili¬ 
ties .9 and .1, the other promising a car or a house, also with probabilities 

“ As a rival to the mean, the mode was suggested by Lange [3]. As a measure 
of riskiness the standard deviation was suggested by I. Fisher [1] as early as 1906. 
This is in line with the actuarial theory of an individual insurance policy: 
Cramdr HI, Part II. Another important parameter is the probability that a certain 
variable (cash reserve, annual profit, etc.) fall below a constant, for example, 
below zero. This occurs in the theory of the total risk of an insurance company: 
Cramer [1J, Part IIL According to a verbal communication of H. Somers, this 
may also be the meaning of a suggestion made by Fellner [1]. Unlike those of 
Cramdr, the suggestions of Lange, Fellner, and other economists often intend to 
describe actual rather than advisable behavior (see Section 1, above). 

11 See Marshall [1], Menger [1], Friedman and Savage [1], Marsehak [4, 7J. 
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.9 and .1. Then there is no reason to prefer one of the two lottery tickets 
to the other. 

For the geometry of these postulates see Figure 2, where af i a and 
a'a || c'c- Then by IYi, the internal average m t a; and by IY 2 , c' t c. 

Postulate IV: If o' xa and 0 < r < 1, then for any 6, [ra r + (1 — r)6] 
t [ro + (1 — r)b]. This postulate summarizes I\\ (for b = a) and IV 2 
(for & 3 ^ a). 



Figure 2 

20. While IVi states that the internal average (see Section 11 above) 
of two equivalent prospects is equivalent to them, the following lemma, 
implied in IVi and IV 2 , extends this statement to external averages 
though under a restriction: 

Lemma 1: If a i a', and an interior point p is collinear with a, a', then 
P * a - 

Proof: Suppose p is between a and a': for example, p — m in Figure 
2 ; then the proposition follows directly from Postulate T\\ . Suppose now 
a f is between p and a: for example p » n in Figure 2. Then continue 
the line afn till its intersection d with the boundary of the domain. 
Define «, 0 < * < 1, by the equation o' — sd + (1 — s)a. Define a* ~ 
$d + (1 — s)a\ Then a i a' implies, by IV* ,a* ia. Define next o'" = 
sd + (1 — s)a", a"" = sd + (1 — $)a'", etc. By applying IV* succes¬ 
sively, every point a*, o'", a"", • - * is shown to be in /(a); and by 
IVi any point between a and o', • •» , a"", • • * is also in J(o). Therefore, 
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since the distances da ', • • - , da"" , ■ • • approach zero, any point on 
the segment ad is in J(a) except possibly d itself. 

V. LINEAR UTILITY FUNCTION'S OF PROSPECTS 

21. Part V will develop the implications of our four postulates. A 
particularly simple system of indifference sets—a f ami l y of parallel 
planes—will be shown to represent tastes with regard to prospects. It 
will then be proved that there exists a class of linear utility functions of 
prospects, and that the u expected values” (properly defined) of such 
functions are maximized over the feasible set of prospects by the ra¬ 
tional man (defined as one who follows the rules of logic and arithmetic 
and the four postulates of Part IV). 

Theorem 1: The indifference sets J{a) are parallel hyperplanes of 
^ v — 1 dimensions . For any interior a , J(a) has v — 1 dimensions . 
This theorem will be derived from Postulates I, II, III*, IV; the results 12 
would of course be valid if III* were replaced by a stronger Postulate 
III. (If, instead of Postulate III*, we admitted the stronger Postulate 
III and hence the existence of indifference hypersurfaces, Postulate IV 
would imply immediately that these surfaces must be parallel hyper¬ 
planes.) 

To give a general idea of the proof we first confine ourselves to v = 2 
and to the interior of A only, and show that then (1) all indifference 
sets are straight lines and (2) all these lines are parallel. The general 
case will then be introduced in Section 22:1. 

21:1 We first show that if three interior points a 1 , a 2 , a 8 , are equivalent they 
must be collinear. 18 For suppose that, on the contrary, they are the vertices of 
a triangle, as in Figure 3. Then, by Lemma 1, any b on the triangle, any c within 
the triangle, and any interior point e outside the triangle are in J ( a l ); and this 
contradicts III*. Conversely, any interior point on the straight line containing 
a 1 and a 2 is in J (a 1 ); this follows from Lemma 1. 

21:2. Figure 2 shows that if J (a) and J(c) are straight lines containing the seg¬ 
ments aa' and cc\ then aa’ cc'. For suppose that the line drawn through c 
parallel to aa' meets ba' in e. Then by IVa, e i c; and since c t c\ the points c, c', e, 
must be collinear, as shown in 21:1. Hence e must coincide with c\ 

22:1. To prove for the whole domain A, of any dimension v 3 that each set J(a) 
is a hyperplane of < v — 1 dimensions (of exactly v — 1 dimensions if a is in the 
interior of A), Abraham Wald suggested the following set of lemmas. Denote by 
a* an interior point; 14 denote by the set of all interior points in J(a '). 


12 Rubin [1] has used Postulate III' instead of III or III*. His proof applies to 
v finite or infinite. 

18 Superscripts indicate sure prospects only if in parentheses: o( l ) not a 1 ; see 
Section 5. 

14 We shall denote interior points by single, boundary points by double, primes 
through Sections 22:1-22:4. 
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22:2. Lemma 2: For any interior point a, the set /'(a') consists of all the interior 
points of a hyperplane , H(a') of < v — 1 dimensions . This follows from Lemma 1, 
as in 21:1, by proving that the vertices of a (v + l)-hedron cannot be equivalent, 
and that any interior point contained in the same hyperplane with v equivalent 
points is equivalent to them. 

22:3. Lemma 3: For any interior point o', /(o') consists of /'(o') and the inter¬ 
section of H(a ') with the boundary of A. To prove this, consider b*, a point on the 
boundary of A, and show that b* is in J(a') if, and only if, b* is on the hyperplane 

22:3:1. Neccessiiy: Suppose V is in /(o') but not in ZF(o'). Then any interior 
point c' on the segment b n a r is not in if (o'); but on the other hand, by IV, c' is 
in J (o') and hence in /'(o') and, by Lemma 2, in ZF(o'). Because of this contradic¬ 
tion, b" must be in if (o'). 

22:3:2. Sufficiency: To show that if the boundary point b* is on the hyperplane 
if (o') it is also on the indifference set /(o'), distinguish three cases: (1) there 
exist two interior points c', d', such that c' p o' p d'; (2) there is no interior point c' 
such that <*' p o'; (3) there is no interior point d' such that o' p d'. 

In Case (1), by Lemma 2, neither c' nor d ' is in if (o'). Suppose first (la) : that 
& /r pa';then& /r po'pd',and, by Postulate II, there existsa point e' on segment Wd ' 
such that e f is in /(o'); by Lemma 2, e' is in i f (o'). But on the other hand, since 
b* is in if (o') while d' is not, e' on segment b”d r cannot be in if (o'). Because of this 
contradiction, the assumption (la) that b* p o' is false; so is, by symmetry, the as¬ 
sumption (1/3) that a'pb”. Hence a'i b*. 

In Case (2) there exists, by III*, an interior point d ' such that o' p d'; and, by 
Lemma 2 ,d' is not in if (o'). Suppose first (2a): th at b" p o'. Then b” p o' p d\ and, by 
II, there exists an interior point e ( on segment b"d / such that / is in /(o') and 
hence, by Lemma 2, in ZF(a'). But on the other hand, since 6* is in if (o') while 
d r is not, e f is not in if (o'). Because of this contradiction, the assumption b* p o' 
must be false. 

Suppose next (2/3): that a' p h"; and consider separately three subcases: (20a): 
d'pb*; (2/3/3): b n p d'; (2frr) :b* t d'. In(2/3a),o' p d' p b* and hence, by II, there is a 
point e 9 on a"&' such that e' i d'; but then, since both o' and 6* are in If(a'),e' is in 
if (o'), while [as stated at the beginning of Case (2)] its equivalent d' is not in 
Zf (A'). This contradicts Lemma 2; hence (2 $d) is impossible. Subcase (2fl8) is also 
impossible: for then o' p b” p d' so that, by II, there exists a point e' on o'd' such 
thate'i &' r ande'isnotinZF(a').Let/'-» re ' + (1— r)o'; g' « rb* + (1 — no';0<r< 
1. Then, by IV, /' i g f . But, by Lemma 2, this is impossible since g f is in H(a f ) 
(because b* is), while/' is not in if (o') (because e' is not). There remains subcase 
(2/3-y): b* X d'. This is also impossible since then rd' + (1 — r)o' i rb* 4- (1 — r)o', 
0 < r < 1; yet the point to the right of t is, and that to the left is not, in ZF(o'), 
thus contradicting Lemma 2. 

Thus cases (2a): b* p o', and (2/3): o' pb* } aie both impossible. There remains 
(2*y): b* t o'. 

In Case (3), by a proof similar to that of Case (2), one shows again that b* t o'. 

22:4 Lemma 4: lfbpa,0<r<l, and c — ro + (1 — r)b, then bpcpa. 

Proof: Since b , c, a, are collinear, it follows from Lemmas 2 and 3 that neither 
a t c nor bic holds. If a p c then by II the segment be has an interior point d such that 
aid. But this is impossible since, by IV, b p a would then be false. One shows simi¬ 
larly that cpb is impossible. Hence bpcpa. 

By Lemmas 2 and 3 the indifference set /(o') containing an interior point o' 
is a hyperplane, if (o'). We shall now prove 
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22:5. L emma 5:Ifc is an interior point , J(c)is a hyperplane of dimension *» v — 1. 

Pboof: Suppose the set /(c) [identical with H(c)] has v — a > 0 dimensions, 
and a > 0. Then H(c) is determined by a independent linear equations. If a. > 1, 
we can choose a 2-dimensional plane through c that is determined by v — 2 in¬ 
dependent equations such that, when combined with the a independent equations 
of H(c), they give v independent equations determining c; that is, K and H(c ) 
intersect in a unique point c. But if « ■* 1, the intersection of H(c) with any 
2-dimensional plane is determined b}’ at most 1 + * — 2=v — 1 independent 
equations, and hence has at least one dimension. We shall now show that a. > 1 
contradicts our previous lemmas. For if c is the only point common to both H(c) 
and K, then, by Lemma 2, for no point a in K, distinct from c, is a t c. Choose three 
noncollinear points a 1 , a 2 , a 3 , in K such that c is in the interior of the triangle 
o^a 3 (see Figure 3). Let a 1 p c; then a 2 p c, a 3 p c; for if (for example) c p a 2 held, 
then, by Postulate II, there would be a point d on segment a x a 2 such that die; but 
this is impossible since the plane K has only one point in common with H(c). 
Hence either a'pc (i « 1, 2, 3) or c p o* (i » 1, 2, 3). The line a l c intersects the 
segment a 2 a 3 in 6, an internal average of o* and <z s . Hence o* p c (i « 1,2,3) implies 
bpc because both a 2 pc and a 3 p c, and because either a 2 i a 3 (in which case Lemma 1 
applies) or not a 2 1 a 3 (in which case Lemma 4 applies); but by the same Lemma 4, 
a 1 pc (i = 1,2,3) implies cpb because a 1 p c. Hence the assumption a* p c was false. 
The assumption c p a* leads (by symmetry) to a similar contradiction; and a* i c 
was already ruled out. Hence the assumption a > 1 was false, and the lemma is 
proved. 

22:6. Lemma 6: If a is on the boundary of A , /(a) is a hyperplane of < v — 1 
dimensions . For, if /(a) contains an interior point a', J[a) — J(a') = H(af) has 
t — 1 dimensions by Lemma 5. If /(a) contains boundary points only, then J(a) 
is a hyperplane of < v — 1 dimensions (facet, edge, - • * ) forming part of the 
boundary of J.. 

23. To prove Theorem 1 (Section 2:1 above), it remains to be shown that all 
the indifference hyperplanes are parallel. This is done by the same reasoning as 
in 21:2, except that the lines aa', cc', ce, have to be regarded as the intersections 
of the plane of the page with hyperplanes of dimension < v — 1. 

24. Theorem 2: If prospects a 1 , a 2 , a*, • • • lie on a straight line in this 
order , and if h >i andj > fc, then a k i a* implies a 3 1 a k , and a h p a* implies 
a 3 p a*. 16 This follows immediately from the above lemmas. 

25. Since all indifference sets J are parallel hyperplanes (Figure 4 
for v = 2), we can write an equation for any J(a). Choose any sure 
prospect, e.g., a co> , as the origin, and let d[a; a co) ] be its distance from the 
plane J (a) which contains the point a with the coordinates ai , • • ■ , a,. 
Then 

(25.1) d[a: ; a®] = £k <h, E ft)* = 1, 

l 1 

where k? (ji = 1, - • • , v) are real numbers (direction cosines) charac¬ 
teristic of J(a) but independent of a and of o (0) . In particular, if aP* is 

* We shall encounter this theorem in Part VIII when discussing the “monoto¬ 
nicity of utility functions of prospects.” 
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another sure prospect, its coordinate («■ = 1 , • • • , v) = , i.e., 

equals 1 when t — p and 0 otherwise. Therefore the distance of j 


( 2 ) 

a 



Figure 4 


from a®, ; a <0> ] = S T<1 fc, = A*. If, in addition, 

we define ko = 0 — d[a t0) ; o <0) ], we have 

(25.2) [da w ; a <0) ] = k n - 0, • • • , v). 

If the origin is changed from a <0> to a 00 , the distance of each indifference 
hyperplane from the origin is changed by the same constant k ,,. We con 
therefore replace d[o; a (0> ] by the shorter symbol d(a) with the under¬ 
standing that d(a) is determined up to an additive constant which 
depends on the arbitrary origin a m . For further brevity, we shall write 

(25.3) 0» = 1, • • • , v). 

In this notation, and by (25.2), the equation (25.1) of an indifference 
plane J(a) becomes 
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(25.4) d(a) =E«^ d w . 

0 

26. We shall now show that the distance function d(a) can be used as 
a utility function, as defined in Section 9 above. For this, we first prove 
the following lemma. 

Lemma 7: If a pbpc, then eitherd(a) > d(b) > d(c) or d(a) < d(b) < 
d(e). 

Proof: By Postulate II there exists V = ra + (1 — r)c, 0 < r < 1, 
such that b' is in 7(6). For each component of V, b'„ = ra p + (1 — r)c„, 
n = 0, • • • , v. Hence, by (25.4), 

d(b) = d(b’) = EXd 00 = r I ]a,d w + (1 - r) 

= rd(a) + (1 - r) d(c), 

thus proving the lemma: the plane 7(6) lies between the planes 7(a) 
and 7(c). 

We can always define the positive direction for distances in such a way 
that the first and not the second alternative of Lemma 7 holds. We 
then have for any two prospects a, b: 

(261) d(a) > d(b); m < dQ>) ’ m = m; 

according as a 6; bp a; at 6. 

Recalling the definitions in Section 9, we can therefore state as proven 
the following theorem. 

Theobem 3. If 'positive direction is defined by (26.1), then the distances 
d(a), d(b), of the planes J(a), J(b), • • • from the origin a (0) form a 
set of utility indices. 

27. Other statements of Theorem 3 are the following: 

The distance function d(a) is a utility function. 

The man maximizes d(a) over the feasible set F. 

There exist v + 1 numbers k u •••,&„, and h — 0, such that for any 
a, 6, 2J fc„a M > , < , or = E S fc„6„, according as apb,bpa, or aib. 

The indifference sets in the space of prospects are parallel planes stacked 
up in the order of the man’s preferences. 

28. On the “indifference map” in Figure 4, the arrow indicates positive 
directio n f rom th e origin a (0> . As always (compare with Figure 1), 
0 «» a «> = a c<» a (2i =s i. Further, in this example 

a,® papbp a m t cpfp a a> ; 

0 < a < w/2; d® = cos a > d(a) = aa (0) cos a > d(b) 

> d (0) = 0 = d(c) = d(e) > d(j) - -/P sin a 
= d(h) > d m = —sin a, etc. 


( 28 . 1 ) 
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Note that the scale unit is determined by the fact that for any a, 
25 = 1, while the origin is fixed by choosing d (0) = 0. 

29. Theorems 1 to 3 are derived from Postulates I, II, III*, and IV 
on rational behavior. They cannot be tested by observation. But we 
can sketch out the following statements on actual behavior which, in 
principle, can be so tested: 

(1) “Faced with a varying set of feasible prospects, Mr. Smith makes 
decisions which, with a probability p, do notj deviate by more than a 
preassigned distance from the decisions consistent with Theorem 3.” 
For example, with v = 2, let a (0) , a a \ a (2) be the prospects of a sure life 
income of, respectively, $2,000, $5,000, and $20,000. The varying sets 
of feasible prospects can consist of various pairs or triplets, etc., of 
points marked in Figure 4. A set of decisions of Mr. Smith is inconsistent 
with the four postulates whenever it is inconsistent with relations (28.1), 
after fixing d' 0) — 0. A set of decisions indicating that there is no angle a 
such that d (2) = cos a , d(f) = —faS® sin a = d(A), would indicate 
deviations from rationality as defined by the postulates. The procedure 
of testing whether Smith is “tolerably rational,” i.e., whether p exceeds 
a certain limit, is a statistical one; so is the procedure of estimating the 
parameters of the indifference map (in our example, the angle a ). The 
difficulties are obvious and stem from the economist’s inability to make 
experiments. If Smith is made to answer questions on his decisions when 
faced with hypothetical sets of feasible prospects, the answers may 
involve a bias (and not merely a random deviation) when compared 
with his actual behavior. If, on the other hand, the sets of feasible pros¬ 
pects are those that have actually faced him in his life, they may not 
yield themselves to convenient simplification; moreover, Smith may 
have changed his tastes in the course of his life, although they had 
remained consistent during each of several shorter periods. Some of 
these difficulties are obviated, but replaced by others, if the following 
hypothesis is tested: 16 

(2) “At least a fraction q of the buyers and sellers of real estate, 
securities, insurance policies, and other assets are tolerably rational 
(in the sense defined above); and the numbers characterizing their 
indifference maps (viz., their respective angles a, in the example of 
Figure 4) have such and such a frequency distribution.” 

30. The jzth sure prospect can be denoted both as a°° and as s 00 ; 
its utility function will be denoted by 

(30.1) u (ft) m u[a {li) ] ^ u[x'»\ 

18 See in particular Friedman and Savage [1], Section 6; Vickrey [1]; and Torn- 
qvist [1]. 
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x'* i is a particular value of the random vector x, and is a particular 
value of the random scalar u(x). The expected value of u(x) given the 
distribution a(x) can be written 17 as 

(30.2) 6u(x) | a(x) = ]£ H a„ = &u | a; 

0 

in the last form no dummy variables (x, n) appear, thus making clear 
that the quantity in question depends only on the utility function u and 
the distribution (“prospect”) a. The quantity §u | a can be regarded 
as the result of an operation which is performed upon the function u 
and depends on a; or as the result of an operation which is performed 
upon the prospect a and depends on u. According to the emphasis 
needed we may call &u | a the “expected value of the utility function u,” 
as well as the “expected utility for a." 

31. In this notation and by Theorem 3, the distance function (25.4) 
has the following properties: d(a) is a utility function; and &d | o = d(a). 
Consequently, | a is a utility function. That is, the man maximizes 
the expected value of utility function d. In Section 9 above, we have 
defined U, the class of utility functions. Now define a subclass V of U, 
consisting of all functions v with the following properties: 

(ai) | a is in E7, 

(a*) Sw | a is in V, 

and 

(o*) 0>v | a = »(o). 

Note that property ( a 3 ) would suffice to define 7, since (a 3 ) implies 
(at), and (at) implies (ax). We have just shown that V contains at least 
one element, viz., the distance function d: it satisfies (ai). We shall now 
prove the following theorem. 

32. Theorem 4: V consists of dH linear increasing functions of d. That 
is, a function v is in V if and only if there exist two numbers l,m(m> 0) 
such that for any a 

(ft) i/(ci) — 2 -J- md(a). 

Proof: Sufficiency. If (ft) is true, then by (25.4) and the definitions 

(30.2) , 


& I a = 2 + d w a„ — 1 + m d(a) — v(a). 


17 Henceforth all summations over n will be from 0 through ». 
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Thus QS) implies all three a-properties in Section 31. 

Necessity : Suppose (ai), the weakest of those three properties, is true. 
Then since both So | a and d(a) are in U, there exists a monotone increas¬ 
ing function 4>, such that 

(32.1) &v a — <£[d(a)] ss <*> d(a ) 

(omitting brackets after 4> for brevity). Put a = a f, °. Then, since 
Sv | a" 1 ’ = r w , we have, by (32.1), v w = <j> <j> d(,a) — Sv \ a = 

hus 

''Ea,<t>d w - 1 -4>d{a) = 0; 

(32.2) < - l-d(o) = 0 [by (25.4)]; 

.£<Vl -1-1 = 0 [by (4.1)]. 

The three equations (32.2) form a homogeneous linear system identical 
in oo, • • • , a,, — 1. Hence the rows 

<j> d co> , ••• , 4> d w , <*> d(a) 

d <0> , • • • , d K '\ d(a) 

1, —. 1, 1 

are linearly dependent. Therefore is a linear function, 

<t> d(a) = l + md(a ); 

and m > 0 since <j> was already stated to be an increasing function. Thus 
(<*i) implies (0); and since 03) was shown (in the sufficiency proof) to 
imply (a 2 ) and (aj) } the proof is complete. 

33. Thus V consists of all increasing linear functions of the probabilities 

Oo, * * • j (b I 

(33.1) v(a) = l + 

We shall call the function v(a) a linear utility function and the scalar 
i'(a) a linear utility index of prospect a. If Figure 4 represents an in¬ 
difference map, and the utility index is measured perpendicularly to the 
plane of the page, then any plane whose intersection with the plane of 
the page is parallel would represent some element of V, or its negative. 

The amplest linear utility function is the distance function d(A) 
itself. In this case Z = 0, m = 1. The distance function is a linear utility 
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function unique up to an additive constant that depends on the choice of 
the origin such as a (0) . 

34. Immediately from (33.1) we obtain the well-known property of 
linear functions summarized in 

Theorem 5: Let prospect a be a linear combination of p prospects , 
b l , * • * , b p : a = '2ir v b T . If v is a linear utility function , then and only 
then 


(34.1) 


via) = r T v(b*). 

i 


In particular, if a is an average, a = rjb 1 + rH 1 , n + r 2 = 1, 


(34.2) via) - riv{¥) + riv(b~) 

and 


(34.3) 


v(b l ) — via) Ti 

v{a ) — v(6 2 ) n ' 


Moreover, since a = EJ a„a w , we obtain again the property (a 8 ) in. 
(31): 


(34.4) via) = 2 | a = &v(x) | a(x). 

0 

35. On the other hand, the following property is not exclusive to 
linear utility functions: If Vi and p 2 are two linear utility functions, then 
there exist two numbers l, m (m > 0) such that for any prospect a, 

(35.1) »a(o) = l + mviia). 

That is, Vi and vt are (increasing) linear transforms of each other; or, in 
other formulations, the function v is unique up to a linear transformation 
or up to two linear coefficients. This property follows from (33.1) but is 
obviously possessed also by any class W consisting of utility functions w 
such that for any a 

(35.2) to (a) = l + mfadia), 

where m > 0, and <t> v is a monotone increasing function, not necessarily 
linear ; for example, <£ u may be the cubic function. 

36. Another property which follows from (33.1) yet is possessed by 



RATIONALITY, UNCERTAINTY, UTILITY 


131 


certain classes of nonlinear utility functions is this: If i\ and are two 
linear utility functions, then 

(36.1) vz (a) — v«(b) = m[vi(a) — i'i(b)], 

where m is a positive constant independent of a , 6. That is, the difference 
between the linear utilities of two prospects is unique up to a propor¬ 
tionality factor. This property follows from the property (35.1), and 
is therefore also shared by a class of nonlinear utility functions such as 
TT defined in (35.2). 

VI. MEASURABILITY AND MANAGEABILITY 

37. The question has been often asked whether utility is ‘‘measurable 
in the sense in which temperature is.” ls Because temperature readings 
are nothing but distances (or angles or volumes depending on the design 
of the thermometer), and in order to avoid discussing the relation be¬ 
tween the absolute and other scales of temperature, I prefer comparison 
with altitudes. The altitude of a point on the earth’s surface is unique 
up to two constants (one positive) depending on the origin, such as the 
sea level, and the unit, such as the meter. The linear utility index of a 
prospect is also unique up to two constants (one positive), l and m in 

(33.1) . In this sense, altitudes expressed in meters, and linear utility 
indices, are equally strictly measurable. 

38. This property they share, however, with altitudes expressed in 
cubes of their meter measurements, and with utility indices obtained 
from linear ones by substituting, say, [d(a)] s for d(a); see Section 35. 
The property of being unique up to two constants is weaker than certain 
other properties of linear utility functions, for example, the property 
(34.4) of expected values of linear utility 7, indices. 

Numbers of meters, and not cubes of those numbers, are used in 
measuring altitudes because this simplifies certain important operations. 
One derives the altitude of point Y in meters from the altitude of point 
Z in meters and from the number of meters contained in the upward 
horizontal projection of the line connecting the two points, by forming 
an algebraic sum of the latter two numbers. If cubes of those numbers 
were used instead, one would have to cube the sum of two cube roots, 
a more complicated operation. 

Money amounts are unique up to one positive proportionality factor 
depending on the currency unit. Their logarithms are also determined 
up to a single constant, an additive one. For additive operations, dollars 
are more manageable than logarithms. But the latter may be preferable 
when, as in constructing graphs of hyperinflation, one is interested in 

19 Allen [2], Lange [1], von Neumann and Morgenstern [1]. 
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ratios; just as (I understand) it is convenient to use logarithms of time 
in discussing radioactive disintegration. 

39. Thus, linear utility indices of prospects share with altitudes ex¬ 
pressed in units of length not only the particular kind of measurability 
(viz., up to two constants, one positive) but also the “manageability” 
with respect to certain, viz., linear, operations. In the case of utility 
indices of prospects, a particularly important kind of linear operations 
is the forming of averages as in (34.2), and especially the forming of 
expected values as in (34.4). For no other but linear utility indices is it 
true that the utility of a distribution (a prospect) is equal to the ex¬ 
pected value of utilities of sure prospects, computed on the basis of that 
distribution. 19 

40. In Part V implications were derived from our four postulates on 
rational behavior. These results can be stated in two equivalent forms: 

(a) The indifference surfaces in prospect space are linear and parallel 
(Theorem 1). 

03) There exist linear utility functions of prospects, with certain 
convenient properties (Theorems 3-5). 

We have just shown that (a), 08)—and therefore our four postulates 
—are sufficient to derive measurable and manageable (in the defined 
sense) utility functions. To see whether these postulates are also neces¬ 
sary, we shall weaken (a) and study the implications. Suppose then that 
the indifference sets were not parallel planes [cf. (25.1)], 

(40.1) 23 Mm = d(a), h = 0, 

o 

but would satisfy, instead, a more general equation 

y 

(403) 2 fc.lKa.) = dt(a), k 0 = 0, ^ 0, (ji = 1, • • • , v), 

0 

where d#(°) is the utility index (a “generalized distance”) of /(o), and 
$ is a monotone increasing function such that ^(0) = 0, ^(1) = 1. 
[For example, if $(z) = z 3 , then indifference surfaces are concentric 
ellipsoids.] Equation (403) is consistent with our postulates, except 
Postulate IV [unless i>(z) = z]. Statements analogous to those in Section 
25 and Section 26 would hold. Putting a — a 0 * 5 , (40.2) becomes 

(40.3) ft, = d*[a w ] = 4 M) , 

say; substituting in (403), we find that the set J(a) is defined by the 
utility index 

” Compare Arrow [2], Chapter D, Section 1. 
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(40.4) W = 5>(a„) df. 

0 

Define the operator by 

v 

(40.5) &+u | a = 6yu(x) j a(x) = 2 

0 

this is a generalization of the operator S, each probability a p being 
replaced by its transform Then, by (40.4), 

(40.6) df(a) = [ <2. 

Now, in analogy to the class Y in Section 31, define a class V# consisting 
of all utility functions ty such that, for any a, v${a) = J a. Then V# 
consists of all products of the “generalized distance” with arbitrary 
(and positive) constants, m. For, if t> = md -+, the definition (40.5), with 
substituted for u, implies , a = Conversely, if v+ is in 

Vi, and if <£ is an unkn own monotone function such that 4>d(a) = <j> 
[cf(a)] = dyiya, we obtain a system analogous to (32.2) but with only two 
instead of three equations (since the transforms of probabilities need 
not add up to unity): 

E df ~ <t> df(.a), 

(40 ' 7) ZMdf = d,(a). 

We see that if Postulate IV were replaced in such a way as to lead to 
(40.2) instead of (40.1), it would be possible to define a utility function 
tty (a) unique up to a proportionality factor. Thus iy(a) is even more 
strictly “measurable” than the function v(ci) derived with the aid of 
Postulate IV. In this sense, the virtue of that postulate does not consist 
in the ‘‘measurability ’’ of the function v(a). Rather, it consists in the 
“manageability” of v(a), in the sense of property (34.4). In the case 
of the utility function v(a) the expected value Sv j a = 21^% is maxi¬ 
mized; while in the case of the function ty(a), not the expected value, 
but a more complicated, usually nonlinear, expression 1 a m 
2 „t i'^VW is maximized. 

41. This opens the question (to be taken up again in Part VIII) of 
still further, or of alternative, generalizations of (40.1) and, conse¬ 
quently, of the appropriate generalization of underlying postulates. 
Each such generalization would possibly define a nonlinear analogon—say 
€*—of the operation § and an analogon—say V*—of the linear subclass 
V of utility functions. T% may be empty or consist of one element only. 
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or of two or more functions which are, possibly nonlinear, transforms 
<£* of each other. The possible nonlinearity of the operations S* and 

that replace the operations & and <f> of Section 30 will render the utility 
functions of prospects less “manageable.” One might call them less 
“measurable” if <£* involved more parameters than <f >; but in Section 
40 we just had a case where the opposite was true. 

vn. COMPARISON WITH VON NEUMANN AND MOBGENSTERN 

42. The word prospect is occasionally used in the Theory of Games 
and Economic Behavior (e.g., on top of page 18) essentially in the same 
sense as in this paper (see also Hicks [2]). More often the authors speak 
of a “combination of events.” We call a prospect the probability dis¬ 
tribution of the time sequences of all combinations of commodities 
(or, in fact, of any kinds of events), while von Neumann and Morgen- 
stem take examples involving two or three commodities at one time 
point only. Since our time sequences are by necessity mutually ex¬ 
clusive, no confusion can arise in our formulations as to the effect of 
complementarity upon the choices. If proper wording is used, this is not 
an essential difference. 

43. Verbal presentation: utility differences . In the verbal presentation 
(Section 3.3) of the Theory of Games, the authors use as a behavior 
postulate the equivalent of our (34.3). In the present paper, on the 
other hand, (34.3) was derived from four postulates on rational behavior. 
Yon Neumann and Morgenstem (in their verbal presentation) do not 
have Postulate IV but seem to have what amounts to Postulates I and 
II. 

Our decision to introduce Postulate IV, rather than to start with 
(34.3) as a behavior postulate, is dictated by the desire to avoid behavior 
postulates which are neither immediately plausible nor show themselves 
as approximated by easily observable action. Postulates I and III* state 
essentially that man chooses between prospects; and we see men actually 
m a kin g choices—determining the balance sheet by buying or selling, or 
by abstaining from buying and selling, assets. Postulate II excludes 
discontinuities. Postulate IV is also a very weak (i.e., very plausible) 
one; it merely rules out behavior of a kind which most people would 
call absurd. The statement (34.3), on the other hand, is neither immedi¬ 
ately plausible nor is it amenable to easy observation. True, a person 
when interviewed may make comparisons between two utility differences, 
but the comparison does not show itself in any choice except in the choice 
to answer a certain question in a certain way. However, H. Chemoff 
pointed out that such a check of utility comparison by an actual choice 
could be made in the following situation. According to L. J. Savage, the 
rational strategy in a one-person game under complete ignorance of 
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circumstances might be defined as one that results in minimaxing “re¬ 
gret/’ i.e., the difference between the utility actually realised and the 
utility that would have been realized if all circumstances were known. 
(See Marschak [6a] where this postulate was used.) That is, the strategy 
must be chosen so that even under circumstances which yield for this 
strategy a regret not smaller than under any other circumstances, this 
regret is not larger than for any other strategy. 20 Thus, a rational man 
playing the one-person game under ignorance of future circumstances 
has to base his choices on comparing differences between utilities. 

44. Mathematical presentation: the chain of implications . In their 
mathematical presentation, the authors of the Theory of Ga7nes do not 
actually make use of a behavior postulate on utility differences. 21 The 
behavior postulates used are set up in their Section 3.6, and we shall 
refer to them presently. An extensive appendix published in the second 
edition of the book shows that these postulates result in propositions 
(3:l:a) and (3:1 :b) of the text (Section 3.5). The second of these 
implies, and is implied by, the linearity of what we called the utility 
functions of prospects, and appears thus equivalent to our Theorems 
1-5. From this, the “measurability” of utility is derived in (3:5:b) and 
(3:6) of the Theory of Games, in the sense that utility is unique up to a 
linear transformation: a property weaker than the preceding one, as 
shown in this paper (Sections 35-41 above). 

44.1. The axioms . The difference between the presentation in this 
paper and in the Theory of Games thus boils down to the difference 
between our Postulates I-IY, and the group of axioms (3:A), (3:B), 
(3:C), of the Theory of Games “ The “entities” u, v, of the Theory of 

20 Contrast this with the two-person zero-sum game. There the rational player 
obtains the minimax utility, not the minimax difference between two utilities. 
(Von Neumann and Morgenstem [1], Sections 3-15.) 

21 For sure prospects, R. Frisch [1] derived utility increments measurable up 
to a proportionality factor, by introducing postulates on the individual’s choice 
between small displacements occurring in two different points of the commodity 
space. 

22 We reprint these axioms from Section 3.6.1 (p. 26) of the Theory of Games: 

“8.6.1 ... consider a system U of entities u, v, w, • • - . In U a relation is given, 

u > v, and for any number a, (0 < a < 1), an operation 

ceu (1 — a)v * w. 

These concepts satisfy the following axioms: 

(3: A) u > v is a complete ordering of U. 

This means: Write u < v when v > u. Then: 

(3:A:a) For any two u, v one and only one of the three following relations holds: 


U > V 9 U < 
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Games correspond to the various indifference sets—say J, J', in the 
present paper. The symbol > defined in the authors’ (3: A) is related 
to our p as follows: if J contains a and J f contains a', and /, J f are 
distinct, we say a £ a f or a' p a; Von Neumann and Morgenstem say (re¬ 
placing J, J , byu,v)u > v or v > u . Moreover, u = v corresponds to 
J « J'. As to the symbol +, and the operation ecu + (1 — a) v = w, 
the authors define it implicitly by the axioms (except that a is a real 
scalar, 0 < a < 1, identical with our r); while we use the symbol + and 
the operation ra + (1 — r)a! in their usual meaning (addition, multipli¬ 
cation) as applied to the real vectors a, a' and the scalar r. However, 
select element a from /, and a r from J r . Then the following operation on 
indifference sets can be defined: rJ + (1 — r) J f means J[ra + (1 + r)a f ]. 
With this interpretation Axioms (3: A) and (3:B) of the Theory of 
Games will follow (with u, v, a replacing J, J', r ) if the indifference 
sets are parallel hyperplanes, i.e., if our Postulates I, II, III*, and IV 
are fulfilled. In particular, the axiom (3:0: b) can be rendered as follows: 
“Let 0 < r < 1, 0 < q < 1; let a, b, c, e be prospects such that b = 
ra + (1 — r)e , c = qb + (1 — q)e . Then c x [qra + (1 — qr)e]” This 
“double mixing” is indeed implied in Postulate IV, as a succession of 
two single mixings discussed there. 

I hesitate to say which (if any) is the stronger system of axioms. I 
find it easier to translate Postulate IV immediately into the language of 
observable decisions—see the examples in Section 19 above—than to 
do so with von Neumann and Morgenstem’s (3:C:b), whether stated 
as it is in terms of entities not susceptible to ordinary arithmetical 
operations, or restated in the form I have just suggested. To use a 

(3: A:b) u > », v > w imply u > w. 

(3:B) Ordering and combining . 

(3:B:a) u < v implies that u < au -f (1 — a)v. 

(3:B:b) u > v implies that u > au + (1 — a)v. 

(3:B:c) u < w < v implies the existence of an a with 

au + (1 — a)v < to. 

(3:B:d) u > w > v implies the existence of an a with 

au + (1 — a)v > to. 


(3:C) Algebra of combining. 

(3:C:&) au + (1 — a)v ** (1 — a)v + au. 

(3:C:b) a\fiu + (1 - £)t>] + (1 - a )v - yu -f (1 - y)v 
where y « 

On what follows, I had the privilege of consulting Abraham Wald. 
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phrase of von Neumann and Morgenstem, the approach used here 
seems to be more “transparent,” and its postulates have a more “im¬ 
mediate intuitive meaning by which [their] appropriateness may be 
judged directly.” 

44.2. The proofs . As already mentioned in Section 44, a part of the 
route, the part after establishing the proposition on the linearity of 
(certain) utility functions, is common to both presentations. But the 
previous part of the route, between the axioms and that proposition, 
is different. The present author does not claim to improve upon the 
minutiousness and rigor of the appendix to the second edition of the 
Theory of Games . The present paper consists essentially in applying 
the technique of indifference curves—as stated in our Postulates I- 
III—to prospects which are not sure. When Postulate IV is added, this 
technique yields in a simple way the Xeumannian results. These are 
also obtained if III is replaced by a weaker Postulate III* (or III'). 

Vin. LOVE OF DANGER INCOMPATIBLE WITH THE FOUR POSTULATES 

45. Theorem 6 : If a p b and c = ra + (1 — r)5, then a$cforr> 1, 
c a for r > 1. (That is, a is preferred to every point between a and b 
and to every point on the prolongation of the segment ab beyond b; 
and every point on the prolongation of that segment beyond a is pre¬ 
ferred to a.) This property of prospects follows directly from Theorems 
2 or 4. In Figure 4, take any three points on a straight line not parallel 
to the indifference lines (planes)! The property may be called the mono- 
tonicity of the utility function of prospects u(a), on the space A. It is 
different from the monotonicity assumption sometimes made for the 
utility function of commodities—say, w(x) on the space X. This assump¬ 
tion is stated formally as follows (cf. Arrow [1]): 

It is always possible to define final goods x x , * • * , z e in such a 
way that if x ia) m (a;{ a) , - • • , xi a) ) and x m = (xj*\ • • • , 
and if rV* } ^ x® ) for ally and xi a) > x^ for some B (y, 5 = 1, • • • , e), 
then 

That is, the addition of any final “good” to (or subtraction of any final 
bk bad” from) a bundle of commodities (a history, a sure prospect) in¬ 
creases the utility of the bundle. More precisely, this assumption is 
taken to be valid not over the whole space X but only over a so-called 
effective region of it; 23 outside of this region the man is saturated with 
one or more of the “goods,” so that “goods” become “bad” or at least 
indifferent. 

Obviously this form of monotonieity cannot apply to the prospect 
space A, because of restriction (4.1): it is impossible to increase the 


» Allen [1], H. Wold [1]. 
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probability of one of the histories, say, the probability a M of x 00 , 
without decreasing the probability of at least one of the other histories. 
Also, it would be impossible to classify each history—possibly a whole 
course of life—as either “good” or “bad” in the way we classify single 
final commodities such as bread and leisure or labor and sickness. The 
monotonicity assumption for commodities says: “The more of a good 
thing the better. If opportunities are unlimited, increase the quantity 
of every good thing until it ceases to be a good thing.” The monotonicity 
assumption for prospects says: “If one alternative is better than another, 
increase the probability of the former at the expense of the latter. 24 
If opportunities are unlimited, choose the prospect that promises the 
best history with 100% probability”: the comer a <2) in Figure 4. 

The monotonicity assumption for commodities is usually stated as an 
independent postulate or as the definition of the effective region. The 
monotonicity assumption for prospects (Theorem 6) follows from Postu¬ 
lates I, H, III (or III* or in'), and IV. 

46. If our four postulates define rational behavior, the following 
actual behavior is not rational: many men, not at all bent on suicide, are 
enthusiastic mountain climbers and are elated, not (or not only) by 
exercise and scenery but by the very danger, in the following sense. 
Suppose the probability of fatal accident is 5%. The climber may prefer 
a survival chance of 95% to one of, say, 80% but also to one of 100%I 
The utility index of prospects reaches in this case its maximum at a 
point which is not a comer of domain A . (If in Figure 4, a (0) and a (2) are 
two ways of continuing to live, and o (1) is death, the highest utility will 
be not at a (0) or a <2) or a but, say, at j or l or 6.) 

47. Such behavior contradicts the monotonicity Theorem 6, and 
therefore at least one of our postulates. It is, therefore, in general in¬ 
consistent with the existence of linear utility functions for prospects. It 
also follows that the lover of danger does not, in general, maximize the 
expected value of the utility index. Not for him the linear utility func¬ 
tions of prospects, and the measurable and “manageable” (Part VI) 
utility indices. Love of danger in this sense may very well be present 
also in what is usually considered economic decisions. The danger of loss 
including ruin, though probably sh unn ed in the conservative code or 
cant of business, has quite possibly added to the zest and desirability of 
many an historically important venture, in the career of the leaders of 
mercenary armies, in the financing of great geographic discoveries or, 
closer to our time, in the financing of inventions and theater plays, and 
in stock and commodity speculation. 

** This verbal proposition is easiest to visualize in the special case when the 
alternatives considered are sure prospects. Theorem 6 is more general since it 
holds for all prospects. 
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48. The ‘‘love of danger” defined as nonmonotonicity of the utility 
function for prospects is to be carefully distinguished from the phe¬ 
nomenon alluded to in Part III: whether high variance of random income 
(or of the random quantity of any commodity) is or is not desirable 
depends on whether the marginal utility of mean income (or commodity) 
happens to be increasing rather than decreasing. Neither a positive nor a 
negative sign of the ‘‘risk-discount” contradicts the monotonicity of the 
utility function for prospects (nor, of course, the monotonicity assump¬ 
tion for goods). 23 

The statement “a man may desire to gamble” has thus two meanings. 
If it means that the sign of the risk-discount is indefinite, the statement is 
consistent with rational behavior as defined by the four postulates. (In 
fact, it is well explained by implications from these very postulates.) 
If it means, however, that the man ‘doves danger” so that his utility 
function of prospects is not monotonic along a straight line in space A , 
drawn at an angle to the indifference planes, then the statement is not 
consistent with the four postulates. Should one revise the postulates of 
rational choice in order to be able to include love of danger under 
rational behavior, then it would probably become impossible to attain 
manageable utility indices in the sense of Part VI. As indicated in 
Section 41, the operation of maximizing expected value would have to 
be replaced by a more general or more unwieldy one. The alternative is 
to stamp love of danger as nonrationai, on a par with, say, the behavior 
of a man who prefers a to b and b to c and yet prefers c to a (denial of 
transitivity Postulate I); or a man to whom a car and a $1,000 bill are 
equivalent and who yet prefers one of these things to a lottery ticket 
promising with certainty that either the one or the other thing will be 
obtained (denial of Postulate IVi). 

49. At this point w'e can only hint at wiiat is probably the most im¬ 
portant virtue of the advice to maximize expected utility and, hence, of 
the behavior postulates implied in this advice. We conjecture that, for a 
large class of distribution functions and utility functions, the following 
proposition is true: if every action is chosen in such a way as to maximize 
the expected utility, then, as the number of such actions is increased, the 
probability that the achieved utility differs from the maximum achievable 
utility by an arbitrarily small number, approaches unity. If this proposi¬ 
tion is true, and if the logic of rational behavior is used as a tool of 
advice (see Section 1 above), it is best to exclude love of danger as irra¬ 
tional. If, on the other hand, rational behavior is used as an approxima¬ 
tion hypothesis for the study of actual behavior, then again, love of 
danger may be considered as a departure from rationality. It is then a 
matter of empirical psychology and is important to economics in the 
same way in which inconsistency (intransitivity) of preferences, inability 

* To show this, expand &u(x) about the mean of x , where x » income. 
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to measure, to imagine, to remember, are important. We treat it in the 
same way that we treat the fact that people make mistakes of arithmetic 
and infringe upon the rules of conventional logic. 

Cowles Commission for Research in Economics 
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INVERSION OF THE LEONTIEF MATRIX BY POWER SERIES 1 
Br Frederick Y. Waugh 

The Leontief matrices of inter-industry transactions are large, a row 
for each industry in a nation. It would be desirable to invert such ma¬ 
trices of an order of from 100 to 200. The present paper suggests using 
the sum of a power series to approximate the inverse of a Leontief matrix 
with any desired degree of accuracy. This requires many more multi¬ 
plications than do such direct methods as the Gauss-Doolittle process. 

But the method proposed in this paper is especially well adapted to 
automatic computation on the new electronic machines, in which case 
the large number of multiplications is not serious. The main advantage 
of the proposed method is that it provides an upper bound to the error 
of any element in the estimated inverse. A short cut method is also indi¬ 
cated for computing the approximation when the number of terms of 
the power series needed to obtain the desired degree of accuracy is large. 

INTRODUCTION 

World War II confronted economists with the enormous job of testing 
the feasibility of proposed production goals, and of determining the 
adjustments needed in various industries to reach these goals. This 
job is less spectacular in peace times, but it is important nonetheless. 
Most nations are developing programs to assure full employment. In the 
United States, the Employment Act of 1946 directs the President to 
report (among other things) “the levels of employment, production, and 
purchasing power obtaining in the United States and such levels needed 
to carry out the policy”; that is, “to promote maximum employment, 
production, and purchasing power.” To do this job it is necessary to 
explore in some detail the alternative patterns of potential output of the 
United States, to find which patterns are consistent with national 
objectives, and to show what adjustments would be needed in industry 
and in agriculture to reach the desired pattern of output. 

So far, at least, the most promising method of attacking problems of 
this kind appears to be that developed by Leontief [4-8] of Harvard and 
used in a series of studies by Cornfield, Evans, and Hoffenberg [2, 3], 
of the Bureau of Labor Statistics. 

As explained in detail below, these studies are based upon a set of 
inter-industry equations, of which the matrix of coefficients has come 
to be called the “Leontief matrix.” There are two general problems 

1 The author gratefully acknowledges criticisms and suggestions from Wassily 
Leontief, Harvard University; George B. Dantzig, USAF Comptroller; and 
Jack Graumann, International Bank for Reconstruction and Development. 
Also, the author gives special thanks to Leonid Hurwicz and Herman Chernoff, 
University of Illinois, and Nathan J. Divinsky, Cowles Commission for Research 
in Economics, who refereed this paper and made a number of important sugges¬ 
tions concerning two previous drafts. 
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concerning such matrices: first, that of determining the coefficients of 
the structural equations; and second, that of solving the set of equations 
in order to determine the output in each industry required to reach one 
or more sets of objectives for final domestic consumption and for ex¬ 
ports. The papers of Leontief, Cornfield, Evans, and Hoffenberg, al¬ 
ready cited, discuss in some detail the problem of estimating the coeffi¬ 
cients. The present paper is concerned with the second problem, that of 
obtaining a general solution for the system of equations. 

Basic Xotation and Assumptions 

Let the economy consist of n industries and the (n + l)-st ('‘resid¬ 
ual”) sector (final domestic consumption and exports). We use the 
following notation: 

Xi — output of the ith industry, (i — 1, 2, • • • , n ), 

xn = the part of x, sold to the ith industry, (i, j = 1,2, ■ • • ,n), 

\/i = the part of x, sold to the ‘‘residual” sector, 

p, = the price per unit of the product of the ith industry. 

By definition, we have 

(1.1) Xi ^ 0, Xij > 0, y i ^ 0, Pi ^ 0, 

that is, quantities and prices are nonnegative. 

It is assumed that 

(1.2) Xi >0, (i = 1,2, • • ■ , re), 

that is, no industry is completely idle. 

All outputs Xi are net, so that 

(1.3) xa = 0, (i = 1,2, • • • ,»), 

that is, on a net basis an industry buys nothing from itself. 

The units of measurement may be either “conventional” (tons, bushels, 
etc.) or in “dollar’s worth.” In the latter case we have 

(1.4) Pi-1, (<-1,2, ••.,»), 

that is, when we measure in “dollar’s worth” units the price is always 
one dollar per unit. For the former case see Appendix. 

The following matrix notation will be used. Column vectors (re¬ 
rowed): 

M M\ A\ 

(1.5) I = |.|, y — \ ' j > e - 
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Diagonal matrices (square, n-rowed): 


(xi 

0 0\ 

/Pi 

0 ••• 

°\ 

Out) o,= ° 

* ■■■ ® , 

P - D, - ( 0 . 

pi ••• 

■° 

V 

0 • • • xj 

\o 

0 ••• 

pj 


Other matrices (square, n-rowed): 



the latter to be defined below. A matrix identity, to be used below: 

(1.8) Z)*e = x. 

The Technical Coefficient Matrix A 

We define the technical coefficient matrix A by the matrix relation 

(2.1) A = XU? 

where D x is nonsingular by virtue of (1.2). (In nonmatrix notation we 
have an = x^/xj .) 

Two important properties of A may be noted here: 

( 2 . 2 ) an = 0 , (i - 1 , 2 , • • • ,«)’ 

since x„ = 0 [by (1.3)]; and 

(2-3) an ^ 0, 

since it is a ratio of nonnegative numbers [by (1.1)]. 

The Problem 

Since all (net) output goes to one of the other industries or to the 
residual sector we have the identity 

(3.1) x = Xe + y. 

Using (2.1) we obtain 

(3.2) x = AD*e + y, 
which by virtue of the identity (1.8) becomes 

(3.3) x = Ax + y 
or 

(3-4) (I -A)x = y 

where, it will be remembered, A is “hollow” [see (2.2)]. 
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The central problem of this paper is to show how (3.4) can be solved 
for x y given A and y [or in nonmatrix terminology, 2 how (3.5') can be 
solved for x \, X 2 , • ■ • , x n given the coefficients an and the yi , • - • , y„]. 
It is, therefore, the problem of determining the output for each industry 
given the objectives (or forecasts) for the “residual” sector (final domes¬ 
tic consumption and exports), assuming that the technolog}" (i.e., the 
matrix A of coefficients a %3 ) is known. 8 

The Contribution of This Paper 

The problem of solving (3.4) is essentially one of matrix inversion, 
since we can write the solution in the form 

(4.1) x - (J - Aft. 

We are thus confronted with the problem of inverting the Leontief 
matrix I — A. This is a very large matrix. 4 It would be desirable to work 
with an industrial classification of 100 to 200 groups, hence with matrices 
of from 100 to 200 rows and columns. If such large matrices are inverted 

1 In nonmatrix form we would have corresponding relations as follows: 


(3-1') 

**”/-! X<i+Vit 

H 

JS3 

, n). 

Using (2.1) we obtain 

(32') 

n 

X, - 2 (htXj + y it 

(* — l> 2, • • 

•,»). 

which can be written as 

(3.4') 

?“1 

* 

.2 (S„ - ctijxj - y % . 

(i « 1, 2, • 


where 

and 

—ft i:i 

an — 0, 

(i- 1, 2,-- 

* ,n). 


because of (2.2). We can therefore rewrite (3.4') without using the summation 
sign as 

Xi — OaXt - **• — OinXn *= yi 

(3.50 .- 

~Oftl®l — dntXi — • • * + Xn “ Vn 

* In practice, a stronger assumption is made, namely that A (i.e., the coeffi¬ 
cients an) is known and constant. In principle only the knowledge of A is required, 
but if A were variable (a function of x) we would rarely know A without at the 
same time knowing x. (Statistical estimates of A based on statistical records, 
theoretical analyses, and knowledge of current or prospective changes in tech¬ 
nology are available, of course, not the “true” values.) 

4 Under the assumptions stated below, the matrix I — A is nonsingular. 
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by direct methods, such as the Gauss-Doolittle process, we run the risk 
of large errors due to the compounding of smaller rounding errors. 
[Moreover, it is difficult to set any useful upper bound to such errors. 

In what follows a method is given for approximating, with any pre¬ 
assigned degree of accuracy, the matrix (7 — A) -1 . This method approxi¬ 
mates (7 — -4) _I by the sum of the first m terms of the power series 

(4.2) 7 + -4 + A 2 + • • • + A m 1 + • • * 

and is based on the fact that under the assumptions made (see especially 
the next section), we have 

(43) (7 - Ay 1 = lim E m , 

where 

(4.4) E n ^T,A\ 

p—0 

The bounds of the approximation error are also given. 

There are real advantages to such a method when an electronic 
computer, or any machine capable of multiplying matrices automati¬ 
cally, is available. One could put A into the machine together with 
instructions, start the machine, and get back the final answer with 
assurance that errors are less than any preassigned amount. 

The first few terms of the power series (4.2) have been used in some 
studies of the Bureau of Labor Statistics to give an approximate solution 
for x. In practice, this has been done by computing successively Iy = y, 
(7 + A)y, (7 + A + A s )y, (7 + A + A 2 + A 3 )y, and so on. In the 
cases actually tried this has, after several steps, reached apparently 
stable approximations of x. But the power series (4.2) does not converge 
for all matrices, and so far as we know its convergence has not heretofore 
been established for the Leontief matrix, nor have upper bounds previ¬ 
ously been set to the error involved in stopping at any particular point. 

A PROPERTY TO BE USED Et CONVERGENCE PROOF 

If the “dollar’s worth” units are used in measuring the x { , x i} , and 
yj [so that pt = 1, cf. (1.4)], we find that 

( 5 . 1 ) Vj = Xj — 2 

is the familar “value added” 5 in the jth industry. 

Assuming that each industry has a positive value added, so that 

* Vj canasta of payrolls, profits, taxes, etc. 
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Vj > 0, 0 = 1,2, • • • , n), we use the fact that 6 = a^Xj [see (2.1)] 
and obtain from the above the inequality 


(52) 



0 . 


Hence, because x s > 0 [see (1.2)] and because the a,-,- are nonnegative 
[see (2.3)], we obtain from (5.2) the inequality 


(5.3) 


2 ®«7 — rL) i ®i/ | ^ 1 

i—1 i—1 


which will be of fundamental importance in the subsequent proof of 
convergence. 7 


PROOF OP CONVERGENCE 

To demonstrate the convergence of (4.2) and to derive error limi ts 
we make use of the norm of .4, or .V(A). For this purpose we shall use 
Bowker's [1] definition 

(6.1) N(A) - max £ I ®«I ; 

i i 

that is, the norm of any matrix may be defined as the largest sum of the 
absolute values of elements in any column of the matrix. In the case of 
this particular matrix, we have seen in (2.3) that no element is negative, 
so the norm could be written simply 

(6.2) A r C4) = max 2 <*«• 

i 

One important property of this norm is apparent from its definition 
(6.1): no element of the matrix can be larger than the norm of the 
matrix. That is, 

(6.3) an < N(A). 

Two other properties of the norm that are essential here are 

(6.4) N(A + B) < N(A ).+ X(B) 
and 

(6.5) -V(-4B) < X(A)-N(B). 

Note that (6.5) implies 

(6.6) X(A k ) < &<£)?. 

* Note that because of the units used the a«y are pure numbers. 

7 However, (5.3) above is not a necessary condition for the convergence in (4.2). 
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Properties (6.3), (6.4), and (6.5) hold for any definition of the norm. 
Bowker proved that (6.1) is a norm and hence that these properties 
hold for the expression defined by (6.1). 

In the case of the Leontief matrix, I — *4, (5.3) may now be written 

(6.7) N(A) < 1. 

The proof of convergence follows easily. Thus we may write 
X(I + A + -4 s + A* + • • • ) 

< N(I) + N(A) + N(A*) + 1 V(A®) + • • • 

(6.8) < 1 + N(A) + [N(A)f + [N(A)f + • • • 

< 1 - N(A) ’ 

since A T (I) = 1 and N(A) is a scalar less than 1. We have, accordingly, 
an upper limi t, to the norm of the sum of the power series in (4.2). 
Also, it may be noted that since N(A kM1 ) < N(A k ) when N(A) < 1, 
the norm of each successive term in the power series is smaller than the 
norm of the preceding term; hence as the series is extended to high 
powers of A, the norm of an additional term becomes closer to zero— 
thus each element of A k approaches zero as k increases. 

ERROR CONTROL 

We propose to use (4.4) as an approximation of the inverse of I — A. 
Here we investigate the error in such an approximation. 

The error can be of two kinds: errors of computation, and errors in¬ 
volved in neglecting the powers of A higher than A <m ~ l) . Errors of 
computation can be kept at a minimum in two ways. First, in multi¬ 
plying any two matrices (A r ) (A*) it is good practice to carry as a check 
row the sums of elements in columns of A'. This check row is multiplied 
by columns of A’, giving a row vector. The equality of elements of this 
row vector to the sum of elements of the corresponding columns of 
j4 (rJ ’* ) provides a check of the accuracy of the multiplication. Second, 
a further, and more detailed, check may be had by obtaining a power 
of A in two different ways, thus discovering whether there is a dis¬ 
crepancy in any element. The first check would not catch an error in 
some element of A <r+ * > if it should be exactly offset by another error 
in the same column. But powers of A beyond the second can be com¬ 
puted in at least two ways. Thus, A® = AA 2 = A 3 A, A® = A 2 A 2 = AA®, 
etc. By the use of check rows and by computing powers of A in two 
different ways it should be possible to reduce errors of computation to 
negligible amounts. 
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With respect to the second type of error, the error matrix D m is by 
definition the difference between (4.2) and (4.4), or 


D m = (J — A)- 1 -E m = A m + •A’" -1 + A m ’ 2 + ••• 

= A m (I + A +A*+■•■). 


Using (6.5), (6.8), (6.6), and the fact that X(I) = 1, we find that the 
norm of D m , 


(7.2) 


X(D m ) 5$ 


XU n ) s 
1 - X(A) " 


[X(A)] m 

l-X(A)' 


Inequalities (7.2) give two possible upper bounds to the error norm. 
Mr. Herman Chemoff, one of the referees of this paper, suggested a 
third bound that is lower than either of those in \7.2). He pointed out 
that (7.1) can be written 

D m = A m (I + A -i-+ A” -1 ) + A 2m (I + A J-+ A" -1 ) + • • • 

= E m (A m + A 2n 


Thus, 

(7-3) 


wn ^ / X(E m )-X(A m ) , X(E m )-X(A)■X(A n ~ l ) 

( " 1 - X(A m ) " 1 - A’(A)-*V(A— ») ’ 


where all the terms to the right are available after obtaining E m . 

After E m has been computed, the error norm can be computed either 
from the middle term of (7.2) or from the last term of (7.3). In general, 
(7.3) will give a finer estimate. 

But it is also possible to use the last term of (7.2) to compute an 
upper bound to the error before computing any terms of the power series. 
In fact, we can set any chosen bound, say e, and determine the number 
of terms of the power series that assures 


(7.4) 


Y (Dm) 


s [X(A)) m , . 
* 1 - XU) * 


This inequality holds if 


(7.5) 


_ ^ log e + log [1 - jY(A)] 
log N(A) 


The value of m in (7.5) can be computed before work starts. Then it 
should be possible for the electronic computer to do all the numerical 
work automatically, providing an approximate inverse E m which includes 
no element with an error of more than e. 

If convergence is slow, or if great precision is needed, we can reduce 
the number of necessary steps of computation by using the equation 
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(7 + A) (I + A 2 )(I + A A ) ••• (7 + -■l 2 ’’) 

(7>6) - I + A + A 2 + A* + • • • + A <!r+1 -« 

For example, if (7.5) should indicate that 25 terms of the power 
series were needed in a particular case to assure that the error were 
within the needed limit, e, it would not be necessary to compute all the 
terms A 2 , A 3 , • - • , -A 24 . Instead we could compute only A 2 , A 4 , A 8 , 
and A 16 . Then by (7.6) we obtain 

(7 + A) (I + A~)(I + + A*) {I + A 1 *) 

= I + A + A 2 + A*+ ■■• + A n , 

or the sum of the power series taken five terms beyond the necessary 
limit. 


ERROR LIMITS FOR APPROXIMATED VECTOR, X 

Sometimes we may wish to set an upper bound to the error of approxi¬ 
mating (or forecasting) the vector x in (3.4), rather than in the elements 
of the inverse of I — A . The solution of (3.4) for any given y vector 
is (4.1). But (/ — A)" 1 = j E m + Dm, and D m is unknown. Our approxi¬ 
mation of x is E m y and the error of approximation is D m y. 

We have given three different upper bounds for the norm of D m 
[inequalities (7.2) and (7.3)]. From (6.5) we have 

(8.1) < N(D m )-X(y). 

Thus if the sum of the elements of y is 150,000,000 and if N(D m ) < 
0.00001, as measured by (7.2) or by (7.3), we know that the largest 
possible error in the approximations of output is 1,500. 

NONNEGATIVE CHARACTERISTICS OF THE POWER SERIES 

Since each dement of A is nonnegative, and since the elements 
of .A 2 are 


aif = E G.rOrj, 

r*» I 

it follows that each element of A 2 is nonnegative. Moreover, if s is any 
positive integer, and if each dement of A* is nonnegative, each dement 
of *4* +1 is nonnegatave, since 

r*-l 

So, by induction, all positive integral powers of A are composed entirely 
of nonnegative dements. 
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Since (7 — A)" 1 is the sum of the identity matrix, 7, and the sum of 
the infinite series of positive integral powers of .4, each element of 
(7 — Ay 1 is nonnegative. [Hence, also, all negative integral powers of 
(I — A) are composed of nonnegative elements.] 

The nonnegative character of elements of (7 — Ay 1 shows that, 
given positive values of the y's in (3.4). we will get positive approxi¬ 
mations of x. The fact that all positive integral powders of .4 are com¬ 
posed entirely of nonnegative elements shows that each element of E m 
in (4.4) approaches the true value of the corresponding element of the 
matrix monotonieally as m increases. In short, E m never overestimates 
the value of any element of the inverse. The amount of underestimate 
can, however, be reduced to any desired level by including enough 
terms in the power series. 

A SEMPLE NUMERICAL EXAMPLE 

The nature of the computations required by the proposed method 
can be illustrated by applying it to a very simple numerical case. 

Let 



so that 

r < A.o 0.0\ _ /0.0 0.8\ _ / 1.0 -0.8\ 

1 \ 0.0 1 . 0 / \ 0.6 0 . 0 / \— 0.6 1 . 0 /' 

We then have 

(J Ay + _ LA-0 0.8\ _ /l.923077 1.538462\ 

W } 0.52 \0.6 1.0/ Vl-153846 1.923077/' 

In such a simple case direct inversion is obviously quicker and easier 
than the computation of several terms of the power series. But a con¬ 
sideration of the power series in this simple case may help to clarify 
the nature of the proposed process. 

Shown below are the first four powers of A in this case, together with 
the corresponding estimates of the inverse, £Wi, and the corresponding 
error matrices, Dl+x , obtained by subtracting Ek-i from the known 
inverse. 

fc A k Ek+i Dk+i 

/0.0 0.8 \ /1.0 0.8 \ /0.923077 0.738462\ 

1 \G.6 0.0 / \0.6 1.0 / \0.553846 0.923077/ 

/0.48 0.00\ /l.48 0.80\ /0.443077 0.738462\ 

1 \0.00 0.48/ \0.60 1.48/ \0.553846 0.443077/ 
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k A* 

'0.000 0.384 \ 

,0.288 0.000 / 

'0.2304 0.0000\ 
,0.0000 0.2304/ 


Ujt+1 


'1.480 1.184 \ 
,0.888 1.480 / 

'1.7104 1.1840\ 
,0.8880 1.7104/ 


Dk+i 

'0.443077 0.354462\ 
,0.265846 0.443077/ 

'0.212677 0.354462\ 
,0.265846 0.212677/ 


Evidently the approximation E i+1 is slowly converging toward the 
true inverse, but additional terms of the power series would be needed 
to provide accuracy even to one decimal place. If we should use as an 
approximation of the inverse, U* = I + A + A 2 + A 3 + A*, the norm 
of the error matrix would be N (D s ) = 0.354462 + 0.212677 = 0.567139. 
Let us see whether this is within the bounds set by (7.2) and (7.3). To 
do this we use .V(A) = 0.8, U(A 4 ) = 0.2304, and N(E t ) = 2.8944. 
Moreover, .V(A S ) < N{A)-N(A*) = 0.18432. 

Using these values in (7.2) we get 0.567139 < 0.9216 < 1.6384 and 
by (7.3) we get 0.567139 < 2.8944 (0.18432)/0.81568 - 0.654050. It 
will be seen that the norm of the error matrix is within the bounds set 
by (7.2) and (7.3). Inequality (7.3) gives a much more useful bound 
than (7.2). 

To get a more useful approximation of (/ — A) -1 we might use (7.5) 
with e = 0.005, assuming that we need to be sure that no dement of 
E m is in error by more than this amount. According to (7.5) we will be 
sure of this much precision, at least, if 


m ^ 


-2.30103 - 0.69897 
-.09691 


< 31, 


so we can be sure of the required accuracy if En is properly computed. 
This would take too long if computed by (4.2), but we find by (7.6) that 

B» = (/ + A) (I + A-)(I + A 4 ) (I + A 8 ) (I + A 16 ). 

The terms. A, A 2 , and A 4 are already available since they were used 
earlier. A s and A 16 are, respectivdy, 

/0.053084 0.000000\ , /0.002818 0.000000\ 

VO.000000 0.053084/ m \0.000000 0.002818/' 

Thus by (7.6) we have 

E /1.0 0.8N/1.48 0.00\/l.2304 0.0000\ 

82 \0-6 l.O/Vp.OO 1.48/ \0.0000 1.2304/ 

/l.053084 0.000000\/1.002818 O.OOOOOON 
* VO-000000 1.053084/ \0.000000 1.002818/ 

= /l.923062 1.538450\ 
\1.153837 1.923062/' 
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Comparing this to the known inverse we find the error matrix, 

D ^0.000015 0.000012\ 

32 \0.000000 0.000015/' 

The norm of the error matrix, *Y(D 52 ) is then 0.000027, which meets 
the proposed standard of accuracy. 

APPENDIX ON UNITS OF MEASUREMENT 

In some limited studies it may be possible and desirable to measure outputs 
in such physical terms as numbers of houses, tons of steel, and bushels of wheat. 
But when attempting to cover the entire economy of a nation such measures of 
physical output become impracticable, simply because of the enormous number 
of commodities and services that are produced. It is necessary to group com¬ 
modities, and the most convenient grouping is by industries. The most con¬ 
venient measure of output is the dollar value of gross sales. This measure has two 
important advantages. First, data in dollar terms for hundreds of industries are 
available in Census reports, in financial statements of corporations, and in 
special studies. Second, dollar value is a universal measure, applying to output in 
any industry, and is additive as between industries. From the computational view¬ 
point also, the important inequality (5.3) holds when the “dollar’s worth” units 
are used. For these reasons most of the statistical work on Leontief matrices 
to date has been based upon dollar value of output, rather than on physical units. 
For similar reasons the y vector, measuring amounts sold to final consumers and 
to exports, has usually been measured in terms of dollar values. 

If, however, some other (“conventional”) units have been used for some of 
the industries (so that not all p x =* 1), it is useful to have formulae for going from 
the “conventional” (tons, bushels, etc.) to the “dollar’s worth” units. 

We have x — Px*> D x = PD* , X = PX*, y » Py*, where asterisks are attached 
to quantities measured in “conventional” units while the corresponding quanti¬ 
ties measured in “dollar’s worth” units are without asterisks. Therefore, if the 
problem is given to us in “conventional” units (i.e., in terms of y * and A*), 
we must solve for x* in (/ — A*)x* « y* where 

A* * X*(D;)-* * (P” 1 X) (P - ' 1 !)*)” 1 - P-'(XDr*)P = 

To do this we compute A «= PA*P~ 1 and invert I — A by methods described in 
the text. We then obtain 

x* - (J - A*)~iy* = [P~HI - A)Pr'y* 

«= P-H* - A)~'Py*. 
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THE BARGAINING PROBLEM 1 
By John F. Nash, Jr. 

A new treatment is presented of a classical economic problem, one 
which occurs in many forms, as bargaining, bilateral monopoly, etc. 

It may also be regarded as a nonzero-sum two-person game. In this 
treatment a few general assumptions are made concerning the behavior 
of a single individual and of a group of two individuals in certain eco¬ 
nomic environments. From these, the solution in the sense of this paper^ 
of the classical problem may be obtained. In the terms of game theory, 
values are found for the game. 

INTRODUCTION 

A two-person bargaining situation involves two individuals who have 
the opportunity to collaborate for mutual benefit in more than one way. 
In the simpler case, which is the one considered in this paper, no action 
taken by one of the individuals without the consent of the other can 
affect the well-being of the other one. 

The economic situations of monopoly versus monopsony, of state 
trading between two nations, and of negotiation between employer and 
labor union may be regarded as bargaining problems. It is the purpose of 
this paper to give a theoretical discussion of this problem and to obtain 
a definite “solution”—making, of course, certain idealizations in order 
to do so. A “solution” here means a determination of the amount of 
satisfaction each individual should expect to get from the situation, or, 
rather, a determination of how much it should be worth to each of these 
individuals to have this opportunity to bargain. 

This is the classical problem of exchange and, more specifically, of 
bilateral monopoly as treated by Cournot, Bowley, Tintner, Fellner, 
and others. A different approach is suggested by von Neumann and 
Morgenstera in Theory of Games and Economic Behavior 2 which permits 
the identification of this typical exchange situation with a nonzero sum 
two-person game. 

In general teims, we idealize the bargaining problem by assuming that 
the two individuals are highly rational, that each can accurately compare 
his desires for various things, that they are equal in bargaining skill, 
and that each has full knowledge of the tastes and preferences of the 
other. 

1 The author wishes to acknowledge the assistance of Professors von Neu¬ 
mann and Morgenstera who read the original form of the paper and gave helpful 
advice as to the presentation. 

•John von Neumann and Oskar Morgenstera, Theory of Garres and Economic 
Behavior , Princeton: Princeton University Press, 1944 'Second Edition, 1947), 
pp. 15-31. 
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natural, therefore, to use utility functions for the two individuals which 
assign the number zero to this anticipation. This still leaves each indi¬ 
vidual's utility function determined only up to multiplication by a 
positive real number. Henceforth any utility functions used shall be 
understood to be so chosen. 

We may produce a graphical representation of the situation facing 
the two by choosing utility functions for them and plotting the utilities 
of all available anticipations in a plane graph. 

It is necessary to introduce assumptions about the nature of the set 
of points thus obtained. We wish to assume that this set of points is 
compact and convex, in the mathematical senses. It should be convex 
since an anticipation which will graph into any point on a straight line 
segment between two points of the set can always be obtained by the ap¬ 
propriate probability combination of two anticipations which graph into 
the two points. The condition of compactness implies, for one thing, 
that the set of points must be bounded, that is, that they can all be 
inclosed in a sufficiently large square in the plane. It also implies that 
any continuous function of the utilities assumes a maximum value for 
the set at some point of the set. 

We shall regard two anticipations which have the same utility for any 
utility function corresponding to either individual as equivalent so that 
the graph becomes a complete representation of the essential features of 
the situation. Of course, the graph is only determined up to changes of 
scale since the utility functions are not completely determined. 

Now since our solution should consist of rational expectations of gain 
by the two bargainers, these expectations should be realizable by an 
appropriate agreement between the two. Hence, there should be an 
available anticipation which gives each the amount of satisfaction he 
should expect to get. It is reasonable to assume that the two, being 
rational, would amply agree to that anticipation, or to an equivalent 
one. Hence, we may think of one point in the set of the graph as repre¬ 
senting the solution, and also representing all anticipations that the two 
might agree upon as fair bargains. We shall develop the theory by giving 
conditions which should hold for the relationship between this solution 
point and the set, and from these deduce a simple condition determining 
the solution point. We shall consider only those cases in which there is a 
possibility that both individuals could gain from the situation. (This 
does not exclude cases where, in the end, only one individual could have 
benefited because the “fair bargain” might consist of an agreement to 
UBe a probability method to decide who is to gain in the end. 
Any probability combination of available anticipations is an available 
anticipation.) 
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Let ui and u 2 be utility functions for the two individuals. Let c(S) 
represent the solution point in a set 8 which is compact and convex 
and includes the origin. We assume: 

6. If a is a point in 5 such that there exists another point 8 in S with 
the property «i(/3) > Ui(a) and u 2 (d) > ih(a), then a s* c(S). 

7. If the set T contains the set 5 and c(T) is in S, then c(T ) = c(S). 

We say that a set S is symmetric if there exist utility operators Ui 

and such that when (a, b ) is contained in S, (fi, a ) is also contained 
in S; that is, such that the graph becomes symmetrical with respect to 
the line ui =» . 

8. If S is symmetric and ui and u» display this, then c(«S) is a point 
of the form (a, a ), that is, a point on the line U\ = u .. 

The first assumption above expresses the idea that each individual 
wishes to maximize the utility to himself of the ultimate bargain. The 
third expresses equality of bargaining skill. The second is more compli¬ 
cated. The following interpretation may help to show the naturalness of 
this assumption: If two rational individuals would agree that c(T) would 
be a fair bargain if T were the set of possible bargains, then they should 
be willing to make an agreement, of lesser restrictiveness, not to attempt 
to arrive at any bargains represented by points outside of the set £ if <S 
contained c(T). If 8 were contained in T this would reduce their situa¬ 
tion to one with S as the set of possibilities. Hence c(S) should 
equal c(T). 

We now show that these conditions require that the solution be the 
point of the set in the first quadrant where % u* is maximized. We know 
some such point exists from the compactness. Convexity makes it unique. 

Let us now choose the utility functions so that the above-mentioned 
point is transformed into the point (1, 1). Since this involves the multi¬ 
plication of the utilities by constants, (1, 1) will now be the point of 
maximum . For no points of the set will + Ut > 2, now, since 
if there were a point of the set with ui + ut > 2 at some point on the line 
segment between (1, 1) and that point, there would be a value of 
greater than one (see Figure 1). 

We may now construct a square in the region «i + u* ^ 2 which is 
symmetrical in the line ui = «s, which has one side on the line ui + u 2 
s 2, and which completely encloses the set of alternatives. Considering 
the square region formed as the set of alternatives, instead of the older 
set, it is dear that (1, 1) is the only point satisfying assumptions (6) 
and (8). Now using assumption (7) we may conclude that (1, 1) must 
also be the solution point when our original (transformed) set is the set 
of alternatives. This establishes the assertion. 

We shall now give a few examples of the application of this theory. 
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EXAMPLES 

Let us suppose that two intelligent individuals, Bill and Jack, are in 
a position where they may barter goods but have no money with which 



Figure 1 


to facilitate exchange. Further, let us assume for simplicity that the 
utility to either individual of a portion of the total number of goods in¬ 
volved is the sum of the utilities to him of the individual goods in that 
portion. We give below a table of goods possessed by each individual 
with the utility of each to each individual. The utility functions used 
for the two individuals are, of course, to be regarded as arbitrary. 




THE BARGAINING PROBLEM 161 

Bill's Utility Utility 

goods to Bill to Jack 

book 2 4 

whip 2 2 

ball 2 1 

bat 2 2 

box 4 1 

Jack* 8 
goods 

pen 10 1 

toy 4 1 

knife 6 2 

hat 2 2 


The graph for this bargaining situation is included as an illustration 
(Figure 2). It turns out to be a convex polygon in which the point where 
the product of the utility gains is maximized is at a vertex and where 
there is but one corresponding anticipation. This is: 

Bill gives Jack: book, whip, ball, and bat, 

Jack gives Bill: pen, toy, and knife. 


When the bargainers have a common medium of exchange the problem 
may take on an especially simple form. In many cases the money equiva- 



Figube 2 Figure 3 


Figure 2—The solution point is on a rectangular hyperbola lying in the first 
quadrant and touching the set of alternatives at but one point. 

Figure 3— The inner area represents the bargains possible without the use of 
money. The area between parallel lines represents the possibilities allowing the 
use of money. Utility and gain measured by money’ are here equated for small 
amounts of money. The solution must be formed using a barter-type bargain 
for which u\ -f u$ is at a maximum and using also an exchange of money r . 
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lent of a good -will serve as a satisfactory approximate utility function. 
(By the money equivalent is meant the amount of money which is just 
as desirable as the good to the individual with whom we are concerned.) 
This occurs when the utility of an amount of money is approximately a 
linear function of the amount in the range of amounts concerned in the 
situation. When we may use a common medium of exchange for the 
utility function for each individual the set of points in the graph is such 
that that portion of it in the first quadrant forms an isosceles right tri¬ 
angle. Hence the solution has each bargainer getting the same money 
profit (see Figure 3). 

Princeton University 



THE ANALYSIS OF OUTPUT UNDER 
DISCRIMINATION 1 

By Edgar 0. Edwards 

"Adjusted concavity” of demand curves as a criterion for comparing a 
firm's output under discriminatory and simple monopoly pricing is 
examined. An alternative criterion, the “slope ratio,” is developed and 
its relation to the problem of output change under discriminatory pricing 
is explained. The relationship of the two criteria is set forth and a graph¬ 
ical presentation of both is given for comparative purposes. Finally, a 
simple illustrative problem is attacked using the two alternative criteria. 

SUMMARY 

A theoretical exploration of the problems created by discriminatory 
pricing involves a determination of the effect of this pricing system on 
the output of a firm as compared with the output achieved under simple 
monopoly pricing. Under which pricing system will a larger output be 
sold? 

The concept of “adjusted concavity” presented by Mrs. Robinson 2 
was meant to clarify this problem and to provide a criterion for its solu¬ 
tion. Its usefulness has been handicapped, however, by the fact that 
the concept has been explained only in mathematical terms with little 
or no use of visual or verbal methods. It is possible, however, to derive 
an alternative criterion that can be as easily explained graphically and 
verbally as mathematically. 

If the total output sold at discriminatory prices in two markets is 
to be different from that sold at a simple monopoly price, the increase 
in the output sold in one market must not be equal to the decrease in 
output in the other market. Thus, the problem resolves itself into deter¬ 
mining the relative sizes of these changes. For there to be a change in 
the quantity sold in any one market, the marginal revenue derived 
from the quantity sold in that market at the simple monopoly price 
must be different from the marginal cost of the total output sold at that 
price. The institution of discriminatory pricing will effect an equation 
of the marginal revenue derived in each market to marginal cost as well 
as to each other. 

Under certain simplifying assumptions it can be shown that the size 
of the change in output in each market will depend on (1) the gap, at 
the simple monopoly price, between the marginal revenue in that mar¬ 
ket and marginal cost and (2) the rate at which the marginal revenue 
curve changes with changes in quantity (its slope). 

11 am indebted to Professor Fritz Machlup who turned my attention to the 
problem and made valuable suggestions for its solution. 

* Joan Robinson, The Economies of Imperfect Competition, London: Macmillan 
and Co., 1933, 352 pp. 
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Bearing in mind that the relative sizes of the changes in output are 
the sole concern in this problem, these two determining factors can 
be resolved into a simple “slope ratio J ,, dp/dm , and a comparison of the 
value of the slope ratio in one market with its value in another can 
determine, along with the elasticities of demand, whether total output 
will increase or decrease as a result of the substitution of discriminatory 
pricing for simple monopoly pricing. 

The slope ratio bears a simple relationship to adjusted concavity and 
both can be measured and applied graphically. However, the directness 
with which the slope ratio can be derived and used should make the 
teaching, the understanding, and the use of this part of the theory 
of price discrimination a great deal easier with no loss of precision. 

INTRODUCTION 

Mrs. Robinson included in her book a detailed exposition on the 
analysis of problems involving price discrimination. This presentation 
marked a great advance toward a clear understanding of such problems, 
particularly where the question is raised as to the effect on the volume 
of production. In deciding in what direction total output will change 
when a system of discriminatory prices replaces a simple monopoly 
price, Mrs. Robinson leans heavily on the concept of adjusted con¬ 
cavity. 3 This concept, for whose mathematical derivation Mrs. Robin¬ 
son gives credit to Mr. R. F. Kahn, is not presented graphically nor is 
it clarified by words in Mrs. Robinson’s book. Yet it is the key to an 
understanding of that pricing method which will yield the larger out¬ 
put under any given set of circumstances. 

The concept of adjusted concavity is important primarily in problems 
involving price discrimination between two or more independent mar¬ 
kets. Mrs. Robinson has shown that “total output under discrimina¬ 
tion will be greater or less than under simple monopoly according as 
the more elastic of the demand curves in the separate markets is more 
or less concave than the less elastic demand curve.” 4 A firm which has 
sufficient monopoly power and can sell a product in different and segre¬ 
gated markets is in a position to practice price discrimination. The 
problem of how the output of a firm would be affected when, instead 
of a simple monopoly price, the firm charges a pair (or set) of discrimi¬ 
natory prices is important to society as well as the individual firm. A 
better understanding of the criterion advanced by Mrs. Robinson 
should permit specific problems of price discrimination to be more easily 
and clearly analyzed. 

p. 40, footnote 3. 

4 Ibid., p. 190. The theorem is analytically proven in footnote 2, p. 193. 
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In this note an attempt will be made to clarify the concept of adjusted 
concavity by (1) reviewing Mrs. Robinson’s exposition of it, (2) inde¬ 
pendently deriving a criterion applicable to this price discrimination 
problem, (3) reconciling this criterion with adjusted concavity, and (4) 
presenting a simple method of graphical measurement. 

We shall find it easier to deal with the concept if a few limiting as¬ 
sumptions are made. These assumptions are: 

(a) All demand curves are everywhere continuous and differen¬ 
tiable. 

(b) Any demand curve which is concave (or straight or convex) 
remains so throughout the relevant range. 

If either or both of these assumptions are removed, adjusted con¬ 
cavity is not a reliable tool of analysis. For simplicity in presentation 
we shall also assume that there are two separate and independent mar¬ 
kets and that the total revenue curve in each market has one, and only 
one, maximum. 


THE CONCEPT AS DEVELOPED BY MRS. ROBINSON 

Attention must first be directed to the original exposition of ad¬ 
justed concavity. Mrs. Robinson advances as her only word picture of 
the concept the following explanation f 

The relevant property of the curve, which makes it in this sense more or 
less “concave,” is the rate of change of the slope (at the simple monopoly 
price) multiplied by the elasticity (at the simple monopoly price, multi¬ 
plied by the square of the simple monopolist’s output in the separate 
market. 


If p = f(x) is an equation of demand and c denotes adjusted con¬ 
cavity, then the elasticity of demand is —f(x)/zf(x) and Mrs. Robin¬ 
son’s concept can be stated mathematically as follows f 


( 1 ) 


c 


-fix) 


xfix) 

fix) ' 


This equation is not identical with Mrs. Robinson’s earlier definition 
that “xj"ix')/f(x) may be regarded as a measure of the adjusted con¬ 
cavity of the average curve.” 6 7 Here 


( 2 ) 


. - */”(*) 
fix) ' 


6 76id., p. 193. 

* Ibid., p. 193, footnote 2. It should be noted that Mrs. Robinson prefers to 
treat elasticity of demand, «, as positive. 

7 Ibid pp. 40-41, footnote 3. 
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The values for adjusted concavity obtained from these two definitions 
will always be opposite in sign; and, unless the curve is a straight line 
so that f"(x) = 0, they will be numerically equal only where f(x) = 1. 
As Mrs. Robinson uses them—to compare the adjusted concavities of 
two curves at the same price—both concepts are equally efficient. How¬ 
ever, as equation (2) is mathematically a simpler equation and as it is 
more easily reconciled with the concept developed below, we shall 
accept it as the mathematical definition of adjusted concavity. 

MODIFICATION OF THE CONCEPT 

While it is possible to derive directly from the mathematical defini¬ 
tion of adjusted concavity a ratio that can be graphically applied, the 
independent development of such a ratio should aid in understanding 
both its usefulness and its limitations. 

Figure 1 is a graphical representation of the effect on output in each 
market when a firm decides to charge a separate price to each market 
rather than one simple monopoly price to both. 8 The demand curve in 
market I is designated by Di , that in market II by D n , and the curve 
obtained by summing the individual demand curves horizontally (the 
aggregate demand curve) is designated by D A . The price charged under 
simple monopoly, XP = OL, is found by locating the point of inter¬ 
section, K, of marginal revenue in the aggregate market to marginal 
cost. Marginal cost, M.C., is here assumed to be constant for exposi¬ 
tions! purposes. [Rising or falling marginal costs would not affect the 
direction of the change in total output (should a change occur) but only 
the magnitude of such a change.] 9 We shall also assume that tangents 
drawn to the marginal revenue curves at points R and T will, within 
the relevant ranges, approximate the curves to which they are drawn. 10 
We wish to find a simple criterion for deciding whether, when price 
discrimination replaces a simple monopoly price, the increase in output 
in the more elastic market (market I) is greater or smaller than the 
decrease in output in the less elastic market (market II.) 11 

The size of the increase in output in market I, (AB), depends upon 
(a) the amount by which the value of marginal revenue in market I 
must decrease before equaling marginal cost, i.e., the perpendicular 
distance RA, and (b) the rate at which it decreases, i.e., the cot a, 

•The graph is similar to one found in Robinson, p. 191. 

•See Robinson, pp. 194 and 195. 

10 In essence, this assumption implies that the distances, AR and FT, in Fig¬ 
ure 1 are very small and therefore that the demand elasticities of the two curves 
are very nearly equal. This assumption, made also by Airs. Robinson (p. 193, 
footnote 2), is further examined in footnote 15 of this paper. 

11 The elasticities can be quickly judged by comparing the ratios, p/(p — m). 
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the reciprocal of the absolute value of the slope of the marginal revenue 
curve in that market. We have, therefore, 

(3) AB = RA (cot a) = — RA • ( dx/dm)j, 

where ( dx/dm)i denotes the reciprocal of the slope of the margin al rev¬ 
enue curve in market I at the quantity sold in that market under the 



simple monopoly price. It can similarly be shown that the size of the 
decrease in output in market II depends on the necessary increase in 
marginal revenue and the rate at which it increases. Thus, 

(4) HF = TF (cot 0) — —TF ■ (dx/dm)u . 
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Hence, the size of the increase (decrease) in the more elastic market 
(less elastic market) is larger (a) the larger the gap, at the simple monop¬ 
oly price, between marginal revenue in the individual market and 
simple monopoly marginal cost, and (b) the smaller (numerically) the 
slope of the marginal revenue curve at the quantity sold in the indi¬ 
vidual market at the simple monopoly price. 

In order to simplify equation (3) we may eliminate the term RA . 
Since RA/2AG = RPi/LPi = — (dp/dx)i , we have RA = —2 AG 

• (dp/dx)i . Substituting this value in equation (3), we have 

(5) AB = 2 AG • (dp/dm )!. 

Similarly, simplifying equation (4) we obtain 

(6) HF = 2 CF • (dp/dm) a . 

As the distances AG and CF are equal, 12 the ratio of AB to HF, which 
determines the relative changes in output, can be written 

/ 7 ) AB __ (dp/dm) i 

K J HF (dp/dm)u 

Therefore, when (dp/dm)i > (dp/dm)n at the simple monopoly 
price and market I is the more elastic market, the increase in output 
(AB) in that market will be greater than the decrease in output (HF) 
in the less elastic market, and total output will increase with price 
discrimination. The ratio, dp/dm, which can be called the “slope ratio,” 13 
can be used in lieu of adjusted concavity to determine the relative 
changes in output in separate markets when discriminatory prices are 
charged rather than a simple monopoly price. 

In terms of the slope ratio our criterion becomes: Total output under 
discrimination will be greater (less) than under simple monopoly if the 
slope ratio at the simple monopoly price in the more elastic mark et is 
greater (less) than that in the less elastic market. 

THE SLOPE RATIO AND ADJUSTED CONCAVITY 

What is the relationship of the slope ratio, dp/dm, to adjusted con¬ 
cavity, xf"(x)/f(x)? The slope ratio, dp/dm, can be written (dp/dx) 

• (dx/dm). It is the slope of the demand curve divided by the slope of the 
m a rgi nal revenue curve. We have, therefore, 

II For proof see Robinson, p. 191 f. Briefly, in Figure 1, LPj + LP n =» LP by 
definition. Also JG -f JC - JK, But JK * IP, Therefore AG « CF. 

II I am indebted to Professor Fritz Machlup who has used the term “slope ra¬ 
tio 1 * in an unpublished manuscript. 
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dp _ fix) _ 1 

dm xf"(x) + 2f(x) xf'(x),’ 

m + “ 

and 


( 8 ) 


dp _ 1 

dm c + 2' 


It will be noted that these two terms move in opposite directions. 
Mrs. Robinson’s “more concave” means that the value of adjusted 
concavity is algebraically less. The slope ratio, however, is algebraically 
greater the “more concave” the curve. However, as both measures, the 
slope ratio and the adjusted concavity, contain the same combination 
of variables, they are equally efficient when used to determine the rela¬ 
tive sizes of changes in output caused by charging discriminatory prices 
instead of a simple monopoly price. 


GRAPHICAL MEASUREMENT 

Can the slope ratio, dp/dm, be easily measured graphically? Figure 
2 contains a demand curve and its marginal revenue curve with lines 
drawn tangent to each at the price OL which is assumed to be the 
simple monopoly price in problems of price discrimination. We shall 
first prove that our modified measure, the slope ratio, is represented 
graphically by the ratio AL/AB in Figure 2. 

Designating the slope ratio by s, we have 

_ slope of demand curve _ dp dx 
slope of marginal revenue curve dx dm' 

Now dp/dx = CL/LP at the price OL, and dx/dm = AM/AB. But 
CL = PM = AL and LP = AM, so CL/LP = AL/AM. Hence 


(9) 


dp _ AL 
dm AB ' 


This ratio is easily applicable to any graphical problem. 

It remains to show that a graphical ratio is also available as a measure 
of adjusted concavity. As was shown before, dp/dm = l/(c + 2). 
Solving for c, and letting s = dp/dm, c = (1/s) — 2. As dm/dp = 
1/s = AB/AL, c = AB/AL — 2. But as AC/ AL is always equal to 
2, we can write c = {AB — AC)/AL = —BC/AL. In general, then, 


( 10 ) 


BC 
C = 3Z’ 



170 


EDGAR O. EDWARDS 


where the value is negative when B lies below C (as in Figure 2), zero 
when B and C coincide, and positive when B lies above C. In contrast, 
the slope ratio is normally positive, its value being greater than f for 
concave curves, equal to § for straight lines, and less than \ for convex 
curves. 14 



Figure 3 illustrates the application of the two ratios to different types 
of curves. Four markets are shown and in each the simple monopoly 
price, OL, is the same. Therefore, any two of the markets can be as¬ 
sumed to be individual markets in a price discrimination problem. The 

14 In applying adjusted concavity graphically it must be remembered that 
Mrs. Robinson’s “more concave” means that the value of adjusted concavity is 
algebraically lees. 
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values of the dope ratio, designated by s, and adjusted concavity, c, 
are shown in each market. 

j^The elasticities of demand in markets II and III are equal at the 
simple monopoly price [the ratio, p/(p — m), has the same value in 






Figure 3 

each market at the simple monopoly price] so when these two markets 
comprise the total sales possibilities of the firm, total output will re¬ 
main unchanged should the firm decide to discriminate. Nor will the 
prices charged or the quantities sold in the individual markets change, 
for the marginal revenue in each market is equal even under simple 
monopoly pricing to marginal cost. The difference between the con¬ 
cavities of the two curves is therefore unimportant. 
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If we compare market I and market III (or any concave curve with 
a convex curve), the concavity of the demand curve of market I is seen 
to be greater than that of market III because > $m (or Ci < c nj ). 
li the more concave curve is also the more elastic (as in our example), 
total output will be increased under price discrimination. 

Using the values of the slope ratios, market I can be compared with 
market IL It is seen that total output will decrease under price dis¬ 
crimination for while the demand curve in market I is more elastic 
[the ratio, p/(p — m), at the simple monopoly price is greater in market 
I than in market II] it is also less concave (si < Sn). Markets III and 
IV can be similarly analyzed . 15 

The Johns Hopkins University 

15 The assumption referred to in footnote 10 that the marginal revenue curves 
can be approximated by their tangents requires further consideration for it is 
not reasonable to assume that the changes considered here will be truly infini¬ 
tesimal. 

If both marginal revenue curves are concave from above, the approximation 
used will understate the increase in output in one market and overstate the de¬ 
crease in output in the other market. Therefore, if according to the comparisons 
of the elasticities and slope ratios total output should increase under discrimina¬ 
tion, we can be confident that the assumption discussed here will not cause error. 
If, however, the comparisons tell us output should decrease, the correctness of 
this statement is less certain the larger the respective changes in output. Similar 
reasoning can be applied to the case where both marginal revenue curves are con¬ 
vex from above. 

Where the curves have opposite concavities the straight line approximations 
cause no error. (See Robinson pp. 192-193 and p. 40.) 
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The Econometric Society held its American summer meeting at the 
University of Colorado in Boulder, Colorado, August 29-September 2, 
1949, in conjunction with the meetings of the American Mathematical 
Societ}-, the Mathematical Association of America, and the Institute 
of Mathematical Statistics. The total number registered was approxi¬ 
mately 700. The sessions of the Econometric Society were open to all its 
members as well as to members of the other organizations and were well 
attended. Participation in individual sessions ranged from 30 to over 300. 

The program was arranged by a committee consisting of George 
Ivuznets, University of California, Berkeley (chairman); R. L. Ander¬ 
son, University of North Carolina; Andrew T. Court, General Motors 
Corporation; Morris E. Garasey, University of Colorado; Nicholas 
Georgescu-Roegen, Yanderbilt University; Charles Hitch, The RAND 
Corporation; Lawrence R. Klein, National Bureau of Economic Re¬ 
search; William B. Simpson, Cowles Commission for Research in Eco¬ 
nomics (exofficio); and Jacob Wolfowitz, Columbia University. 

Abstracts of the papers presented at the Boulder meeting are included 
in the present report and in the Report of the Symposium on Mathe¬ 
matical Training of Social Scientists which also appears in this issue. 
The abstracts are indexed below by speakers in order to facilitate sub¬ 
sequent reference. 
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Mgrglnstern, Oskar and Max A. Woodbury: Stability of Inverses of Input- 

O.itpnt Matrices . 190 
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CONTRIBUTED PAPERS 

Morning and afternoon sessions on Monday, August 29, were devoted 
to contributed papers on econometrics. Harold Hotelling of the Univer¬ 
sity of North Carolina served as chairman for the morning session and 
Harold T. Davis of Northwestern University served as chairman in the 
afternoon. 

Utility Analysis of Decisions Affecting Future Well-Being , Tjalling C. 
Koopmans, Cowles Commission for Research in Economics and The 
University of Chicago. 

Utility analysis of consumer’s choice is based on a complete ordering 
(admitting indifference as well as preference) of the objects of choice. In 
static analysis the objects of choice are bundles of commodity flows, that 
is, vectors x of which the nonnegative components x% , x s , • - • , x n , • - • , 
Xx , are rates of consumption of specific commodities, supposed constant 
over an indefinite period. The intent of this analysis is to treat preference 
and opportunity as separate data of the choice problem. The opportunity 
is defined as a set Q of bundles x given as being accessible to the choosing 
individual. Best choice is confined to that subset Qo of Q (which often is 
a single bundle xo of Q) such that choice between any two bundles x, y in 
Qo is indifferent, while no bundle z in Q outside Qo is preferred to any 
bundle in Qo - The opportunity set is a linear subspace if the individual 
buys at constant prices from a given income. 

A frequently discussed dynamic generalization of this analysis is ob¬ 
tained by adopting as the objects of preference ranking sequences 
X =■ {*(1), jr(2), * • • , x(T)} of bundles z(t) of flows which remain 
constant only within each future time segment (for each value of t) 
considered. This formulation of the object disregards the desire for post- 
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ponement of decisions not yet called for by circumstances. It burdens the 
analysis with an amount of detail regarding alternatives in a distant 
future such as never sways the decisions economic analysis is concerned 
with. Furthermore, since it does not allow consideration of assets, the 
end-of-period position (at time t = T + 1) cannot be taken into account, 
and the arbitrary length T of the period considered will affect the choice 
which is predicted by the analysis. 

These objections can be overcome by adopting as the objects of pref¬ 
erence ranking sets S of sequences X of bundles x(t) of flows x n (t) with 
the following understanding regarding later choice within the set. A 
set S of such sequences is called ^uniform if the values x(l), x(2), • • • , 
x(t) of the first t vectors are the same for all sequences X in S. We apply 
the preference ranking only to 1-uniform sets >Si. Any such set Si can 
be exhaustively decomposed into nonoverlapping subsets S 2 which are 
2-uniform, by combining into the same Sz all those sequences for which 
x(2) has some given value. The individual knows that his choice of Si 
at time t = 1 commits him to make a further choice of a 2-uniform subset 
S 2 of Si at time t = 2 (if there is more than one & in Si). S« again 
partitions into 3-uniform subsets S s , between which further choice is 
required at time t = 3, etc. The preferability of postponement of choice 
is expressed by the following postulate: If St = S f t + 37 is ^uniform 
for some t gs 1, then the individual will rank S t at least as high as, and 
often higher than, either S' t or . 

While in principle all 1-uniform sets Si are assumed subject to prefer¬ 
ence ranking, the sets contained in the opportunity set Q of sets Si may 
be thought of as given by market anticipations, in the simplest case by 
single-valued anticipations of future commodity prices and of incomes 
derivable from specific occupational efforts. Assets can then be entered 
in the utility function as representative of the sets of consumption se¬ 
quences they give access to, through direct enjoyment, resale and pur¬ 
chase of other assets or consumption flows, alternatively or in succes¬ 
sion, subject to later decision. By introducing end-of-period assets as 
representing the anticipated level of well-being for t ^ T + 1 for the 
individual or his heirs, the designation of the period of analysis T repre¬ 
sents only a decision of the analyst as to how much of future consumption 
to introduce explicitly, how much to leave implicit in assets—and thus 
need not affect the choice predicted by the analysis. 

Consumer financing adds to well-being because it gives access to the 
flows of services associated with possession of durable consumers' goods 
at an earlier time than would otherwise be possible at the same rate of 
saving. Compulsory pension plans diminish welfare to the extent that 
they prohibit the use of accumulated savings (while safeguarding princi¬ 
pal by proper depreciation allowances) for gaining access to the services 
of durable consumers’ goods. 
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Optimal Investment of a Firm , Jacob Marschak, Cowles Commission 
for Research in Economics and The University of Chicago. 

Notations, definitions, assumptions. 1. Use Latin capitals for random 
variables. Denote the vector of assets held by a firm by a = [a g ] = 
(ai , ■ • • , a«), and its profit by F as Y(a ). Then, at a = 0, F = 0; 
and write dY/da g = Y g , d 2 Y/da g dah = F„a , to, ft = 1, •• • , n). 
Expand F = ^a g Y g + + •••. Write SF = m r ; 

§(F — p r ) 2 s* ; SF ff ss =s the mean of the marginal profitability of 
the < 7 th asset; its variance and covariances are S(F a ~ q g ){Yj l — q h ) = 

(g, h = 1, - • • , n). 

2. Assume that complementarity Y g h = const. y gh , (g, ft = 
1, • • • , n). Then the profit function F(a) is approximately characterized 
by the vector [q g ] and the two matrices |( q gh ||, || y 0 h l|. 

3. Effective utility function u{Y) = Vv[ui(Y)\ where U\(Y) s= profit 
after taxes, and is the subjective utility function. 

4. Expand v = Su(Y) = w(m r ) + 2 + ••• . Hence 

approximately, for y given, dm Y /dm YY = — %u"(m Y )/u'(m Y ) = p a mft 
aversion. (If u = u i7 p — tax progressivity; if u = u^, 2p = flexibility 
of marginal utility of profit , multiplied by profit) 

5. Rational behavior: maximize i> subject to constraints such as (in 
a simple case)S^Pff = * (borrowing limit), where p Q are constant prices. 

Problem I. Find desirable properties of assets, p > 0, and, by (5), 
p a is proportional to dv/da g and therefore, by (4), also to the quantity 
(q g "V^jyghah — 2p^2q gh ai). Hence high values are desired for q g , y gh , 
y og , —q a h , —. Examples: comparisons between insurance companies 
and specialized and diversified investment trusts and producers. 

Problem II. Let X = X(a) ss the firm’s physical output. In the 
national interest, maximize &X by choosing an appropriate profit-after- 
tax schedule, Ui(Y) s provided the expectation of tax revenue has a fixed 
level, c. 

Simplifying assumptions: u = Ui for any F; n = 2; 0 < a± = risky 
plant; 0 < < 2 * = riskless bonds. X = X(af), X r (af) > 0; F = aiFi + 
a\ynJ2 + 02^2 approximately, where yn, yz, and the mean and variance 
of Fi are known. Put pi = pa = 1. Then by (5), 

(«) ai < ft, 

08) Su[F(ax)] ^ €w[F(a?)] for any a* , 0 < a* ^ ft. 

To find a function u that maximizes a t (and hence X ), subject to (a), 
08), and subject to 

( 7 ) §[F- w(F)] -c, 

is a problem in the calculus of variations. A solution was given for a 
quadratic tax schedule admitting negative taxes, and with u( 0) = 0. 
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Instead, some or all of the following conventional constraints upon the 
tax schedule might be used: for Y > 0, u < F, 0 < u r < 1, u" < 0; 
and for Y < 0, u(Y) - F. 

Problem III. Let Y iT) = sequence of profits in r years, 0 through r — 1. 
Generalize Problem I by substituting Y (t for Y (t = “horizon”/, and by 
redefining a as a matrix of decision functions (‘‘strategy”) a s 
|| a* (r) [F <r) ] ||, where g = 1, •••,»; r = 1, • • - , f. The best value of a 
will depend on parameters [q g ], q g h , ' y 0 h [defined in (2) and prop¬ 
erly generalized] and on additional asset properties, viz. the mutual 
conversion costs (illiquidities). 

Problem IV. Same as Problem III, but the parameters just mentioned 
are not known in advance. The materialized sequence Y T) serves as a 
statistical sample of growing size. 

The Producer's Cost Function, Roxald W. Shephard, New York Uni¬ 
versity. 

G. C. Evaxs 1 has made certain interesting dynamic studies of the profit 
maximization of a single producer and C. F. Roos 2 extended this formula¬ 
tion for the competition of several producers. For these analyses the 
economics of production is described by a cost function that is taken to 
depend only on the rate of output. Generally, the cost function con¬ 
ceivably depends also upon the prices of the factors of production, and 
its definition should be consistent with a formulation in terms of produc¬ 
tion functions. This consideration suggests a mathematical study of the 
relationship between cost and production function. 

The production function is taken of the form 

(1) U = $(xi , x*, • • • , x n , 2 l , zn, • • • j 

where U is output per unit time and x t , Zh are independent amounts per 
unit time of capital and labor factors, respectively. On the basis of 
a heuristic principle that at any time t for arbitrary U and prices p», w* 
the quantities x t , zt are adjusted so that the cost rate 

n i 

(2) q - 2 PtXi + 2 awft 

i i 

is a minimum , the producer's cost function is defined to be of the form 
q = Pi ,•••, pn ,«’!,•••, iffz) by the relations 

(3) x=£_ -E?- J*- 

1 Griffith C. Evans, Mathematical Introduction To Economics , New York: 
McGraw-Hill, 1930,177 pp., and “The Dynamics of Monopoly,” American Mathe¬ 
matical Monthly , Vol. 31, February, 1924, pp. 77-81. 

* Charles F. Roos, “A Mathematical Theory of Competition,” American Jour¬ 
nal of Mathematics , Vol. 47, July, 1925, pp. 163-175. 
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for minimum cost together with (1). The mathematical properties of 
q(U, pi , • ■ • , p», Wi , • • • , wi) are investigated and a dualistic relation 
is found between cost and production function. One may be derived from 
the other by polar reciprocal transformation, a relationship suggested 
by the notions of support plane, support function, and distance func¬ 
tion in the theory of convex bodies. This mathematical relationship is 
particularly important for statistical studies of cost and production 
function. 

A class of production functions called homothetic, defined by 

(4) ^ = ’ *' ‘ » Xn ’ 2l » ‘"' > Zl ^ 

or f(U) = cr(xi , • • • , x n , Zi , • • • , zi), 

where <r is a scale function, homogeneous of degree one, is considered. 
It is shown that homotheticity is a necessary and sufficient condition 
for the cost function to be of the form 

(5) q = /(L>X(pi, • • • , p», wi , • • • , wi), 

where X is a scale function of the prices of the factors of production. 
Except for a multiplicative constant, f{U) is Evans’ cost function, and 
in these terms the dynamic studies of Evans and Roos may be generalized 
in a straightforward way. 

The functions X and a are shown to be essentially index numbers of 
price and quantity of the factors of production, and a special representa¬ 
tion of them is displayed which is susceptible of easy statistical estima¬ 
tion of the parameters involved and leads to a mathematical definition 
of the Cobb-Douglas production function for the special case when 

m = u. 

In terms of linear constraints upon x ,, Zk the assumption of indepen¬ 
dent factors may be relaxed and this more general situation reduced pre¬ 
cisely to the foregoing analysis by suitable elimination of variables in (2) 
and redefinition of prices in this reduced form. 

The Stationary Theory of the Firm, Paul W. McGaxx, Operations 
Evaluation Group, Massachusetts Institute of Technology. 

This paper was designed primarily to review the types of tide relations 
appropriate for analyzing the theory of the firm by relative maximization 
under stationary conditions (known patterns of change over time). 

The analysis began with the simplest static case and developed ap¬ 
propriate tide relations for increasingly complicated situations. The static 
cases covered were those of multiple outputs, multiple markets, multiple 
plants, multiple stages of production, multiple production functions, 
nonprice competition, and nonologopoloid competition. The most in- 
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teresting feature is the importance of identity side relations in these 
cases (e.g., the total amount of an output sold equals the sum of the 
amounts sold in each market). 

Stationary analysis involved in addition dynamic identities relating 
stocks and flows, both of which enter as variables. Types of stock variables 
treated were receivables, fixed assets, inventories, cash (under no risk), 
marketable securities, and liabilities. Foregone return, discounting over 
time, and “maintenance” had to be taken into account. 

A brief indication was made of the extension of this rather traditional 
form of analysis to cases of risk, uncertainty, changing external condi¬ 
tions over time, and oligopoloid competition. Inevitably this involved 
shifting emphasis from profit maximization to utility maximization by 
sole proprietorships and to group welfare maximizations by partner- 
ships and corporations. Even briefer remarks were directed toward the 
problems of incorporating the theory of games into the theory of firms 
operating under circumstances where the "payoff surfaces” of the players 
are only roughly estimated and where there is the major problem of 
estimating what other players’ payoff surface estimates are when statis¬ 
tical research is costly and external conditions continually change the 
basic theoretical payoff surface. 

Risk Allowances for Price Expectations, Paul B. Simpson, Oregon 
State College. (The complete paper will be published in a subsequent 
issue.) 

Methods of Solution in Game Theory, Melvin Dresheb, The RAND 
Corporation. 

Consider the two-person zero-sum game, with a finite number of strate¬ 
gies, described by the payoff matrix A = a,, t ', where a,/ represents 

the payment to player I if he chooses strategy i — 1 , 2, ■ • • , m and 
player II chooses strategy j — 1, 2, • - • , n. Let the column matrices 
X, Y represent mixed strategies of players I and II, respectively, where 
the components x,, y, of the respective matrices are the probabilities of 
the corresponding strategies. Then there exists a pair of mixed strate¬ 
gies X*, F* such that 

min X*'AY = max X'AY* = i>, 

r x 

where X' is the transpose of X. X*, Y* is said to be a solution of the 
game having a value, c. 

li there exists a solution X*, Y* such that A Y* = vl and A’X* = cl, 
where 1 is the column matrix all of whose components are unity, then 
X*, Y* is a simple solution of the game. A necessary and sufficient condi- 
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tion that a game described by a square, nonsingular matrix A have a 
simple solution is that all the components of 

* _ (AT 1 1 y* _ A~'l 
v (AT 1 1 * i'A-n 

be nonnegative. Thus, if a game has a simple solution, it is readily ob¬ 
tained. 

If a game does not have a simple solution, it can nevertheless be 
solved by examining square submatrices for simple solutions. Every 
solution of a game A is a convex linear combination of a finite number 
of basic solutions and every basic solution is derived from a simple solu¬ 
tion of some square nonsingular submatrix of A. Thus to obtain all 
basic solutions we need to examine each square nonsingular submatrix 
of A for a simple solution. Having obtained a simple solution of the 
submatrix, we introduce zero components for the remaining rows and 
colum n s of A , and test whether the full vectors X, Y solve A, i.e., 
whether 


w m 

max 2 anyj = min T • 

i i-i / <-i 

If X, Y solves A then it is a solution of A and the value of the game is 

It is frequently possible to reduce the size of the game matrix by 
simple d om i nan ce considerations. If a row is dominated by some other 
row or by some convex linear combination of rows, then the dominated 
row may be el im inated from the matrix. If a row dominates some convex 
linear combination of other rows, then some one of them may be elim¬ 
inated. Similarly, we may eliminate columns. In general, reduction by 
d ominanc e may lose some solutions. However, reduction by strict 
dominance retains all solutions. 

If a game matrix is m by 2, it can be solved graphically in two dimen¬ 
sions. Using triaxial coordinates we can solve an m by 3 game matrix 
graphically and also in two dimensions. If the game matrix is very large 
it is possible to solve it by an iterative process which requires only addi¬ 
tion and the location of maxima, and minima, —at each step the method 
chooses for each player a strategy which is best against the opponent's 
mixture cumulated to date. 

The solution of games having a continuum of strategies is very diffi¬ 
cult and methods exist only for a few special classes of payoff functions. 
If the payoff, M(x, y) 7 is continuous and convex in y for each then the 
value of the game is v =» min# max® M (x 7 y). Player II has pure strategies 
which are optimal—every y which minimizes max® M(x, y). Player I has 
optimal strategies which are generally mixed—they make use of all X 
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such that M (X, F) = v, where T is any pure strategy which is optimal 
for player II. 

If the payoff H(x, y) is a polynomial in each variable then it is possible 
to reduce the solution of the game problem to the solution of certain 
systems of equations—linear in some cases, nonlinear in the remaining. 


SYMPOSIUM OX MATHEMATICAL TRAINING FOR 
SOCLAL SCIENTISTS 

On Tuesday morning, August 30, a symposium was held jointly with 
the Institute of Mathematical Statistics and the Mathematical .Associa¬ 
tion of America on the general topic of mathematical training for social 
scientists. Jacob Marschak of the Cowles Commission for Research in 
Economics served as chairman. A report of this symposium appears else¬ 
where in this issue. 


STATISTICAL INFERENCE IN DECISION MAKING 

Sessions on statistical inference in decision making were held jointly 
with the Institute of Mathematical Statistics on Tuesday afternoon and 
Wednesday morning, August 30 and 31. The chairmen of the meetings 
were Jerzy Neyman of the University of California and Abraham Wald 
of Columbia University, respectively. The following papers were pre¬ 
sented: 

Decision Functions , Aryeh Dvoretzey, Hebrew University of Jerusa¬ 
lem and the Institute for Advanced Study. 

This paper constitutes the introductory address in the sessions on Sta¬ 
tistical Inference and Decision Making. Thus its aim is to introduce and 
explain the main concepts and problems encountered in the modem 
general theory of decision functions. 

After indicating the decision-making character of statistical problems, 
the main ideas of the general decision theory—as developed primarily 
by A. Wald—are introduced through the consideration of the following 
simple problem. 

We are given an urn containing (in unspecified numbers) coins of n 
varieties. The probability of tossing heads with a coin of the fth (i = 1, 
2, • • • , n) variety is p,-. A coin is drawn from the urn and tossed J: times. 
On the basis of the outcomes of these tossings it is required to decide to 
which variety the drawn coin belongs. 
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In accordance with Wald’s concept of weight function, penalties due 
to incorrect decisions are introduced. In the case treated here these are 
given by an n by n matrix of nonnegative elements with zeros along the 
main diagonal. The nonstatistical case k = 0 (no observations) is treated 
first. Here the game-theoretic features of the problem (in the von Neu¬ 
mann sense) are particularly clear. The role of randomized strategies and 
the minimax principle are discussed and the concepts of expected loss, 
Bayes solution, admissible solutions, complete class of solutions, minimal 
solution, and least favorable distribution are introduced. The case k = 1 
is treated next, and here the preceding concepts with “solution” replaced 
by “decision-rule” or “decision function” are again encountered. The 
role played by randomization is shown to become less and less marked 
as the number of observations, increases. 

The various concepts introduced above are then interpreted in more 
general situations. Ultimately, again following Wald, it is shown how to 
take into account also the cost of experimentation and, indeed, to treat 
fully the problem of design of experiments. Thus the statistician can 
grapple not only with the problem of what decision to make on the basis 
of given data but also with the problem of deciding (also sequentially) 
about the collecting of these data, i.e., the scheme of experimentation. 

Some Recent Results in the Theory of Statistical Decision Functions , 
Abraham Wald, Columbia University. 

An outline of the basic ideas and results of a recently developed theory 
of statistical decisions is given in this paper. Let X = {Xi} (i = 1, 2, 
• * • , ad inf.) be a sequence of chance variables. The joint distribution 
F of X is assumed to be unknown. It is known, however, that F belongs 
to a given class Q of distribution functions. There is a space D given 
whose dements d represent the possible decisions that can be made by 
the statistician. By experimentation we mean making observations on 
the chance variables X h Xs, • * • , etc. A decision rule S is a rule for carry¬ 
ing out experimentation and making a decision d at the termination of 
experimentation. 

There is a weight function W(F, d) given which denotes the loss 
suffered by the statistician when F is the true distribution of X and the 
decision d is made. Let c(xi, • • • , Xm) denote the cost of experimentation 
if experimentation consists of m observations and a:,* is the observed value 
of X^ The expected value of the loss TF(F, d) and the expected cost of 
experimentation depend only on the true distribution F and the decision 
rule B adopted by the statistician. Let r(F, B) denote the sum of these 
two expected values. The quantity r(F, S) is called the risk when F is 
true and the decision rule B is adopted. If and 5a are two decision rules 
such that r(F, S x ) ^ r(F, B%) for all F, and r(F, Si) < r(F, $*) for at least 
one F, we shall say that Si is uniformly better than 5*. 
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A certain convergence definition is introduced in the space A of ail 
decision rules 8 and it is shown that under very mild restrictions the 
space A is compact. The risk function r(F, 8) is shown to have certain 
continuity and semicontinuity properties. 

Let £ be a probability measure in G (defined over a suitably chosen 
Borel field). A decision rule 8o is said to be a Bayes solution relative to 

£ if Alin jj(P t 5)d£ = ^r(F, 5 0 )<f£. A decision rule 8y is said ro be a 

minimax solution if Sup r(F } 5 0 ) g Sup r(F, 8) for all 8. A class C of 

p p 

decision rules 8 is said to be complete if for any 8 not in C there exists a 
decision rule 8* in C such that 8 * is uniformly better than 5. 

Existence theorems and various results concerning Bayes and mini- 
max solutions are given. A number of results concerning complete classes 
of decision rules are also obtained. It is shown, among other things, that 
under some mild restrictions the class of all Bayes solutions is complete. 

Remarks on a Rational Selection of a Decision Function . Herman 
Chernoff, University of Illinois. 

According to the Wald formulation of the theory of decision functions 
many problems in the theory of statistics reduce to the problem of 
selecting a strategy or decision function from several available strategies 
when all that is known of the state of nature is that it is one of a given 
set of states of nature. For each strategy and each state of nature there 
corresponds a payoff (in utility). Several criteria which have been tenta¬ 
tively suggested in the past for selecting “good” strategies are seen to 
have shortcomings. Since a criterion for selecting strategies should have 
certain properties of rationality and consistency, a list of such properties 
is set forth as a set of axioms to be obeyed by a “rational criterion.” For 
the case when there are two possible states of nature it is seen that a 
rational criterion must consist of maximizing the average payoff, i.e., 
assuming that each unknown state of nature has an a priori probability 
of one-half of being the true state of nature. 

The Role of Personal Probability in Statistics , L. J. Savage, The 
University of Chicago. 

The basic theoretical problem of statistics may be formulated as that 
of finding satisfactory rules for acting in the face of uncertainty. Modern 
work on this problem has been strongly conditioned by the tendency of 
modem statisticians to countenance no other than the frequency defini¬ 
tion of probability. While these efforts, culminating in Wald’s theory of 
minimum risk, have in some ways been remarkably successful, they 
seem ultimately (at least to some) to lead to insurmountable obstacles. 

It is the purpose of this paper to suggest that these obstacles may be 
bypassed by introducing into statistical theory a probability concept, 
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which seems to have been best expressed by Bruno de Finetti, 1 possibly 
side by side with the frequency concept. According to de Finetti, plausi¬ 
ble assumptions about the behavior of a “reasonable” individual faced 
with uncertainty about future events imply that he associates numbers 
with the events, which from the purely mathematical point of view are 
probabilities. These personal probabilities are in principle measurable by 
experiments which may be performed on the individual either by him¬ 
self or by others, and their interpretation is such as to make clear (in 
view of tiie von Neumann-Morgenstem theory of utility) how the indi¬ 
vidual should act in the face of uncertainty. 

The theory compares unsatisfactorily with others (in particular Wald’s 
theory of minimum risk) in that it does not predict or, speaking norma- 
tively, demand the process of deliberate randomization. It seems to me 
that both Wald’s and de Finetti’s theories are incomplete descriptions 
of what statistical behavior is and should be, and that we may look for¬ 
ward to their unification into a single more satisfactory theory. 

Complete Classes of Decision Functions for Some Standard Sequential 
and Nonsequential Problems , Milton Sobel, Columbia University. 

Tbis paper was devoted to the derivation of complete classes of decision 
procedures for standard sequential and nonsequential problems. The risk 
function employed in all these problems was a simple one, i.e., the loss 
is one for a wrong decision and zero for a correct decision and the cost 
c[n{x)\ of taking n observations equals k-n(x) for a given constant fc. 

For example, in one of the sequential cases concerning a binomial 
chance variable X such that P{X = 1} = p and P[X = 0} = 1 — p, 
the problem of testing H 0 :p g po against Hiip > p 0 was considered. It 
is assumed that there is given an open interval Z: (pi, pa) containing po 
which acts as an indifference zone, i.e., if the true p is in Z, then either 
decision, Ho or H i, is correct. Let d n denote the number of ones in n 
observations. It is shown that every Bayes solution has the following 
property. For each n there exists an interval I n :[di(ri), <fe(n)] such that 
the Bayes procedure is to continue taking observations until d n falls 
outside i». If n = M is the first time this happens, then we accept Ho or 
H h respectively, according as d u < di(il/) or d M > d 2 (M). The set of all 
such decision procedures forms a complete class for this problem, i.e., 
for any decision procedure not in this class there exists another in the 
class which is uniformly better in the sense of a smaller risk function. 

A s i mil ar result was shown for a normal chance variable with unknown 
mean 6 and known variance and for a Poisson chance variable with un- 

1 See Bruno de Finetti, “La Provision: ses lois logiques, ses sources subjectives,” 
Paris University Institute Henri Poincart, Annales , Vol. 7, 1937, pp. 1-68, and 
earlier articles by the same author. 



REPORT 


185 


known mean 0. In each of these cases the hypothesis tested is Hold 6 q 
against the alternative HiiB > Bo- The result is the same as tha t above 
except that d n is replaced by x n , the mean of the first n observations. 
Several nonsequential problems were also considered. 


USE OF CROSS-SECTION DATA 

Theodore W. Anderson of Columbia University was the chairman of 
a session on Tuesday, September 1, devoted to papers on the use of 
cross-section data. George M. Kuznets of the University of California 
served as discussant for the papers presented at the session. 

Problems and Methods of Sampling for Economic Data, J. F. Daly, 
Bureau of the Census. (This paper was read by Eli S. Marks.) 

Although we cannot, without knowing independently the very number 
we are trying to estimate, determine the exact error of a result based on 
a sample, we can often set practical bounds on the error to be expected 
from a sample survey by using the theory of probability. In order to 
justify the use of probability theory for measuring the expected accuracy 
of a sample survey, however, it is not enough merely to assume that the 
theory applies. Fortunately, it is possible in many important cases to set 
up a sample survey on the basis of techniques which are known through 
experience to produce results which obey the theory of probability. Such 
techniques reduce essentially to selecting cards from a file by tossing a 
coin, rolling a die, or using a table of random numbers. 

Even when samples are drawn from a list by the use of random num¬ 
bers or by other techniques which are known to obey the laws of proba¬ 
bility, the amount of variability to be expected in the characteristics of 
the various possible samples depends on the size of the samples and on 
the detailed techniques of drawing them. Thus, for example, if we can 
divide a list of business establishments into subclasses (strata) in such a 
way that there is on the average less difference in total sales between 
establishments in the same class than between establishments in different 
classes, and if we select independent samples of the proper size from each 
of these classes or strata, we can make the possible samples drawn in this 
way have less variability on total sales than samples of the same total 
size drawn without regard to stratification. 

Similarly, if we have data about the universe we may use it in the 
estimation procedure instead of in the sampling procedure to reduce the 
variability of the possible sample estimates without destroying their 
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dependence on the laws of probability. The use of available universe 
data, either in the sampling process in the form of stratification or in the 
estimation process in the form of ratio or regression estimates, is par¬ 
ticularly important in surveys of economic data, where the variability 
of more straightforward sample estimates based on a simple random 
sample is likely to be too great to be tolerated. 

In conclusion, a word needs to be said about the notion of sampling 
bias. The bias of a sample estimate may be defined roughly as the differ¬ 
ence between the number being estimated and the average value of the 
estimate of this number based on a long series of samples drawn under 
the same conditions. The problem of reducing or eliminating biases aris¬ 
ing from errors of measurement is sufficiently important to deserve a 
separate paper in its own right, and will be left to a later speaker. It 
should be noted here, however, that a biased estimate may sometimes 
be more accurate on the average than an unbiased estimate based on the 
same data, for the relative accuracy of the estimate depends on both 
sampling variability and bias. If the bias is small compared to the 
sampling variability, the contribution of the bias to total sampling error 
is much smaller than the bias itself. 

The Use of Survey Data in Econometric Studies , Clifford Hildreth, 
Cowles Commission for Research in Economics. 

In estimating parameters of economic relations there is great need for 
combining cross-section and time series data. Either type of data by 
itself has deficiencies, some of which can be lessened by their joint use. 
Time series data, for example, nearly always provide the investigator 
with a small sample. Changes of structure in economic models and 
changes in definitions of tabulated variables insure this. In addition some 
variables, say general level of education of the public, change so slowly 
over time that time series data may contain little information about the 
influence of such variables on economic behavior. 

Other variables, say prices of easily transported commodities, would 
vary little in a cross-section study. Cross-section data are ordinarily 
collected by surveys which are expensive and through which it is usually 
difficult to get observations on a complete set of economic variables. 
Interviews are limited in time and for some variables response error may 
be large. Thus, a study which made use of both types of data could be 
expected to yield better estimates of parameters. 

In addition to the possibility of using both types of data in a single 
investigation, there is the possibility of comparing results of cross-section 
studies with time series results to verify them or improve judgments 
about the reliability of the results. This raises the question of compara¬ 
bility of results. In the past, it has sometimes been possible to show that 
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investigators using different types of data have not really estimated the 
same parameters. 

A natural way to insure comparability of results of cross-section and 
time series studies or to conduct a study using both types of data is to 
start by constructing an economic model that accounts for the distri¬ 
bution of the endogenous variables both over individuals and over time. 
If statistical specifications are then derived from the same basic economic 
model, results should be comparable. A simple example of such a model 
was presented and sample equations for use in cross-section and time 
series studies were derived. 

Derivation of aggregate equations was simple in the model used be¬ 
cause the equations explaining individual behavior were assumed to be 
linear in the variables. Thus the variables that entered aggregate equa¬ 
tions were the sums of the variables in individual equations (i.e., popula¬ 
tion totals) and these are ordinarily compiled by data-gathering agencies. 
It was pointed out, however, that other assumptions about the form of 
the individual equations would lead to aggregate equations containing 
variables not ordinarily compiled. Klein, 1 for example, considered indi¬ 
vidual production functions linear in the logarithms of the observed 
variables and derived aggregate equations in the geometric means of the 
variables in the individual equations. The speaker considered the case 
of quadratic functions in the individual equations. These led to the 
appearance of variances and covariances or sums of squares and cross 
products in the aggregate equations. These are usually not observable in 
a time series study but in special cases the investigator might be willing 
to make special assumptions that would permit the substitution of other 
variables for the nonobserved variances and covariances. 

If the variances and covariances are assumed to be smooth functions 
of time of specified algebraic form, then functions of time could be sub¬ 
stituted in the aggregate equations. To assume that frequency distri¬ 
butions of the individual variables changed from year to year by a scale 
factor only would make it possible to express variances and covariances 
in terms of squares and cross products of the observed sums of the indi¬ 
vidual variables. Economists have sometimes made an assumption of this 
sort when they have assumed that the same Lorenz curve described the 
distribution of personal incomes for a number of years. If assumptions 
such as the above are made, it is desirable to have cross section data for 
enough time periods to provide at least a rough check of the assumptions. 
Professor Marschak has pointed out that government agencies frequently 
estimate population totals from cross-section data and then publish only 
the estimated totals. Publication of frequency distributions or moments 
of them would make special assumptions like those above unnecessary. 

1 "Remarks on the Theory of Aggregation,” Econombtsica, VoL 14, October, 
1946, pp. 303-312, 
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Financial Surveys Among Consumers—Their Purposes and Methods , 
George Katona, Survey Research Center, University of Michigan. 

The paper deals with three major questions that confront economic 
surveys. The answers to the questions are derived from the Surveys of 
Consumer Finances conducted by the Survey Research Center for the 
Federal Reserve Board. 

1. What kinds of data are collected? (a) Micro-economic financial data, 
(6) data on attitudes toward economic matters, and (c) combinations of 
(a) and (&). 

Answer (a) raises the question of aggregates vs. individuals. This leads 
to the discussion of the central problem of social psychology: only indi¬ 
viduals behave and not groups, but individuals behave differently 
according to the group to which they belong. We are not interested in 
individuals as such but in homogeneous groups of individuals. Micro- 
economic data consist of frequency distributions and of characteristics 
of homogeneous groups. 

Answer (&) raises the question of measurability. Habits, attitudes, 
motives, expectations are intervening variables that are not directly 
observable but are measurable by studying the relation of changes in 
environment to changes in behavior. In psychology the concept “dy¬ 
namic” does not mean simply “taking time lags into consideration,” but 
also means considering forces, drives, answers to the question “Why?” 
Intervening variables may show whether observed correlations reflect 
cause-effect relationships. The psychological variables are not exogenous. 

(c) Since it is meaningless to speak of the average motive to save or 
the average price expectation, the relationship between attitudes and 
financial data is analyzed by determining the financial position or the 
behavior of groups that have the same attitudes (e.g., the rate of saving 
of those who expect their income to increase greatly). 

By making one survey, we obtain data concerning the situation at a 
given time. By making several successive surveys, we obtain time series 
of (a), (6), and (c). 

2. Why are we interested in these data? (a) To complete the analysis of 
what has happened and to assess recent past and current development. 
An increase of the aggregate national income by 10%, for instance, may 
mean different things and may have different effects according to 
whether all families, the majority of families, or the minority of families 
had an income increase. Similar considerations make data on the distri¬ 
bution of incomes, liquid asset holdings, amounts saved, etc., necessary. 

(&) To study the functional relationship between different variables 
and to test hypotheses about consumer behavior. It is not enough to 
tabulate the relationship, for instance, between income changes and 
saving. The question is, “Under what circumstances does increase in 
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income and increase in saving, under what circumstances increase 
in income and decrease in saving, etc., occur?” 

3. What kinds of methods are used? (a) Sampling. Probability sampling 
was discussed in Mr. Daly’s paper. (b) Interviewing. Personal inter¬ 
views; open-ended questions; extensive probing and collecting data on 
relationships; pitfalls of single direct questions; advantages of obtain¬ 
ing financial and attitudinal data in the same survey for purposes of 
building rapport, (c) Errors. Sampling errors, reporting errors, non¬ 
response errors, and their relative importance for single surveys and 
for time series. 


* * * 

RIETZ MEMORIAL LECTURE 

No session of the Econometric Society was scheduled on Thursday 
afternoon, September 1, in order to permit attendance at the Rietz 
Memorial Lecture sponsored by the Institute of Mathematical Statistics. 
Jerzy Xeyman of the University of California, Berkeley, discussed 
Consistent Estimates of the Linear Structural Relation in the General Case 
of Identifiability . 


* * * 

LINEAR PRODUCTION PLANS 

Linear Production Plans was the subject of the concluding session of 
the Society, held Friday morning, September 2. L. J. Savage of The 
University of Chicago was chairman and Tjalling C. Koopmans of the 
Cowles Commission for Research in Economics offered a prepared dis¬ 
cussion. 

Linear Programming and the Theory of Games , A. W. Tucker, Prince¬ 
ton University. 

Solution of a maximum problem in linear programming, such as (1) 
below, is dual to solution of a minimum problem (2), and together they 
are equivalent to solution of a problem in two-person zero-sum games 
(3). Thus, given an m by n matrix A, an m-vector 6, and n-vector c, and 
letting 5 denote a scalar, x a variable n-vector, u a variable m-vector 
(vectors being one-column matrices unless transposed by the accent ')> 
any one of the following three statements can be shown to imply the 
other two: (1) 6 is the maximum value attained by the linear function 
c'x subject to the inequalities Ax g 6, x £ 0; (2) 5 is the minimum value 
attained by the linear function Vu subject to the inequalities A'u ^ c, 
u ^ 0; (3) the two-person zero-sum game with the m + 1 by n + 1 pay¬ 
off matrix 
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has game-value zero and op timal (or good) mixed strategies for both 
players in which the pure strategies corresponding to the last row and 
last col umn occur with positive probabilities (see von Neumann and 
Morgenstem, The Theory of Games and Economic Behavior ). 

One generalization is to replace c' by a k by n matrix C, 8 by a fc-vector 
d y and a simple maximum by a maximum in the sense of partial order. 
Then d becomes an “efficient point” in the sense of T. C. Koopmans. 
Another generalization is to allow the restrictions to consist partly of 
equalities rather than wholly of inequalities, as with Koopmans’ “inter¬ 
mediate products.” 

Other relations between linear programming and game theory are 
known. Solution of a game with payoff matrix A and positive game- 
value corresponds to maximizing the sum of the components of x subject 
to the inequalities 4x S 1, x g 0, and minimizing the sum of the com¬ 
ponents of u subject to the inequalities A'u ^ 1, u ^ 0. Also, G. W. 
Brown and G. B. Dantzig have found that (1) and (2) above are equiva¬ 
lent to solving a game whose payoff matrix can be arranged in the 
following skew-symmetric form: 

"0 A —if 
— A' 0 c . 

V -o' 0_ 

These matters were discussed at the Linear Programming Conference 
held by the Cowles Commission at The University of Chicago, June 20- 
24,1949. The details are to be published in a forthcoming Cowles Com¬ 
mission Monograph on this subject. 

The Stability of Inverses of Input-Output Matrices, 1 Oskar Morgen- 
stern and Max A. Woodbury, Princeton University. 

Input-output matrices are based on observations that are naturally 
afflicted with errors. It is important to investigate quantitatively the 
extent to which their inverses are affected by variations in the quality 
of the information. This problem has to be approached empirically at 
first for large matrices in view of the limited experience that exists in 
handling such matrices. Therefore, two 18 by 18 input-output matrices 
have been inverted, the second differing from the first in only 42 places 
by at most 2 per cent of the respective entries. This percentage is very 

1 Research under contract with Office of Naval Research. 
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much smaller than the correction for errors that would have to be taken 
into account, and indications are that the errors vary widely from one 
field to another. But for the sake of simplification the small , uniform 
percentage was chosen. 

The inverses prove to be highly stable; this is attributed to the fact 
that the matrices differ but little from the identity matrix. It is an open 
question whether this fact adequately represents the great interdepend¬ 
ency of economic activities, i.e., whether original data of far superior 
quality would not produce input-output matrices with a much smaller 
number of zeros. Therefore, new data collections, now in progress, may 
result in the establishment of matrices of less convenient type. 

The stability of inverses must not be interpreted as proving stability 
of the economy. It is merely an indication how, and to what extent, 
errors in the given matrix carry over into its inverse. The investigation 
contributes, therefore, to an evaluation of the prognostic value of input- 
output tables in linear programming and similar applications. 

Dr. Max A. Woodbury has investigated some mathematical aspects 
of these problems and has determined bounds for the ratio of the norms 
of changes in the original and inverted matrices. He also has obtained 
further general results which prove useful in application. A paper, read 
on his behalf, is abstracted below. 

Certain results on the relation of the inverses of two slightly different 
input-output matrices are studied and explained (an output-input ma¬ 
trix is the inverse of an input-output matrix), viz. the tendency for the 
inverted matrices to differ in the same places as the original matrices 
with changes of about equal magnitude but of opposite sign to the 
original changes. This tendency is a consequence of the fact that input- 
output matrices and hence their inverses, the output-input matrices, 
differ only moderately from a unit matrix. 

Some related results are also obtained, namely a bound for the ratios 
of the norms of the changes in the original and inverted matrices (thus 
related to the stability of the inverses of the matrices) and a method for 
obtaining the exact difference between the inverse of two matrices that 
differ only in certain rows. An explicit formula is given for original ma¬ 
trices differing only in one row. Specifically, if a and r a are two matrices 
and A and '.4 are their inverses, then 


_ 1 . A VA - A) 

(1 + S)(l + IX) ^ X('a - a) * 


(i + 2A)(i + 


where X(b) = where 

i 

D, = max (, -.4,„ — '), JDj = max (j 'A t , — 5„ |) 

p « 
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and 

d% * max (j Q{p “ S{p |), d, — max (| “ S<,j |)« 

f t 

Further, if the matrices a and 'a differ only in the rth row, then 

'Ah = Ay - L Adth A k )j /(l + J^Aa,tA^j, 

which generalizes the result of Sherman and Morrison (Annals of Mathe• 
maticd Statistics, Abstract, Vol. 20, June, 1949, p. 317). 



THE MATHEMATICAL TRAINING OF SOCIAL SCIENTISTS 

Repoet of the Boulder Symposium 

A symposium on The Mathematical Tr aining of Social Scientists was 
held at Boulder, Colorado, on Tuesday, August 30, 1949, as part of 
the American summer meeting of the Econometric Society. The Institute 
of Mathematical Statistics and the Mathematical Association of America 
joined with the Econometric Society in sponsoring this symposium, and 
the attendance exceeded 300. Jacob Marsc hak of the Cowles Commission 
for Research in Economics organized the session and served as its 
chairman. 

At the conclusion of the symposium, the following motion, advanced 
by George Kuznets of the University of California, Berkeley, was adopted 
by unanimous vote of those present: 

Members of the Mathematical Association of America, the Institute of 
Mathematical Statistics, and the Econometric Society, assembled in a 
joint session in Boulder, Colorado, on August 30,1949, are of the opinion 
that officers of these societies should study the need for better mathe¬ 
matical training of social scientists, and the ways and means to improve 
mathematical preparation of social scientists, and that such a study may 
be most effectively conducted by a joint committee, possibly in coopera¬ 
tion with other interested societies, and in close touch with the Social 
Science Research Council, the National Research Council, or other na¬ 
tional bodies concerned with general education and research. It is sug¬ 
gested that this committee report the] results of its deliberations at the 
next joint meeting of the original participating societies. 

In accordance with the above provisions, the following have been 
named to a study committee by the original sponsoring organizations: 
William Madow, University of Illinois (chairman); T. W. Anderson, 
Jr., Columbia University; Frank L. Griffin, Reed College; Leonid Hur- 
wicz, University of Illinois; Jacob Marschak, Cowles Commission for 
Research in Economics; E. P. Northup, University of Chicago. Sponsor¬ 
ship of the c ommi ttee will be broadened by the inclusion of additional 
organizations, each of which will name members to the committee. It 
is expected that progress reports of the work of the committee will be 
made in 1950, and that the final report will be presented at the meetings 
in September, 1951. 

Statements by participants in the symposium, in somewhat abbrevi¬ 
ated form, are given below. They are included in the index of the Boulder 
Meeting appearing on page 173. 
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The Mathematical Training of Social Scientists , Frank L. Griffin, 
Reed College. 

The 1930 committee of the Social Science Research Council 1 construed 
its problem as somewhat different from, and in a sense broader than, the 
one which is the subject of this symposium, which, I take it, is the train¬ 
ing of professional social scientists. The committee had that in mind, but 
gave most of its thought to the mathematics needed by students of the 
social sciences who may take only a few courses in this field. This large 
and important group of students does not need much technical pro¬ 
ficiency in the use of mathematics. They will not be producers of mathe¬ 
matical work in the field and do not need a producer’s command of 
mathematics. They do, however, need to be competent consumers. 

By surveying the mathematics actually used by social scientists in 
their publications, the committee was able to compile a minimum list 
of the topics of which a general student of social science would need to 
have a clear understanding if he were to work with maximum effective¬ 
ness in his field. The list included: 

(1) Logarithms. Common logarithms; numerical computation; com¬ 
pound interest and annuities; Napierian logarithms. 

(2) Graphs (as a tool in the study of tabulated data). Plotting on ordi¬ 
nary and logarithmic papers; measurement of slopes and areas; graphical 
determination of maxima and minima; mean values; representation of 
three-variable relationships by means of three-dimensional diagrams and 
contours. 

(3) Interpolation. By reading ordinary or logarithmic graphs; by propor¬ 
tional parts; by successive differences. 

(4) Equations and forms of curves. Basic mathematical functions, their 
graphs, and the characteristic properties of the variations represented 
straight lines; parabolic and hyperbolic curves; exponential and logarith¬ 
mic curves; logistic curves; sine and cosine curves. 

(5) Probability . Combinations, binomial theorem, elementary prob¬ 
ability; the normal probability curve—its form, table, and equation; 
probability and frequency distributions; probability and time series. 


1 Editob’s Note —In 1930 the Social Science Research Council appointed a 
committee, with H. R. Tolley as chairman, to report on Collegiate Mathematics 
Needed in the Social Sciences. The report was presented in 1932, first to the Social 
Science Research Council, and then to the Mathematical Association of America, 
and appears in Econometric a 3 Vol. 1, April, 1933, pp. 197-204. Professor Griffin 
served as a member of that committee, in addition to spending six months in 1931 
under the auspices of the Social Science Research Council interviewing European 
economists and biologists who had been using mathematics in their writings. 
Other material in Econombtrica related to the use of mathematics in the social 
sciences, particularly economics, includes: Ragnar Frisch, “Editorial,” Vol. 1, 
January, 1933, pp. 1-4; Joseph Schumpeter, “The Common Sense of Econometrics, 
Vol. 1, January, 1933, pp. 5-12; Irving Fisher, “Mathematical Method in the 
Social Sciences, Vol. 9, July-October, 1941, pp. 1S5-197; and the two Letters to 
the Editor cited in the footnote on page 205 of this symposium. 
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(6) Elements of differential and integral calculus. The significance of a 
derivative as a limit, as a rate or slope, as a frequency, etc.; the differen¬ 
tial as an approximate increment; formulas for differentiating elementary 
mathematical functions, as a *, log u, sin u y cos it, ui , ar v; partial differen¬ 
tiations; procedure for determining maximum and minimum values; 
integration as the reverse of differentiation; relation between integration 
and summation; multiple integration. 

(7) Curve fitting (mathematical principles). Plotting tabulated values, 
their logarithms, reciprocals, etc., to ascertain whether the tabulated 
points lie on a curve of simple form; determination of the curve through 
such points, or selected points within the scatter-diagram or chart; the 
method of least squares or other methods for obtaining the constants of 
curves of best fit. 

The committee emphasized that illustrative material from the social 
sciences should be used freely, and the concepts and processes should be 
presented in such a manner as to make clear their application in the 
social sciences and provide a basis for recognizing their applicability or 
nonapplicability in particular problems. The report went into some detail 
on this phase of the course. It also urged that special effort should be 
made to acquaint the student with mathematical expression and reason¬ 
ing as a mode of thought; and to cultivate a critical attitude in scrutiniz¬ 
ing assumptions and the uses made of assumptions. 

The committee deemed a course embracing such a list of topics to be 
not only a generally needed equipment for the effective undergraduate 
study of social science but also a desirable forerunner for courses in 
statistics which, being freed from the numerous excursions into purely 
mathematical preliminaries now commonly necessary, could devote 
themselves to a more mature treatment of statistics proper. 

With respect to the training of many professional social scientists, 
especially in some branches of economics, the committee recognized that 
much mathematical knowledge was needed beyond the recommended 
general introductory course in mathematics and the following courses 
in statistics. It mentioned explicitly further calculus and the theory of 
probability, but failed to note the coming importance of familiarity with 
matrix or vector algebra and with such more advanced ideas as appear 
in recent works on cybernetics and the theory of games. For many pro¬ 
fessional social scientists, however, the more elementary courses would 
provide adequate orientation and equipment. This would probably be 
true, the committee believed, for most historians and for many sociolo¬ 
gists, political scientists, and psychologists. Is it not true that many 
specialists in such fields are little more than laymen in theoretical eco¬ 
nomics? (I suspect that the techniques of econometrics are, and must 
continue to be, outside the range of competence of most social scientists.) 
For such laymen in parts of social science, as well as for the many stu¬ 
dents who take only a few undergraduate courses, the committee’s 
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recommended courses still appear to be reasonably adequate if supple¬ 
mented by very elementary matrix theory. I would, however, include a 
brief discussion of alternative postulational systems which give rise to 
rival systems of doctrine, with convenient illustrations in the non- 
Euclidean geometries. Such a discussion is an eye-opener for virtually 
all students and is a powerful antidote for dogmatic tendencies. 

The 1932 report concluded with two general suggestions: (1) that 
further study of the problem with particular reference to the specific 
needs of the different social sciences and the coordination between courses 
in mathematics and the different social science disciplines is highly de¬ 
sirable; and (2) that interested institutions be encouraged to proceed 
with the development of courses in mathematics designed primarily to 
meet the needs of students in the social sciences. The holding of this 
Symposium is a step toward carrying out the first of these suggestions, 
and it is highly desirable that something can be done about the second. 

As to the latter, however, it is not easy to be optimistic. With few ex¬ 
ceptions mathematicians are notably conservative with respect to the 
organization of their courses. Thus skepticism as to the practicability of 
treating so broad a range of topics in an introductory course of six to 
nine semester hours, and apprehension lest students who took such an 
introductory course should subsequently find themselves inadequately 
prepared for higher courses, have continued in spite of the notable suc¬ 
cess which at least one college has experienced with such a course for the 
past 38 years. Success will come only from a persistent well-organized 
campaign by social scientists to have courses set up which will be de¬ 
signed to meet the mathematical needs of their students, and, among 
other things, in the words of the Social Science Research Council presi¬ 
dent who appointed the 1930 committee, “to make it possible for social 
science students to get the little calculus they do need, without a frightful 
lot of calculus they do not need.” The effort should be made, 
energetically l 

Suggested Mathematical Curricula , George M. Kuznets, University 
of California, Berkeley, 

The need for mathematical training of students in the social sciences 
arises from both theory and statistics. However, with the exception of 
economics (psychology a poor second) the lack of mathematical prepara¬ 
tion is at present felt most keenly in connection with statistics rather 
than theory and it is this need which must be met in the immediate 
future. 

Accordingly, it would seem to me that the undergraduate curriculum 
of students in the social sciences should include as a minimum the follow¬ 
ing courses: (a) a two-semester survey course dealing mainly with the 
elements of calculus, sprinkled liberally with examples and problems 
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taken from statistics and the social sciences; (b) a one-semester course 
in elementary probability. These courses should be taken before elemen¬ 
tary statistics and theory (at least in economics); the latter offerings 
should be revised to take into account the background provided in (a) 
and (b). 

The mathematical training of those intending to do serious work in 
the social sciences should go very considerably beyond the courses indi¬ 
cated above. It is now becoming possible to acq uir e a fair background 
in function theory at the undergraduate level. (At Berkeley three semes¬ 
ters of function theory and two semesters dealing with methods of attack¬ 
ing mathematical problems are offered to juniors and seniors.) The 
possibility of training in serious mathematics, without a heavy initial 
investment of time and effort in what might be called tec hni cal or manip¬ 
ulative mathematics, is of great significance to students in social sciences. 
I feel that it is precisely this kind of mathematics that is needed for a 
development of useful theory in the social sciences and a more s killf ul 
use and appreciation of statistical tools of analysis. 

Mathgrnatical Training Necessary for the Research Worker in the Social 
Sciences , Harold Gulliksen, Educational Testing Service. 

As a m i nimum program for the mathematical training of the research 
worker in the social sciences, I would suggest: 

(1) Basic training in mathematics through differential equations . It may 
be that some of the topics usually included in differential equations or 
among the preparatory courses could be eliminated. A panel of mathe¬ 
maticians and mathematically trained social scientists would be needed 
to determine the exact topics which might be eliminated in shortening 
this basic mathematical training. 

(2) Special training in the development and function of mathematical 
models. This would be both a survey of models already developed and 
drill in the development of new models by students. The course should 
begin with well-established mathematical models in the physical sciences, 
such as Newton’s laws of motion, field theories in electricity and mag¬ 
netism, and possibly some theorems in mathematical biophysics. This 
material would help the student to obtain an appropriate understanding 
of mathematical models. The course could continue with mathematical 
models in the social sciences, such as have been developed in the psy¬ 
chology of learning, the field of social behavior (N. Rashevsky, J. Q. 
Stewart, G. K. Zipf), and epidemic theory (Lowell Reed). A one-year 
course with a prerequisite of differential equations would probably be 
the minimum that would be useful here. 

(3) Statistics . One or two years including correlation theory and ele¬ 
mentary analysis of variance. This work should emphasize the testing of 
the agreement between the mathematical model and the data. That is 
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to say, it should emphasize the finding of nonsignificant rather than 
significant differences. 

(4) The theory and logic of measurement . This would be a one- or two- 
year course concerned with the basic logic of measurement, including 
modem developments in scaling methods, psychophysics, and probably 
work in test theory. 

(5) Special courses should be arranged in each social science to give 
the students additional mathematics, statistics, or applications par¬ 
ticularly relevant for his own field of specialization. 

Since general recommendations coming from the National Research 
Council or the Social Science Research Council would probably secure 
more attention from university administrators, I feel that we should 
seriously consider the desirability of recommending to one or both of 
those organizations that they consider and report in a very general way 
on the topic of mathematical training appropriate for social sciences. 
Such a general recommendation should then be followed by concrete 
recommendations made by a joint professional group for the different 
s pecial fields. 

Needed Steps in the Mathematical Training of Social Scientists, Harold 
Hotelling, University of North Carolina. 

The mathematics used in economics has grown rapidly to include not 
only elementary calculus but also differential equations, difference equa¬ 
tions, calculus of variations, higher branches of geometry, and matrix 
algebra. To an even greater extent economics, and the other social 
sciences as well, use statistics. Efficient sampling and full utilization of 
available data call for modem statistical methods whose f ull under¬ 
standing and satisfactory development require the use of some really 
advanced mathematical tools, and may shortly involve every known 
branch of mathematics. 

The mere user of the results of social science, or ordinary citizen, may 
to some extent take on faith the results obtained with the help of mathe¬ 
matics he cannot understand, though it is notoriously harder to get him 
to accept expert opinion in the realm of economics, in which every Truyn 
tends to fancy hims elf proficient, than, say, in physics or bridge design. 
Likewise some economists and other social scientists may take on faith 
the statistical methods and the contributions to such subjects as the 
incidence of taxation and the optimum rate of exploitation of exhaustible 
resources made by mathematics they cannot understand. But it is more 
likely that social scientists unacquainted with the necessary mathematics 
and therefore unable to follow die derivations will either ignore or mis¬ 
understand the conclusions, and will misuse statistical methods. 

The social sciences will not be in a satisfactory state until the special¬ 
ists in them know a good deal more mathematics than at present. This 
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will be possible for any considerable numbers in coming generations only 
if fairly drastic reforms are first made in teaching of mathematics. One 
such reform is the introduction into mathematical textbooks of a few 
more examples drawn from the social sciences, such as those involving 
min i mum cost, maximum profit, and consumers 5 surplus in elementary 
calculus, and the application of the calculus of variations to maximizing 
discounted profit over a period of time, as in Fite’s Advanced Calculus. 

The principal reform needed, however, is the pushing of the mathe¬ 
matical program down into lower levels in the schools, together with im¬ 
provements in the mathematical knowledge of the teachers. The 
practicability of this is amply demonstrated by experience in numerous 
European countries, where students entering the university at the age 
of eighteen have had a substantial course in calculus. Moreover, many 
interesting topics usually reserved for graduate students specializing in 
mathematics can be put into forms in which they will be received en¬ 
thusiastically by quite young children, as was illustrated by Professor 
Edward Kasner’s success in teaching differential geometry in a New 
York kindergarten. A young economist should have his differential 
equations behind him, not ahead of him, when he is trying to get a grip 
on the foundations of economics. 

To bring about the needed reform in the teaching of mathematics will 
require teachers and textbook authors who know more of mathematics 
and its complications. The change in mathematical accomplishments of 
teachers will in practice be possible only with a change in licensing re¬ 
quirements to stress mathematics, even though this means sacrificing 
some of the repetitious courses in “education” now required of prospec¬ 
tive teachers. 

Suggested First Steps in Mathematical Economics , William Jaffe, 
Northwestern University. 

One of the reasons for the relatively slow progress made thus far in 
rendering the application of mathematics to economics more attractive 
in academic curricula is our failure to develop an appropriate introduction 
to the study. Most discussions dealing with the question concern them¬ 
selves with the items that should be included in courses in mathematics 
for economists or in courses on mathematical economics. We hear an 
infinite series of urgent recommendations of what students “ought to 
know.” Where the group of discussants is large enough, voices are raised 
as at an auction sale, each out-bidding the other in the esoteric refine¬ 
ment of his specific offering. The bidders are too often those whose in¬ 
terest lies principally in the heuristic function of the mathematical 
method. From their special point of view, the advice of research workers 
is valuable. But we must not lose sight of another function of the method, 
and that is its didactic function. However reluctant we may be to descend 
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to this lower order of consideration, we must acknowledge that to neglect 
it altogether is to defeat our purpose: the mathematical training of social 
scientists. 

When I speak of an introduction, I am not using the term as Bowley 
does, when apparently without facetious intent he calls his Mathematical 
Groundwork of Economics “an introductory treatise.” Having come 
rather late myself to a realization of the import of mathematics in rela¬ 
tion to economics, I was inveigled by Bowley’s sub-title into seizing upon 
his book to start me off, only to throw up my hands in utter despair at 
the first page. I then discovered such helpful devices as Irving Fisher’s 
Infinitesimal Calculus , Leseine and Suret’s Introduction MathSmatique d 
VEtude de VEconomie Politique , and Griffin’s Introduction to Mathematical 
Analysis (this was before R. G. D. Allen’s book appeared); and I got a 
modest start. 

Further study and teaching have led me to the conviction that this 
way of introducing one’s self or anyone else to the subject is not the best 
way. Most students, whether on the graduate or undergraduate level, 
experience great difficulty, even after they have run through the whole 
usual gamut of advanced mathematical courses, in seeing how their 
knowledge of mathematics can be usefully applied to economics. I doubt 
whether I am alone in observing that often students less well equipped 
with technical mathematics show a greater intuitive insight into prob¬ 
lems involved. That is why I am not too sanguine about proposals that 
confine themselves simply to favoring this or that preliminary set of 
mathematics courses as prerequisites for work in the fields we have in 
mind. 

In my opinion, a consideration of the architectural coherence of courses 
(and textbooks) as a whole should have priority over considerations of 
specific content. Without careful attention to the principle of architec¬ 
tonic unity modem courses and treatises either degenerate into an 
amorphous agglomeration of unconnected topical developments or, with¬ 
out being formless, are given a structure dictated by the traditional re¬ 
quirements of mathematical instruction instead of conforming to the 
nature of the social science in which we are primarily interested. Such an 
alien structure is found, for example, in Allen’s Mathematical Analysis 
for Economists , and in Crum and Schumpeter’s Rudimentary Mathematics 
for Economists and Statisticians . Both follow a mathematical, and not 
an economic, order of development. 

What would be far more useful as well as far more effective in enlisting 
a wider interest in a rigorously mathematical conception of economics 
and in starting future economists on their career is a text, say at the 
intermediate level, which is economic in design and only incidentally 
mathematical, rather than the other way round. In such a text it is per- 
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fectly possible to present and elucidate, as it moves along, progressively 
more complex and sharper mathematical tools. Obviously patient peda¬ 
gogical experimentation must precede the composition of an introductory 
textbook embodying this plan. I have found such experiments reward¬ 
ing, for I have observed students, who were otherwise disinclined to 
engage in the abstract manipulation of mathematical tools in the rarified 
atmosphere generated by pure mathematics, become entranced when 
they saw these tools in actual use in the economist’s workshop. Moreover, 
having once gained an insight into the general meaning of mathematical 
concepts via economics, they acquired a taste for the cultivation of 
mathematics for its own sake. 

Model Building and Statistical Inference, Theodore W. Anderson, 
Jr., Columbia University. 

The following remarks are directed toward the question of the training 
of social scientists for doing research in their respective fields with the 
aid of mathematical tools. Broadly speaking, mathematics is used in the 
social sciences in two ways: (1) in stating and developing the theory in a 
particular field and (2) in dealing with statistical problems. 

By formulating a theory in mathematical terms one can make his 
definitions and state his assumptions unambiguously. The more fruitful 
result of the mathematical formulation is the derivation of the logical 
consequences of the assumptions by use of mathematical theorems. 

Once the theory has been set up in mathematical form, there is the 
problem of relating this theory to the observed facts. This may involve 
testing the validity of the assumptions or conclusions, or it may involve 
the estimation of elements of the theory which are otherwise unspecified. 
There are usually discrepancies between the theoretical model and the 
observations. In each case the model can be reformulated in probability 
terms so that the elaborated model includes an explanation of the dis¬ 
crepancies. The proper methods of statistical inference can then be de¬ 
duced from consideration of this probability model and the available 
data. 

As an example of these stages in social science research we might con¬ 
sider the study of the economic structure of the United States. Exten¬ 
sion of classical mathematical economics leads to the statement of the 
macro-economic model in terms of a number of equations holding be¬ 
tween the relevant quantities. These complicated equations are then 
approximated by a set of linear equations. To account for the discrep¬ 
ancies between this model and the observed data the linear equations 
are made random. Then one uses statistical tools for testing hypotheses 
about the system of random equations and estimating the coefficients of 
the equations and other parameters. 



202 


BOULDER SYMPOSIUM 


Examples of model-building and subsequent statistical inference can 
be given from other fields. There are the analysis of mental abilities and 
the related statistics of factor analysis, the scaling of attitudes, “factor 
analysis” of attitude data, and analysis of changes in attitude over time. 

In mathematical training of social scientists for the purpose of con¬ 
ducting research, I think the principles of mathematics should be em¬ 
phasized. It is more important to understand the concepts, such as a 
derivative or a linear transformation, than to be able to get solutions to 
numerical problems. In building theoretical models one draws upon the 
calculus, the theory of functions of real variables, calculus of variations, 
and differential equations. When one simplifies one of these models to 
linear models one also needs vector or matrix algebra. In developing 
these models in probability terms and in relating these to actual data, 
one needs to know probability and statistics. In many cases other parts 
of mathematics are needed—in particular, mathematical logic and the 
newly developed theory of games. 

Mathematics for Theoretical Economists , Griffith C. Evans, Univer¬ 
sity" of California, Berkeley. 

Students who are interested in theoretical economics are not necessarily 
of one kind. The interest of one may be mainly historical or critical; it 
may be restricted to a single period. In that period it may center on the 
relation between economics and a phase of literature or history or the 
interchange of ideas between philosophy and economics. It may focus 
on one philosopher and one economist. An economist draws on whatever 
he has found fruitful in literature, history, philosophy, or mathematics. 
He is not discouraged at not knowing everything. 

A respectable portion of economics, for a century and a half, at least, 
has been formulated with an eye on mathematics. Indeed, several chap¬ 
ters, like the theory of interest and annuities and the actuarial basis of 
insurance, have been detached from the main book and made into sep¬ 
arate volumes. Both are primarily economic in orientation, and it is 
mere accident that one is sterile mathematically while the other is rich 
in mathematical problems. Beyond such more or less distinct studies, 
however, we continue to extend our gaze over other parts of the field, 
with the notion that since Isaac Newton did so much for others, he must 
have had his hand ready also for a helping grasp of ours. And yet there 
remain parts of the field which seem obviously to be the kind of soil 
which mathematics would fertilize, but are still uncultivated. The theory 
of accounting should call for something more in its development than it 
now recieves. 

The reason why so much of the main body of economic theory has not 
succumbed to a mathematical treatment is not difficult to imagine—at 
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least a possible reason. Economics must make its theories intelligible to 
business men and functionaries. We hope that the man in the street and 
the statesman in responsible office both may be informed and guided in 
the insight gained from its study. Thus theory tends to grow in directions 
which are not overgrown with tec hni cal flora, the practical man looking 
askance at paths so obscure to him that he c ann ot force his way through 
them with common sense and experience. As a portion of the public our¬ 
selves we must hope that practical judgment in matters of state will not 
degenerate into mere reliance on experts, but will continue to be based 
on informed intuition and imagination. 

Thus it seems reasonable to expect that there will always be a broad 
range of economics which can be explained and interpreted without the 
help of the methods of partial differential equations, Hilbert spaces, and 
advanced topology, and that there will remain studies which can be per¬ 
formed adequately by persons who have not been trained in those mathe¬ 
matical disciplines. Much of mathematics is a sort of cumulative arith¬ 
metic, with an indefinite extension, as in some geometrical aspects, to 
limiting situations; and therefore much of economic theory can be made 
clear by arithmetical and geometric device and illustration. On the other 
hand, such exposition, not done with surpassing skill, can become sur¬ 
passingly dreary and wearisome. It is often repetitious and uninformed. 

Certainly any expositor will be wise if he has more tools at his com¬ 
mand, both in economics and mathematics, than those of which his 
average reader is conscious. He can make ideas clearer in elementary 
terms if he has resources, for the obtaining and analyzing of them, which 
save time and effort and exhibit clearly to his own mind their essential 
nature reduced to abstract connections. He is best off if he can make 
himself a master of two styles, one for general exposition as a servant of 
the public, and one for communication to other experts. As much of the 
abstract mathematical technique as he can command will be valuable 
for him, because, however useful, a historical sense is not a complete 
substitute for logic. 

It is natural to say that an economist should know something of cal¬ 
culus, matrices, even differential equations, and a fair amount of tech¬ 
nical mathematical statistics—the last in order that he may evaluate 
economic data toward the analysis of those situations where business 
men, politicians, and statesmen have carried on large scale experiments. 
But for most, I think that we can be satisfied with much less, namely a 
good knowledge and habitual use of algebra and geometry. 

For anything further a person should study mathematics for the same 
reason that he studies economics, to wit, that he likes the subject. 
Moreover, in each subject he should study what he pleases, and he should 
be both a mathematician and an economist. For there is nothing that we 
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can prophecy will not be turned to account. Liberal minds are the prize 
ornaments and possessions of society, and no restraint and little direc¬ 
tion should be imposed upon their development. There will always be 
mathematical statisticians who will be interested in economic data and 
economists who are interested in the philosophy and technique of prob¬ 
ability. Part of their natural ambition is to make the results of their 
study available for others. Likewise there will always be mathematicians 
who will find out how the social and business world looks to them, in the 
light of their particular attainments, and economists who wander far 
afield in the exploration of new mathematical ideas. 

Mathematical Training of Undergraduates in Agricultural Economics , 
R. L. Anderson, North Carolina State College. 

The problem of requiring agriculture economics undergraduates to take 
mathematics through the calculus is difficult for these reasons: (1) Their 
precollege mathematical training is often quite inferior. (2) There are 
few elective courses because of the large number of required courses in 
technical agriculture and natural science. This has resulted in the present 
watered-down agricultural mathematics courses. (3) There is a cynical 
attitude towards economic theory courses at many agricultural colleges. 

A combined course in mathematical economics and mathematics 
through the calculus was introduced at Iowa State College by Gerhard 
Tintner, and later I taught it at North Carolina State College. Since 
some agricultural schools may be able to include such a combined course 
in their curricula, I will mention the topics covered: (1) Linear demand 
and supply curves with graphical and algebraic solutions. (2) Use of 
quadratic equations, logarithms, and exponentials. (3) Geometric pro¬ 
gressions. (4) Finite differences. (5) Use of differential calculus for 
marginal analysis, elasticity, and point of maximum profit. (6) Utility 
theory. (7) Use of integral calculus for calculations over time. (8) Ele¬ 
mentary statistics through moments, regression, and correlation. 

On the basis of my experience in teaching both the combined mathe¬ 
matics-economics course and some undergraduate mathematics courses, 
I recommend the following courses in mathematics for undergraduates in 
agricultural economics: (1) A strong freshman mathematics course 
through analytic geometry, if possible. The students should understand 
that this course will be required for the mathematical economics which 
will follow. The course should be taught by someone familiar with the 
social sciences so that he can use social science examples. (2) Either a 
course in calculus and one in mathematical economics or a combined 
course such as that used at Iowa State College. If the combined course 
is taught, it should be fitted into the second-year program before the 
students have forgotten their fr eshman mathematics. I believe that two 
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years of mathematics is preferable, but most agricultural curricula are 
too full to permit this. These courses should be coupled with some re¬ 
quired courses in economic theory. I do not believe that the combined 
mathematics-economics course should be taught if it is not required of 
all agricultural economics majors. 

Remarks on the Training of Social Scientists, Martin* Bronfenbren- 
ner, University of Wisconsin. 

If training is to equip individuals who are not basically mathematicians 
with sufficient technical competence to read some appreciable part of the 
current technical literature in their own fields, such training can very 
well take the form of “bits and pieces” extracted from the body of 
mathematics and arranged in special courses for future social scientists. 
The particular “bits and pieces” involved will presumably be chosen on 
the basis of application in current social science literature. On the other 
hand, when training is to provide a background for original contribu¬ 
tions to the mathematical and statistical literature of the field, it is prob¬ 
ably adminis tered more economically in the long run by the depart¬ 
ments of mathematics, physics, and perhaps astronomy. 

What should the student be recommended to sacrifice in order to ob¬ 
tain the additional mathematical training which we urge upon him? Here 
the point should be stressed which was expressed previously in my reply 
to “Pertinax,” 1 namely, that his load of undergraduate social science 
courses should be reduced rather than his general training in languages, 
mathematics, history, philosophy, etc. 

1 See Letter to the Editor by Pertinax in “'Criticism Invited,” Econometbica, 
Vol. 17, January, 1949, pp. 90-92, and the reply by M. Bronfenbrenner, Eeo.vo- 
metrica , Vol. 17, July-October, 1949, pp. 251-252. 



NOTICE OF CHANGE IN WEST COAST MEETING 
August 1-5, 1950 

The regional meeting of the Econometric Society on the West Coast 
will be held on the Berkeley campus of the University of California 
starting Tuesday afternoon, August 1, and continuing until Saturday 
noon, August 5, instead of in Los Angeles in June as announced earlier. 
The meeting will be concurrent with the Second Berkeley Symposium 
on Statistics and Probability and with a meeting of the Institute of 
Mathematical Statistics, and some joint sessions are being planned in 
addition to sessions for contributed papers on economic theoiy. 

Abstracts of papers intended for presentation at the Berkeley meeting 
and other correspondence regarding the meeting should be addressed to 
the program chairman, Professor Kenneth J. Arrow, Department of 
Economics, Stanford University, Stanford, California. Local arrange¬ 
ments will be handled by Professor George M. Kuznets, University of 
California, Berkeley. The complete program committee is listed in the 
January, 1950, issue of Econometrica. 

Further details as to the program and arrangements will be contained 
in a preliminary program to be mailed American members in advance 
of the meeting. 

ANNOUNCEMENT OF HARVARD MEETING 
August 31-September 6,1950 

The Econometric Society will hold a meeting at Harvard University, 
Cambridge, Massachusetts, Thursday, August 31, to Wednesday, Sep¬ 
tember 6,1950. The Harvard meeting will take the place of the summer 
meeting which the Society customarily holds in conjunction with the 
mathematical associations, and will tend to stress papers of a more tech¬ 
nical nature than those presented at the December meetings with the 
social science organizations. The time and place of the meeting coincide 
with the International Congress of Mathematicians, but the two meet¬ 
ings are simultaneous rather than joint, though some cooperative ar¬ 
rangements will be made. 

The program committee consists of Arthur Smithies, Harvard Uni¬ 
versity (chairman); R. G, D. Allen, London School of Economics; James 
Duesenberry, Harvard University; Thornton C. Fry, Bell Telephone 
Laboratories; Leonid Hurwicz, University of Illinois; Herbert Marshall, 
Daminion Bureau of Statistics, Canada; Jacob Marschak, Cowles Com¬ 
mission for Research in Economics; Guy Orcutt, Harvard University; 
Paul Samuelson, Massachusetts Institute of Technology; William B. 
fSmpeon, Cowles Commission for Research in Economics (ex officio); 
Gerhard Tintner, Iowa State College, Albert W. Tucker, Princeton 
tjfaiversity; and Frederick V. Waugh, Council of Economic Advisors. 
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Abstracts of papers intended for presentation at the Harvard meeting 
should be addressed to Professor Arthur Smithies, Department of Eco¬ 
nomics, Harvard University, Cambridge 38, Massachusetts, prior to 
June 1. Papers accepted by that date will be listed in the announcement 
to be mailed to American and Canadian members in early June. 

ANNOUNCEMENT OF VARESE MEETING 
September, 1950 

The twelfth European meeting of the Econometric Society will be 
held at Varese, Italy, this year, about the 18th, 19th, and 20th of Sep¬ 
tember. The exact dates are still tentative since it is desired to prevent 
conflict with the projected meeting of the International Economic Asso¬ 
ciation at Grenoble, in France. 

The following have been approached to serve as program committee 
for the Varese meeting: Dr. Costantino Bresciani-Turroni, Banco di 
Roma, "Via Bocchetto 4, Milano, Italy, (chairman); Professor R. G. D. 
Allen, London School of Economies; Professor Eraldo Fossati, Univer¬ 
sity Degli Studi di Trieste; Professor Ragnar Frisch, University of Oslo; 
and Professor Rend Roy, Paris, France. Professor Fossati has accepted 
the responsibility for local arrangements for the meeting. 

Members interested in participating in the Varese meeting are en¬ 
couraged to contact the program committee for further information. 

ANNOUNCEMENT OF CHICAGO MEETING 
December 27-30, 1950 

The American winter meeting of the Econometric Society will be held 
in Chicago, Illinois, Wednesday, December 27, to Saturday, December 
30, 1950. The program will include sessions for invited and contributed 
papers as well as some joint sessions with the American Economic Asso¬ 
ciation, the American Statistical Association, the Institute of Mathe¬ 
matical Statistics, and related organizations. 

Clifford Hildreth, Cowles Commission for Research in Economics, will 
serve as rhairmnn of a program committee including Harold Barger, 
National Bureau of Economic Research and Columbia University; 
Howard R. Bowen, University of Illinois; Harold T. Davis, Northwestern 
University; G. A. Elliott, University of Toronto; Merrill M. Flood, The 
RAND Corporation; Francis McIntyre, California Texas Oil Company; 
Oskar Morgenstem, Princeton University; J. J. Polak, International 
Monetary Fund; Ross Robertson, University of Tennessee; Charles F. 
Roos, The Econometric Institute, Inc.; William B. Simpson, Cowles 
Commission for Research in Economics (ex officio); and Holbrook 
Working, Stanford University. 
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Abstracts of papers to be considered for the December meeting and 
other correspondence relative to the meeting should be addressed to 
Professor Clifford Hildreth, % The Econometric Society, The Univer¬ 
sity of Chicago, Chicago 37, Illinois. Further details will be announced 
as plans progress. 


CARE BOOK PROGRAM 

The Econometric Society has received an appeal from CARE for aid 
in its Book Program for education and cultural rehabilitation in Europe 
and Asia. At the request of UNESCO and other groups concerned "with 
world reconstruction and exchange of information, and with their co¬ 
operation, CARE has provided facilities for sending the latest technical 
and professional information to overseas libraries, universities, and re¬ 
search groups. The most urgent need is for books dealing with recent 
research and the development of scientific techniques. Contributions 
and requests for further information may be sent to CARE Book Pro¬ 
gram, 20 Broad Street, New York 5, New York. 
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THE WORK OF EUGEN SLUTSKY 
By R. G. D. Allen 

Eugen Slutsky, whose death has recently been reported, was an out¬ 
standing mathematician and statistician. His work has had a great and 
lasting influence on the development of econometrics in two important 
fields, the theory of consumer’s behaviour and the analysis of time 
series. In each case his basic article remained almost unknown for many 
years, was later rediscovered, and had an increasing effect in shaping 
the work of others in the field. 

During the 1920’s and early 1930’s, Slutsky published a number of 
statistical articles on stochastic processes and time series analysis, some 
in French, Italian, and German. His main article [23], now a classic 
contribution, appeared in Russian, with only a brief summary' in English, 
in a publication of the Moscow Conjuncture Institute in 1927. His 
treatment of the time series problem was akin to that of Yule in the 
famous articles of 1921 and 1926 in the Journal of the Royal Statistical 
Society 1 and together they had a very' great influence on the later work 
in the field. Slutsky’s contribution, however, remained little known for 
some years, until Henry Schultz, whose eagle eye missed very little in 
his field, was responsible for the preparation of a translation. An English 
version of the work, with the addition of later material, was finally 
prepared by Slutsky and published in this Journal in 1937 [42], 

The main object of this work of Slutsky’s was to demonstrate that 
an oscillatory series could be generated from a random series by taking 
a moving sum or difference, with or without weights and with or with¬ 
out repetition of the process. The oscillatory series so generated displayed 

1 **On the Time Correlation Problem with Especial Reference to the Variate- 
Difference Correlation Method,” Journal of the Royal Statistical Society , Vol $4, 
July. 1921, pp. 497-626, and “Why Do We Sometimes Get Nonsense-Correlations 
between Time-Series? A Study in Sampling and the Nature of Time-Series,** 
Journal of the Royal Statistical Society , Vol. S9, January, 1926, pp. 1-64. 

Editor’s Note: The following information regarding Eugen Slutsky (Evgeni! 
Evgeme\ ic SluckiP is drawn from memorial articles written by A. N. Kolmogorov 
[Uspekki Matematickeskikk Xauk, Vol. 3, No. 4 (26), 1948, pp. 143-151] and N. 
Smirnov [Isvestna AcademiiZ Nauk S.S.S.R., Mathematical Series, Vol. 12,1948, 
pp. 417-420]. 

Eugen Slutsky was bom in 1880. He studied in the department of physics and 
mathematics at the University of Kiev. In 1901 he was expelled from the university 
and conscripted into the army, together with other students, because of participa- 
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approximate regularity, with varying length and amplitude of oscilla¬ 
tion, and they were very similar to many economic time series. Under 
certain circ ums tances, the generated series could be made to approximate 
very closely to a sine-curve. Slutsky’s results have been of great value 
in research into the problem of whether a moving-average trend distorts 
the true oscillations in a series and into the wider question of the struc¬ 
ture of economic time series. Because of the mathematical complexities 
involved, the present approach to time series analysis, by Kendall, 
Orcutt, and others, is still the same as Slutsky’s, a combination of deduc¬ 
tion with experimentation on actual or (more usually) constructed 
series. 

Slutsky’s babic article in the theory of consumer’s behaviour was 
earlier; it appeared under the title “Sulla teoria del bilancio del con- 
sumatore” in Giomali degli Economist, 1915 [6]. He put his argument in 
a highly mathematical form, without much elaboration of the economic 
significance of his results, and he was unfortunate in that he published 
in wartime. Consequently, like another mathematical article on the same 
topic by Johnson, 2 his work received little notice at the time. It was only 
rediscovered in the middle 1930’s by those then developing the theory 
and measurement of consumer’s demand. Even Henry Schultz did not 
discover Slutsky’s article until around 1934, and he included an account 
of it in his “Interrelations of Demand, Price and Income” 3 in 1935. 
Independently, though a little later, Hicks and I were led back to Slut¬ 
sky’s original work by various references to it, and I published a sum¬ 
mary of it in the Review of Economic Studies in 1936. 4 

It can be said, without doubt, that the present theory of consumer’s 
behaviour, as developed by Hicks and others, is essentially as much a 

tion in student revolts, but was returned to the university as a result of further 
student protests in the country. In 1932, however, he was again expelled and de¬ 
prived of the right to study in any Russian institution of higher learning. From 
1902 to 1905 he studied in the engineering department of the Institute of Tech¬ 
nology at Munich, Germany. In 1905 he received permission to study in Russia 
and entered the department of law, University of Kiev, with the intention of ap¬ 
plying mathematical methods to economics. He graduated from the university 
with a gold medal in 1911. He became a member of the faculty at Kiev Institute 
of Commerce in 1913, reaching the position of full professor in 1920. Three years 
earlier he received a degree in political economy from the University of Moscow. 
From 1926 on, he was a staff member of the Central Statistical Board in Moscow. 
In 1934 he became a staff member of the Mathematical Institute of the University 
of Moscow, and in 1938 became a member of the Mathematical Institute of the 
Academy of Sciences of the U.S.S.R. Slutsky died March 10,1943, in Moscow. 

* “The Pure Theory of Utility Curves,” Economic Journal , Vol. 23, December, 
1913, pp. 4S3-51S. 

* Journal of Political Economy, Vol. 43, August, 1935, pp. 433-481. 

* “Professor Slutsky’s Theory of Consumers’ Choice,” Review of Economic 
Studies, Vol. 3, February, 1938 f pp. 120-129. 
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development of Slutsky’s work as of Pareto’s. Quantities demanded 
by an individual consumer as functions of given prices and income are 
given by the conditions for an extreme value of an ordinal utility func¬ 
tion. The stability conditions, for a maximum as opposed to a minimum, 
then serve to determine the properties of the demand functions. i.e., 
the variation of demand with changing prices and income. A good deal 
of confusion of thought has arisen because of the fact that the restraint 
set by the condition ox given total expenditure is linear and homogene¬ 
ous in the variables (prices and income). A proportionate increase in all 
prices with income fixed is equivalent to a decrease in income with all 
prices fixed, each corresponding to a decrease in real income, i.e., a shift 
to a lower level on the consumer’s preference scale. Slut&ky’s achieve¬ 
ment was to show that any change in prices and income must be ana¬ 
lysed into two parts. The first is a change in relative prices with fixed 
real (not money) income. This is the substitution effect and the con¬ 
sumer maintains a given indifference level. The second part is the balance 
of the price change (a proportionate shift in all prices), which can be 
translated into an equivalent change in income and added to whatever 
change there may be in money income to give the variation in real in¬ 
come. This is the income effect and the consumer shifts from one indif¬ 
ference level to another. The two effects turn out to be independent and 
additive, as indeed is intuitively clear. 

There are two equivalent ways of attacking the problem. For the 
substitution effect, real (not money) income is kept fixed either by taking 
the utility level constant and minimising expenditure for each set of 
market prices or by adding a compensating change in money income to 
given price changes in order to maintain the original indifference level. 
In the analysis of the income effect, either the minimised expenditure 
can be compared with actual money income or the actual change in 
money income can be adjusted for the compensating income change. 
The second was the method adopted by Slutsky, and it is certainly the 
easier to develop and expound. 

With Hicks’s notation, 6 n commodities are demanded in amounts x r 
at prices p r (r — 1,2, • • • , n) and with income Jf. A given direction of 
price change is denoted by the differentials dp,, and the compensating 
income change to maintain the indifference level is 

n 

dAf a* S ** dp,. 

The change in demand for the rih commodity* is 


dx r 




s J. R. Hicks, Valve ar<d Capital , second edition, Oxford: Clarendon Press, 1940. 
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i.c., 



This is the variation in demand for a compensated price change, and 
the expressions [(dx r /dp,) + x,(dx r /dp,)] represent the substitution ef¬ 
fect. These expressions tvere first defined by Slutsky and analysed by 
him in terms of the utility functions. He termed them residual varia¬ 
tions in demand for a compensated variation in price. 

As Slutsky showed, the substitution expressions (residual variations) 
are limited in various ways by the conditions for equilibrium and for 
stability. What is now seen, after much development of the basic Slut¬ 
sky theory, is that the limitations boil down to one equation and one 
inequality: 

n w 

(1) 53 Pr dx r = 0; 13 dprdx r < 0. 

r—1 r—1 

The first (derived from equilibrium conditions) expresses the fact that, 
if there are compensated price changes, then some demands rise and 
others fall. The second is one consequence of the stability conditions. 
If only one price (p r ) changes (say, increases), then dx T < 0, i.e., a single 
compensated price increase results in a reduced demand for the commod¬ 
ity. The demands for other commodities may rise or fall, but at least 
one must rise. If more than one price changes, nothing definite can be 
said about the direction of change of any particular demand. All in¬ 
equality (1) says is that, very broadly, demand falls tend to be asso¬ 
ciated with prices which have risen relatively to others. 

Slutsky himself did not reach this conclusion; it is the development 
of a theory originated by Slutsky. As so often happens, the line to 
advance in the end appears to have been a spiral. For we find we can 
say very little in general about the variation of demand, and what we 
can say is simple. Moreover, the results turn out to be derivable di¬ 
rectly, without the mathematical scaffolding erected so painfully, and 
they can be extended to apply to any price changes and finite differences 
and not only differentials. Take any two situations on the samp indif¬ 
ference level (i.e., a compensated price change), the first with purchases 
x, at prices p„ the second with purchases (ar, + Ax r ) at prices (p r + Ap r ). 
The second purchases must cost more than the first if both are reckoned 
at the first prices (since the first purchases are actually made at these 
prices), and similarly at the second prices: 

ft ft 

jLa Prfcr ^ ^ Pf®rJ 

r-»l 
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2 (Pr + Ap r )x r > Y (p- + A p r )(x r + AX r ), 
r—1 r—1 

i.e., 

n n 

(2) 2 PrAr- >0; Y Ap r Az r < 0. 

r— 1 r —1 

The limiting form of (2) is (1), and (2) is called by Hicks tue generalised 
law of demand. The difficulty is to determine exactly what compensating 
change in money income is needed to maintain the given indifference 
level. If this change is AM, then all that can be said is: A p,{x r + 

Ax r ) < AM < Y%i x r Ap r , so AM = Yr-i x r Ap r only approximately 
and only if all changes are small. 

Samuelson goes even further, in Foundations of Economic Analysis, 
1947,® and suggests that the theory can be divorced entirely from in¬ 
difference levels and expressed only in terms of “revealed preferences.” 
His basic condition of consistent consumer behaviour is: 

** w 

If Y Vr AXr ^ 0, then Y (Pr + Ap T )Ax r < 0. 

r-1 r-1 

In particular: 

n n 

(3) If YptAx, = 0, then Y Ap r Ax r < 0. 

r-1 r-1 

In (3), which replaces (2), there is implied a compensating income change 

n » 

AM = Y Apr (Xr+ Ax r ) < Y x rAp r . 

r-1 r-1 

This compensation is not to maintain the consumer at a given indiffer¬ 
ence level (the indifference map having been discarded from the theory); 
it is to keep him on the original price plane, i.e., to keep him to pur¬ 
chases which could have been made with the original prices and in¬ 
come. The limiting form of (3) is again (1). 

Slutsky wrote before his time and his was the contribution of a 
mathematician. But the concept of compensated price changes which 
he introduced has become so well established that it dominates the 
theory of consumer’s behaviour. There is little to say about the income 
effect; it is generally positive, but can be negative, and it is possible to 
estimate its value from economic data. It is the substitution effect 
which interests the economist and puts the problems up to the econo¬ 
metrician. 

It hi unfortunate that, for so long before his death, Slutsky was 
* Cambridge, Mass.: Harvard University Press. 
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almost inaccessible to economists and statisticians outside Russia. He 
opened up new areas but left them to be explored by others, and the 
exploration even now is far from complete. His assistance, or at least 
personal contacts with him, would have been invaluable. 

London School of Economics 
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EMPIRICAL DETERMINATION OF A MULTIDIMENSIONAL 
MARGINAL COST FUNCTION 1 

By A. R. Ferguson 

An empirical cost function for fuel consumption in air transportation 
is obtained from a consideration of the engineering determinants of the 
relationship between physical inputs and physical outputs. The accuracy 
of fuel consumption estimates so obtained is considered in the light of 
operating data for Northeast Airlines. Marginal cost functions are de¬ 
rived which facilitate the analysis of the impact upon cost, not only of 
changes in output and factor prices, but also of changes in quality of the 
product and the techniques of production. The advantages and limi tations 
of the approach are indicated. 

INTRODUCTION 

This paper employs an essentially new approach, 2 for economists, to 
the problem of the empirical determination of cost functions. The aim 
of the method is a more reliable, more general, more precise determination 
of costs than is possible with the various statistical methods frequently 
used in cost studies. The method employs the engineering determinants of 
physical inputs relative to physical outputs, essentially converting the 
engineering relationships into production functions. 

This particular paper deals with fuel consumption in air transporta¬ 
tion. It develops a cost function from which it is possible to ascertain 
the marginal fuel costs (in physical units) of variations in the quantity 
of output, in the quality of output, and in techniques of production. 
In principle the method is not unlike the one apparently employed by 
M. Louis Br6guet in a French study of air transport costs reported 
earlier in Econometrica [19, pp. 249-259]. The present study develops 
the determination of fuel consumption more fully than did Br^guet’s 
exploratory work. 

1 The method employed in this paper was developed in a doctoral dissertation 
written with the invaluable help of Profe3sor3 George P. Baker, Edward S. Mason, 
and, especially, Wassily W. Leontief, of Harvard University. The empirical re¬ 
search embodied in the second part was made possible by a grant from the Bureau 
of Population and Economic Research of the University of Virginia, directed by 
Dr. Lorin A. Thompson. I am indebted to Professors David McC. Wright and D. 
Rutledge Vining and to Mr. Howard Nicholson, of the University of Virginia, 
and to Professor Armen Alchian, of the University of California at Los Angeles, 
for having read the entire manuscript and for offering many valuable suggestions. 
Mr. Victor Baron of the University of Virginia has spent a great deal of time 
checking equations. Through his thoroughness many errors have been eliminated. 

s The method is outlined in detail in the present writer’s Ph.D. thesis [12]. 
A very similar method is developed independently in Hollis Chenery [4, &]. Some 
elements of the method were employed by Raymond Bressler [3]. 
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The basic physical determinants of fuel requirements are set down 
in equations which show the nature of the interrelationships in rela¬ 
tively precise quantitative terms and which are sufficiently general to 
take account of technological change and any changes in operating 
conditions. Part I is devoted to deriving these equations. Part II is 
essentially a digression. Data obtained from Northeast Airlines are em¬ 
ployed showing that in one case the use of the equations yields a predic¬ 
tion which is reasonably accurate. It should be clear that this does not 
in any sense constitute empirical proof of the validity of the equations 
(indeed their formal validity rests upon the principles of thermody¬ 
namics and aerodynamics). The case presented merely shows that the 
equations are operational in the sense that the data required for their 
use are available to airline management, and hence, presumably, to 
regulatory authority, and that with them it is possible to obtain pre¬ 
dictions of fuel consumption which are of the right order of magnitude. 
Part III elaborates the economic significance of the equations. It fol¬ 
lows directly from equation (6) in Part I and is not dependent upon 
Part II. 

An examination of equations (3), (6), and (7) and a more or less 
thorough reading of Part III may well serve the theorists* purposes. 
Nevertheless, Part I is indispensable to establish the validity and 
limitations of the third part; and with Part II it illustrates the amount 
and complexity of the detailed material which must be handled if one 
is to obtain reliable empirical statements of the quantitative relation¬ 
ships which are (often glibly) assumed to be available in the theory of 
the firm. 

A complete analysis of airline costs would require a similar analysis 
of the determinants of all the input requirements coupled with a state¬ 
ment of the influence of factor price interrelationships upon the com¬ 
bination of the factors. The present study assumes the price of the 
factor in question, fuel, is constant, but changes in the price of any 
other factors, through their influence on the combination of the inputs, 
can be treated as variables. 

So far as I know, nothing in the large literature on airline fuel con¬ 
sumption both deals with independent variables which are significant 
from the point of view of economics and treats the problem in a suffi¬ 
ciently general maimer to permit handling all kinds of problems regard¬ 
less of the type of aircraft employed and the kind of operation in 
question.* The scientific and engineering works take as variables enti¬ 
ties which are not significant in the economics of airline operation, 
while treatments of the business and economic aspects deal with air¬ 
craft currently in operation, restrict their discussions to current prac- 

* However, see [14,19]. 
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tice, or otherwise fail to take account of some factors which do vary 
between types of operations. 

I. DERIVATION OF THE FUEL EQUATION 

In Part I, as has already been mentioned, the quantitative determinants of 
fuel consumption will be set out algejraically 4 

The pouer required by an a’rplane in level equiliorium flight depends upon the 
drag and lift characteristics of the a’rplane, the speed and altitude of Sight, and 
the gross w eight of the airplane at the moment in question. Ad these factors appear 
in the following equation [15, p. 421]: 

m p (bs+s 2 b^ t 2TP 

w 2 '* 

where b i represents the drag coefficient for zero lift; s k , wing area in ft. 2 ; e-, the 
parasite area in ft. 2 ; b« , a factor in the coefficient of induced drag, frequently in 
theoretical discussions taken as 3.1416 times the aspect ratio; P, power in ft-lbs/ 
sec.; p, air density in slugs per ft. 3 ; V, velocity (True Air Speed) in ft/sec.; and 
IF, gross weight in lbs. 

The detailed derivation of the equation will not detain us; it is accepted as valid 
because of its source. However, a word of interpretation may facilitate the under¬ 
standing by economists of its significance. The power required, P, is the power 
necessary to propel the airplane through the air. In equilibrium the power is re¬ 
quired only to overcome the resistance of the air. This resistance is derived from 
two sources: first, the parasite drag, i.e., the frictional and frontal resistance which 
the air would present to a body of the size and shape of the airplane if its weight 
were supported other than by its dynamic reaction with the air. This force is repre¬ 
sented in the first term on the right side of the equation. The second source of re¬ 
sistance is the induced drag, the resistance generated in the reaction of the air 
against the wing to overcome the downward pull of the weight of the airplane. 
This quantity is represented in the second term on the right. 

The function of an engine is the conversion of the energy latent in its fuel into 
useful power. The power produced is dependent upon the combustion energy 
of the fuel, the rate at which the fuel is consumed, and the efficiency with which 
it is utilized. Thus [16, Chapter III, passim], 

(2) P — M/ • c • e t • e p , 


4 In this effort I have enjoyed the cooperation of several prominent scientists 
in the field of aeronautics. I am particularly indebted to Professor Edward S. 
Taylor, of the Massachusetts Institute of Technology, who has given large 
amounts of his time in personal conversation answering my questions and point¬ 
ing out ways in which to simplify my work, and who has made available to me re¬ 
prints of some of his own writings and even some of his unpublished work. Dr. 
Phirot J. Theodorides, visiting lecturer in aeronautical engineering at Harvard 
University, has also been very cooperative. He ha3 called several important works 
to my attention and has taken much of his time in discussing my problems. Pro¬ 
fessor Richard von Mises of Harvard University has also answered several of my 
questions. Mr. Henry Maier, an assistant in the Department of Engineering at 
Harvard, read a preliminary manuscript, pointed out source material, and checked 
the accuracy of some of the work. It seems hardly necessary to add that none of 
these are in any way responsible for errors or omissions. 
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where P represents power in ft-lbs/sec.; M fi fuel consumed in lbs/sec.; e t , thermal 
efficiency; e? , propulsive efficiency; and c, combustion energy per pound of fuel 
in ft-lbs. Our interest is in fuel consumption per hour, which is obtained by solving 
(2) for M/, multiplying by 3600, and substituting for power its equivalent from 
equation (1). Thus 


(3) 


F 


360o(^i±JV* + 


c • e p • e t 


2I7» \ 

bzSxpV/ 


where F represents fuel consumed in pounds per hour. 

It would be highly desirable to spell out in quantitative terms the determinants 
of the independent variables in this equation. It is not possible to do so in the case 
of the numerator. The four elements, &i, fr*, «i, s *, are aircraft characteristics de¬ 
termined in the construction of the airplane. They are influenced by economic 
considerations within the limits of the technical situation, but for the computa¬ 
tion of airline costs they must be taken as data, given the type of aircraft. The 
determination of desirable values for these factors is one of the basic problems of 
aircraft engineering. 

The speed and altitude of any particular operation are variable within wide 
limits at the discretion of the managing authority. Considerations of passenger 
comfort and convenience as well as of some costs enter the determination of the 
values used in practice. However, it is impossible to formalize the determinants 
of these variables since the technical limits are themselves by no means rigid and 
the considerations of passenger appeal are not readily quantified. 

Much the same is true of weight. A range of operation is set by technical and 
institutional forces; within this range the actual gross weight varies in accordance 
with managerial policy and the amount of payload presented by the public. 

Thus all the independent variables in (1) must be taken as data, determined 
either by the manufacturers of the aircraft or by the management of the airlines. 
Given these data the power required is determined, as in (1). 

It is possible to indicate considerably more about the determinants of the terms 
in the denominator of (3). The energy content of the fuel, c, is largely determined 
by the state of technology in the petroleum industry and is, of course, a datum 
here. 

The thermal efficiency is a factor which takes account of the failure of the fuel 
charge to deliver to the crankshaft the full mechanical equivalent of the heat 
energy contained in the fuel. It is possible to obtain a first approximation of ther¬ 
mal efficiency given only the fuel-air ratio and the compression ratio. The approxi¬ 
mation is based upon highly unrealistic assumptions, but they can be removed 
subsequently and a reasonably satisfactory approximation of thermal efficiency 
obtained. 

The compression ratio is the ratio of the maximum to the minimum interior 
volume of the cylinders. The greater this ratio, the greater the thermal efficiency; 
the ratio is limited primarily by the tendency of the fuel to detonate at high com¬ 
pression ratios [25, p. 143]. The compression ratio is a characteristic built into the 
engine. 

The fuel-air ratio is the ratio of fuel to air (by weight) in the combustion charge 
in the cylinder. It is subject to pilot control. Usually the pilot can choose between 
a rich and a lean automatic setting or can adjust the mixture manually. The de¬ 
sirable fuel-air ratio is an engineering problem which is not entirely settled. 

Given the fuel-air and the compression ratios the thermal efficiency of the 
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14 fuel-air cycle’* can be determined. The fuel-air cycle is a theoretical model based 
upon the following assumptions [25, pp. 31-32J: 

... It » assumed that the medium (the charge) before combustion consists of a homogeneous 
mixture.... It is further assumed that no heat is transferred across the boundaries of the me¬ 
dium during any part of the cycle and that chemical equilibrium exists at all times,... com¬ 
bustion occurs instantaneously... • 

It is also assumed that the valves open and close instantaneously at top and bot¬ 
tom dead center, that the intake and exhaust pressures are the same and are 
constant, and that the engine is frictionless. 

The fuel-air cycle does not encompass the use of throttles or superchargers, 
which can change the ratio of the intake to exhaust pressure. Although, theoreti¬ 
cally, increased ratio of intake to exhaust pressure increases thermal efficiency, over 
the operating range of the ratio it appears to have little effect. 5 

The assumption that the gases in the charge are homogeneous is unrealistic 
in that the charge differs somewhat in composition between the various cylinders 
of a multicylinder engine and in that the charge in any cylinder is not perfectly 
mixed. There appears to be no general statement of the quantitative relationship 
between incomplete mixing and thermal efficiency. 

The assumptions that combustion is instantaneous, that no heat is lost to the 
environment, and that there is no friction are obviously unrealistic. In an actual 
engine, well maintained, the thermal efficiency is reduced about fifteen per cent 
due to heat losses and the losses arising from the time combustion takes.* Friction 
losses in general increase with increased engine speed, although there are some 
other variables of secondary significance [25, pp. 187-205], Thus engine friction is 
minimized by operating at the minimum engine speed at which the power re¬ 
quired can be developed within the structural limitations of the engine. Mechan¬ 
ical friction reaches a maximum at take-off (maximum) RPM 6 7 at which speed it 
reduces thermal efficiency by a factor of about 0.9. It is convenient to summarize 
the determinants of thermal efficiency in a simple equation: 

(4) ci «■ e r e c -f(Pi/p*)-en, 

where et represents thermal efficiency; e/ t thermal efficiency of the theoretical 
fuel-air cycle; c e , a factor taking account of heat losses and those due to combus¬ 
tion time in an actual engine (about 0.85); /(p,/p # ), correction for the use of 
throttle and supercharger; and e a , mechanical efficiency, an inverse function of 
friction (a minimum of about 0.9D). 

The propulsiic efficiency, the last term in equation (2), is defined as 

(5) e P =*P/Pb, 

where Pb represents brake power (delivered to the crankshaft). Clearly the entire 
power of the engine could be absorbed by the propeller without developing any 
thrust if the propeller blades were, in effect, parallel to their plane of rotation and 
simply sliced through the air or if they stood perpendicular to their plane of rota¬ 
tion with their broad side3 merely pushing against the air. Between these two 
extremes the propeller reacts with the air to give thrust to the airplane. Ceteris 


6 This conclusion is based upon some empirically derived charts provided the 
writer by Professor Edward S. Taylor. 

* This figure was suggested as being representative by Taylor. 

7 Engine revolutions per minute. 
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pzribus, there is one blade pitch (and one propeller speed associated with it) 
which maximizes the forward thrust for each level of engine power. 

Propulsive efficiency, like thermal efficiency, is a rather complex variable. 
Four factors—altitude, velocity, brake power, and propeller speed (hence pitch)— 
affect it (given the shape of the propeller and the aerodynamic characteristics of 
the nacelle in which it is mounted) [23, pp. 207 ff15, Chapters XI, XII]. 

Apparently it is impossible to formulate general quantitative statements of 
the determinants of propulsive efficiency. For the present purposes it is necessary 
to knovr only that in modern transport airplanes the propulsive efficiency can be 
held within about one per cent of the maximum value under virtually all condi¬ 
tions in normal flight (23, pp. 207 ff., 13, p. 431]. Within the operationally signifi¬ 
cant range it is maximized by reducing engine speed to the minimum allowable 
value [27, p. 253]. With modem installations propulsive efficiency can be held 
within a narrow range of 0.S5. 8 

Throughou + the above discussion crude approximations have been used for 
the factors with which to correct the theoretical thermal efficiency of the fuel-air 
cycle and for propulsive efficiency. These can, of course, give only approximate 
results. It is naturally desirable to ascertain the precise values that should be 
used in any particular operation. I have been able to find no systematic presenta¬ 
tion of the determinants of these values in general, and apparently the only way in 
which they could be ascertained in any particular case would be by empirically 
testing the equipment to be used. Nevertheless, the approximations used are of 
sufficient accuracy to give useful results. 

The discussion of the determinants of fuel consumption for a single airplane in 
equilibrium flight is now completed. In order to apply equation (3) to any actual 
airline operation, several modifications must be introduced. First, since different 
stages in a flight employ different speeds and altitudes and since the weight of the 
airplane changes as the fuel is consumed, weighted averages of the pertinent 
variables must be employed. Furthermore, if different types of airplanes are used 
in a given operation, it is necessary to U3e weighted averages for the aircraft 
characteristics^!, , 6i, and b t ; or, alternatively, the fuel consumed by each type 

of aircraft must be computed separately. Thirdly, an important amount of fuel is 
consumed in ground operations, taxiing, take-off and landing, and engine warm-up 
and inspection. The above equation is not applicable in the determination of the 
amount of fuel used in these operations because of the fact that the values assume d 
for the various efficiencies and corrections of them would not be realistic. The no¬ 
tions of lift and drag do not apply (in anything like their usual sense) to ground 
operations, where the speed may be negligible and friction of the landing gear may 
be of dominant significance. Therefore it is necessary to determine the fuel ex¬ 
pended in this way empirically. Such empirical research is not within the scope of 
the present limited study. 

Since most of the fuel u&ed in ground operations (that used in taxiing, take-off 
and landing, and engine run-up) is directly associated with the number of land¬ 
ings in a particular operation, i* is possible to add to (3) a term taking account of 
such fuel expenditure a3 a function of the number of landings. The rest-of the fuel 
used in ground operations is taken as a quantity to be determined directly in each 
practical study. Thus 


te) 


F m 




JSL-r) 

bMpV l 
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+ B-M* + E, 


* This value was mentioned in conversation by Taylor. 
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where B represents the number of landings; *»/&, the fuel consumed per landing in 
associated ground operations; E , the fuel U 3 eJ in other ground operations; H n , the 
number of hours flying time; and T, the power equivalent of the Jet thrust obtained 
from the exhaust. 

Equation (6) is a complete statement of the determinants of the real ai r craft 
fuel costs of airline operations. The advantages of having a cost statement in this 
form lie in its generality and quantitative precision. The statement as presented 
cannot be affected by technological change; the form of the equation is entirely 
independent of the type of aircraft employed, the conditions of operation, or in¬ 
stitutional factors. These influence only the values of the variables in the equation. 
Even in the case of so great a change as from the conventional reciprocating en¬ 
gines to jet engines, the form of the equation would be unchanged; the absence of 
a propeller would, of course, make e p = 1. Operations with the equation designed 
to indicate the usefulness of this approach will be performed in Part III. Before 
that is done it is desirable to demonstrate that the equation is operational; this 
is the task of Part II. 

It may be well to point out in passing that (3) has not been derived in a man¬ 
ner which relies upon airline operational experience (statistics) at all, but de¬ 
pends upon the principles of thermodynamics and aerodynamics. In equation (6) 
terms are added which take account of some of the “practical” aspects of airline 
operation. The values used in Part II (cf. Table I) were obtained, for the most 
part, from engineering and operating records which are kept for purposes other 
than fuel control. 

n. APPLICATION OF THE FUEL EQUATION 

In Part II the equation (6) just developed is tested to determine whether it is 
in fact operational. The validity of equation (3) in explaining the determinants 
of fuel consumption in flight Is based upon physical principles which are not being 
te 3 ted here. Equation (C) contains additional terms, £-*V* and E, which can be 
defined to account for any fuel consumed other than in flight. Thus there is no 
problem of verifying the relationships established. However, some ludl evaporates, 
gets spilled, or is “lost” in other ways, and the data available on fuel consumption 
and its determinants may be inaccurate. The test is provided only to ascertain 
whether, with the available data, the above equation yields reasonably satisfac¬ 
tory results. 

The test was conducted with the assistance of Northeast Airlines and was 
possible only because of the excellent cooperation received from man}' of the 
officials of that company.* 

The technique used in testing the formula is merely to substitute in it values 
obtained from the airline for each of the terms in the equation. The fuel consump¬ 
tion predicted is then compared with the actual fuel consumption during the same 
period. Only fuel consumed in revenue flight is dealt with. Two separate computa¬ 
tions were made; the fuel consumption for the month of June, 1949, was predicted 


* I am deeply indebted to the president, Mr. George E. Gardner, for permitting 
me to obtain the necessary information and for his own valuable comments and 
suggestions. Mr. A. A. Lane, Vice President of Operations, took a very active 
interest in the project and discussed it at many stages and directed me to the 
people who could answer detailed questions. Mr. Edward Splaine and Mr. Howard 
Tufts, of the engineering department, and Chief Pilot Dixwell answered many of 
my questions and provided me with most of the data. Mr. H. Heard and Mr. D. 
W. H. MacKinnon both took an active interest in the study. 
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for each of the two major types of airplanes employed by the airline (the DC-3 
and the CV-240). This was deemed superior to computing total fuel consumption 
in a single operation, which might well give a satisfactorily small error that would 
merely be the result of offsetting large errors. Northeast Airlines also employed a 
third type of airplane (the DC-4) but used it very sporadically during the month 
in question; therefore it was not considered that the data on actual fuel consump¬ 
tion were sufficiently reliable to include them in the computation. 

The engineering department provided values for the airplane characteristics 
and the energy content of the fuel, f>i, b t , Si, s 2 , and c; these were taken as constants 
for each type of aircraft. The first difficulty was encountered in determining an 
appropriate gross weight to employ. An estimate, simply a considered judgment, 
of typical gross take-off weights employed by each of the types of aircraft was ob¬ 
tained. These values were substantially less than the maximum allowable gross 
weights because of the fact that the payload carried is not always the maximum 
and the fields used do not always permit operation with maximum loads. In order 
to determine the amount that should be deducted from take-off weight to allow 
for the burning off of fuel, a brief inquiry was made into the fueling practices of 
the airline, and it was decided that a typical burn-off between fueling points for 
the DC-3 would be about 2400 pounds and for the CV-240 about 3000 pounds. Half 
of this amount was deducted from each typical take-off weight; the balance was 
taken as the typical en route gross weight. This figure was then considered a con¬ 
stant for each type of aircraft. 10 The crudity of this figure is apparent. 

The number of hours flown by each type of aircraft was provided from their 
logs. This figure includes the time spent on the ground between the loading ramp 
and take-off and between landing and the unloading ramp. Since (3) is not suited 
to handling fuel consumed in ground operations, it is necessary to deduct the time 
so spent from total flying time as reported. Captain Dixwell, the chief pilot, pro¬ 
vided the information that about 17% of pilot “flying” hours were spent on the 
ground; multiplying the total number of hours by this factor provided an esti¬ 
mate of total taxiing time for the month. An estimate of the average time spent 
per take-off and per landing was also obtained from the chief pilot. 11 The sum of 
these figures multiplied by the number of landings made during the month pro¬ 
vided the total time spent in landing and taking off. The sum of the taxiing time 
and the landing and take-off time was deducted from total “flying” time as ob¬ 
tained from aircraft logs to get the total time to which the fuel consumption for¬ 
mula could be applied, Hk . 

Because average altitude and speed depend upon whether the airplane is 
climbing, gliding, or cruising, it was necessary to get estimates of the amounts of 
time spent in each of these operations. Statements of the rste of climb or descent 
and the cruising altitude used by each type of aircraft were obtained. Dividing 
the difference between cruising altitude and the altitude at which normal climb 
was considered to begin and at which normal glide was considered to end by the 
rate of climb and the rate of descent, respectively, then multipping each quotient 
by the number of stops gave the time spent in climbing and gliding, respectively. 
Deducting the sum of these from the total flying time previously computed gave 
the hours spent in level cruise. 


w Since the gross weight enters the fuel equation a3 a square, deducting one- 
half the burn-off is not an entirely sound procedure; but given the roughness of 
the computation it seemed satisfactory. 

11 The time spent in these operations was, for the sake of simplifying the arith¬ 
metic, defined as all time in the air not spent at normal cruise, normal climb, or 
normal glide power settings. 
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The computation of the value of p to be used is based upon the assumption that 
the density of the air varies as in the standard atmosphere. 12 The variation in the 
density with altitude under this assumption is readily obtainable. Taking the 
typical altitude suggested by the airline (5,000 ft.), a value of 0.032049 was ob¬ 
tained for cruising; taking 2,500 ft. as the typical altitude in climb and glide, a 
value of 0.002209 was obtained for these operations [11, Appendix]. The final 
value of p used in the computations was an arithmetic average of these weighted 
by the number of hours spent in cruising and in climbing and gliding, respectively. 
Estimates of typical speeds for both aircraft in each of the three flight attitudes 
were obtained from the chief pilot. These were converted to feet per second and 
an average, weighted as in the case of p, was obtained. Since the cube of the 
velocity appears in the equation, the speed used in each flight attitude was cubed 
and weighted in the same manner to find an average velocity cube to use for each 
aircraft. Thus all the values needed for the numerator in (3) were obtained. 

The denominator was less difficult. The value of 0.85, suggested in Part I, was 
taken for e p . Thermal efficiency of the fuel-air cycle, e/, was computed for the ap¬ 
propriate compression ratios and the fuel-air ratios used in cruising and gliding, 
on the one hand, and in climbing, on the other. For mechanical efficiency, e n , a 
value of 0.92 was taken for climbing (at relatively high engine speeds) and of 0.94 
for gliding and cruising. An average, weighted by the hours in which each was 
employed, was used in the final computations. It was found that the use of super¬ 
chargers and throttles did not significantly change the theoretical thermal ef¬ 
ficiency. 13 The value of 0.85, suggested in Part I, was taken for e e • Thus the values 
for equation (3) were obtained. 

The power required in the CV-240 is reduced somewhat below that indicated by 
equation (3) by the fact that the exhaust stacks are so arranged as to provide some 
forward thrust. The thrust in pounds at the altitudes in question was provided by 
the engineering department of the airline: since the speeds of operation were 
known, it was possible to convert the thrust for climbing, gliding, and cruising 
into power equivalents. These were weighted in the usual fashion to get an average 
thrust, which was deducted from the power required of the propeller. The DC-3 
does not have the exhaust thrust arrangement and hence it is not necessary to 

make this deduction. . , v . . ,. - 

The determination of the amounts of fuel consumed m landing and taking-oH 
and in other ground operations presented many problems and was not entirely 
satisfactory. The airline furnished figures for the DC-3 for fuel consumed in land¬ 
ing, engine run-up prior to take-off, taking-off, and taxiing on a per stop basis, 
which, because of the great amount of experience with that airplane, were con¬ 
sidered adequate empirical estimates. Multiplying by the number of landings 
gave B-Mb . To this was added a figure for the daily warm-up and engine inspec¬ 
tion, the only other ground operation taken into consideration. No figure for this 
was available from the airline. However, a value of 59 lbs per aircraft per day has 
been found by M. G. Beard [1, p. 56] to be appropriate. This figure, multiplied by 


is A model used in study of the atmosphere which assumes [16, p. 8]: “1. The 
air is a perfect gas with the gas constant. .. 53.33089 feet per degree F. 2. The 
pressure at sea level is ... 29.921 in. Hg. 3. The temperature at sea level isi . • - 
59*F. 4. . . . the temperature gradient [is]... 0.003566°F. (per foot of altitude 

w Taking the prescribed manifold pressure for the intake pressure and the 
atmospheric pressure at each altitude plus 2 in. Hg as exhaust pressure. The two 
{nffhaa we re added arbitrarily to take account of friction in the exhaust manifold. 
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the number of aircraft in use and the number of days in the month, is taken as the 
total value of the fuel consumed in the daily check and warm-up, E , for the DC-3, 
For the CV-240, insufficient experience with the airplane made satisfactory 
empirical data unobtainable from the airline. Fuel consumed per minute in taxi¬ 
ing, estimated by R. Dixon Speas [22, p. 180] is 6 lbs.; this, times number of min¬ 
utes spent in taxiing (determined as indicated above), was used for the total fuel 
consumed in taxiing. For fuel spent in actual landing, the same rate per minute was 
employed on the grounds that no direct estimate was available and that, in the 
actual landing operation, throttles are closed so that at this point fuel i3 probably 
used at considerably less than the taxi rate, while during the approach for landing 
some power is used, probably more than in average taxiing. 

Data on the actual rate of fuel consumption for take-off power were available 
from the airline, 49 lbs/min., but no accurate estimate of time at take-off paver 
was available. One and one-half minutes per take-off was taken as representative. 

Table I 

Values op the Variables Used in thu Numerical Test 



DCS 

cv-uo 

Hh 

1135.2 

724.5 

bisi 4- « 

22.05 

19.6 

bt 

28.70 

32.34 


987 

817 

p 

0.00219 

0.00213 

V 

228 

303 

r* 

12,800.000 

35,700,000 

w 

22,500 

36,500 

c 

14,587,500 

14,587,500 

Cp 

0.85 

0,85 

Ge 

0.85 

0.&5 

fiPi/pt) 

1.00 

1.00 

e n 

0.93 

0.93 

ef 

0.37 

0.38 

B 

2,Sit 

1,303 

Mi 

120 

130 

B 

12,000 

15,000 

I 

... 

90,200 


No data at all were available on the fuel consumed in warm-up and daily in¬ 
spection, so twice the value of the DC-3 per inspection was taken simply because 
the maximum power of the CV-240 engine is twice that of the DC-3. The results 
of these computations are indicated in Table I. Note that a value only for the sum 
of the quantities &i$i 4- s 2 is available. Substituting these figures in equation (6) 
yields predicted values for fuel consumption in lbs/hr. 

The results of these computations and the comparison of the predicted with the 
actual total fuel consumption 14 for the month of June are indicated in Table II. u 
The total error is indicated in Table III as 5%. Given the fact that nearly all the 
data are estimates, some of them very crude estimates, the results are suspiciously 
good. The errors of 4% and 6% in predicting the fuel consumption of the two types 


14 The data from the airline were in gallons and were converted to pounds by 
multiplying by a factor of 6. 

15 The question of the number of significant figures in a complex series of com¬ 
putations as in the present problem is always difficult. The rounding-off used in 
Tables II and HI is rather arbitrary but appears to be adequate for the present 
purpose. 
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of aircraft probably include some offsetting errors. However, the purpose of the 
present part has clearly been accomplished. The equation is operational and doe 3 
produce a reasonably accurate approximation of fuel consumption within the 
limitations of the data. More accurate results miut await more exhaustive em¬ 
pirical research. 

Before going on to Part III it will be well to pause and indicate some of the 
chief sources of error in the computations and data. Undoubtedly the mo 3 t dubious 
figures are the estimates of fuel consumed in landing and associated operations. 
It was not possible to ascertain how the airline had computed the figures for the 
DC-3, but the personnel in the engineering department felt that they were rea¬ 
sonably reliable because of the long experience with the airplane. Nevertheless, 
since roughly 40% of the fuel used is consumed in these operations, any substantial 
error in the figures por landing would cause a very marked change in the predicted 
result. The landing figures for the CV-240 arc far less reliable than those of the 

Table II 

Predicted and Actual Fuel Consumption of the DC-3 and CV-240 


Fud Consumed 

DCS 

CV-240 

In flight 

427,000 

634,000 

In landing, taking-off, taxiing, and engine run-up 

338,000 

171,000 

In warm-up and daily inspection 

12,000 

15,000 

Predicted total 

780,000 

820,000 

Actual total 

809,322 

870,986 

Enor 

29,322 

50,966 

Per cent error 

4 

6 


Table III 

Predicted and Actual Fuel Consumption 
for Both Airplanes Together 
Predicted total 1,600,000 

Actual total 1,680,288 

Error 80,283 

Per cent error S 

DC-3 and are little more than reasonable guesses. Until considerably more em¬ 
pirical work is done on fuel consumption in ground operations, any formula of the 
type used here is subject to a wide range of error. There may be as large a relative 
error in the figure for daily warm-up and inspection, but it is of much less absolute 
significance. 

The prediction of fuel consumed in flight is relatively reliable, but even here 
there is considerable room for error. The figures for altitude and speed might have 
been estimated more accurately by a laborious analysis of the flight logs of the 
aircraft. However, it is by no means certain that a reliable estimate of velocity 
could have been obtained even in that fashion. What was employed instead was 
merely the considered judgment of the chief pilot, based on his experience. Since 
fuel consumption varies as the cube of the velocity, errors in this term would cause 
considerable errors in the final prediction. The figure used for typical gross weight 
is also somewhat suspect. It is based upon two guesses, first, what the typical take¬ 
off weight is, and second, what the typical fuel burn-off en route is. The estimates 
of propulsive and thermal efficiency are also crude, as was indicated in Part I. 
The rest of the data is probably relatively respectable. 

Lastly, it should be pointed out that an underestimation of fuel consumption 
is what one would expect. The actual fuel consumption figure was obtained from 
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service logs which merely record the amount of fuel poured into the airplanes. 
Some of this fuel is wasted in various ways, e g., spilling; some of it evaporates; 
some of it is used in maintenance checks other than the one included in the calcula¬ 
tion. An empirical determination of the amount of fuel dissipated in these ways 
would be far more laborious than it is worth from the point of view of the econo¬ 
mist. Since no attempt was made to estimate these quantities, the 5% error ob¬ 
served does not seem excessive. 

in. THE MARGINAL COST FUNCTIONS 

Before developing the marginal cost functions which are the chief 
aim of this paper, it is necessary to digress briefly upon the nature of 
output. For the present, output of an airline will be measured in gross 
ft-lbs produced per month. Although for most purposes this is not a 
satisfactory measure, it is simplest in view of the units in equation (6) 
and can be converted readily, as necessary, to more conventional meas¬ 
ures. The quantity of output is expressed as 

(7) X = ZQOQHh-V-W. 

One of the difficulties encountered in the conventional derivation of 
cost functions by statistical techniques [cf. 6, 29] is that, historically, 
changes in quantity of output are frequently associated with qualita¬ 
tive changes. The techniques commonly used to isolate quantitative 
changes usually, perhaps inevitably, impair the final results. This prob¬ 
lem appears to stem from an addiction to treating output as a unidimen¬ 
sional quantity (in accordance with classical theory) and to trying to 
hold constant the other factors which are known to influence the rela¬ 
tionship between product and costs. It is theoretically possible to treat 
product as being multidimensional with one dimension for each signifi¬ 
cant 1 ® product characteristic, relating changes in each dimension to 
cost. This is the approach of the present paper. 17 

In the case of many service industries (and perhaps some others) 
peculiar problems arise since output is measured as the (arithmetic) 
product of two quantities which may themselves have significant quali¬ 
tative aspects. Examples of such measures of product are kilowatt- 
hours, ton-miles, passenger-miles. Clearly one kilowatt produced for 
one thousand hours is qualitatively entirely different to the buyer (as 
well as to the supplier) from a thousand kilowatts produced for one hour. 
The analogue holds in the case of ton- and passenger-miles. In such a 
situation the isolation of qualitative and quantitative changes requires 

u In the case of a cost analysis, “significant” is defined to include only those 
product characteristics which influence cost. 

17 The problems of product differentiation have been treated widely since 
Professor Chamberlin’s basic work, but of particular interest in the present con¬ 
text is Hans Brems’ paper [2]. 
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ad hoc determination of the product characteristics which are qualita¬ 
tively significant to the buyers. Changes in the quantity of output, as 
defined, which do not involve these qualitative elements if there are 
such, can be taken as isolated quantitative changes. 

The remainder of the paper is devoted to the derivation of marginal 
cost functions associated with changes in the quantity of output, changes 
in the quality of product, and changes in the technology of production. 
What is called here marginal cost is only the marginal cost of fuel. 18 
At least some of the changes covered would involve some inputs other 
than fuel, but the equations below show only the increment of fuel 
required. Thus they are not “total marginal cost” functions but only a 
part of the marginal cost. The computation of “total marginal cost” 
would require a similar analysis of all the inputs employed. 

Further, it is clear that the marginal cost derived is a real, not a 
money cost, function, i.e., it is expressed in pounds of fuel. Multi¬ 
plying by price per pound would provide a money marginal cost of fuel. 19 

However, it should be stressed that these cost functions do not depend 
upon any assumptions of constancy (relative or absolute) of the com¬ 
bination of the factors of production. Since the equation developed 
above includes all factors that can influence fuel consumption in flying 
operations, it is capable of taking account of any change in fuel con¬ 
sumption, whatever its ultimate source. 20 However, it is true, of course, 
that in determining the impact of each separate change the assumption 
of ceteris paribus is retained; effects of simultaneous changes in more 
than one variable can be handled by combining the pertinent equations. 

Marginal Cost of Quantitative Changes 

From equation (7) it is clear that changes in output in air transporta¬ 
tion can be affected by increasing speed, weight, or hours. 21 A change in 
speed constitutes changing the basic product characteristic of air trans¬ 
portation. Changes in weight and hours, ceteris paribus, can be taken 

18 This marginal cost concept is not the same as the “ coefficient of costicity” 
developed by Brdguet [19J since the latter deals with total unit cost and is really 
the elasticity of the average cost function with respect to its various determi¬ 
nants. “Per cent variable/’ a cost concept developed by Ford K. Edwards, is 
similar to the “coefficient of costicity.*’ For Edwards’ concept see [26, p. 27]. 

18 In the case of amonopsonistic price the problem is empirically more complex. 

*° The above does not imply that the fuel input coefficient is independent of 
other inputs but that changes in other inputs can affect that coefficient only through 
the impact upon the independent variables in equation (6). The necessity for 
making this clear was pointed out by Mr. George H. Boris of The University of 
Chicago. 

ai Changes in altitude, p, could affect the quantity only through one of these 
terms. 
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as being chang es in only the quantity of product. A change in hours 
-with no change in the quality of product would require that both 
speed and the number of landings per hour remain fixed. 22 Therefore, in 
the present context, we must assume that B = kHh . Then the partial 
derivative of fuel consumption with respect to hours is 


( 8 ) 
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Although the fuel consumption in landing 22 will almost certainly 
change somewhat with changes in gross weight of the airplane, there is 
no way of determining formally the relationship between these factors. 
Ignoring the effect upon fuel consumed in landing, therefore, we get 


SF _ (4)(3C00)g > W 
Sir b s SipV c • e p ■ e t ' 


If output of a given quality is measured in gross pound-miles per 
month, then the two above equations indicate the marginal cost of 
increasing the quantity of output in either of the two ways possible. 
But life is not quite so simple. The management does not always have 
the choice of increasing output by whichever of these means will be 
more economical. The time distribution of demand partly determines 
the manner in which output must be increased. An increase in demand 
which falls at a time when aircraft are flying with less than full pay¬ 
loads will permit an increase in W (average gross weight per airplane). 
An increase in demand which falls either at times when no airplanes 
are flying the desired run or when they are flying fully loaded is a demand 
for more flying hours. So even here it is a little difficult to draw a firm, 
fine line between quantitative and qualitative changes in output. 

The marginal cost, i.e., the marginal real cost of fuel, is linear in the 
case of changes in hours, but in the second case it is curvilinear, cost 
increasing as the square of the weight. Here is an empirically derived 
m ar g inal cost curve with the upward concavity of the elementary 
texts! The fact that it has been derived here for gross weight, whereas 
weight of payload is usually more significant in measuring output, is of 
no significance since, ceteris 'paribus , gross weight increases by the same 
amounts as payload. 


a Changes in hours with the absolute number of landings fixed would involve 
changes in speed or routes. 

” Hereafter the word “ l and in g” will encompass all operations included in the 
computation of £•&». 
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Marginal Cost of Qualitative Changes 


The most important product characteristic of air transportation is 
speed. Substituting from equation (7), z/(3600IF-F) for H h , 


( 10 ) 
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Here again is a curvilinear marginal cost function. 

Changes in the number of landings may constitute a change in the 
quality of product, the marginal cost of which is a simple linear ex¬ 
pression, 


(ID 


5F/6B = M b . 


Altitude is an important product characteristic since it influences 
smoothness of the flight and, in warm weather, cabin temperature. 
In practice, changes in altitude may be associated with changes in V 
because the range of speeds possible, within the limits set by the stall 
characteristics of the airplane and the power characteristics of the 
engine, varies with altitude. Also, the time spent in climbing and gliding 
(which influence the average speed, which appears in the formula) 
would change with altitude if the rate of climb remained constant. 
However, it is possible within the power limitations of the engine to 
keep these times and cruising speed constant as altitude changes. 
Therefore, within limits, which may be rather narrow* in practice but 
which are impossible to define without considerable investigation into 
aerodynamics and thermo dynamics, 24 speed can be held constant while 
altitude varies. 

On this assumption 

/ 10 v bF __ 3C00j Hh fbiSi + $2 y* 2W 2 \ 

K } bp c-e p -e t \ 2 bzSxp'V/' 

Thus it has proven possible to quantify one cost of changing product 
characteristics, and the marginal cost measured in the appropriate 
dimensions is linear in one of the cases studied and curvilinear in two. 


Marginal Cost as a Function of Technical Change 

All other elements in (6) can be taken as technical conditions of pro¬ 
duction which can be changed without changing either the quality or 
quantity of product. The derivatives of these factors are readily ob¬ 
tained and are listed for completeness. 

Changes in airplane structure or design: 

(13) bF/bsi - \[Q>ipVy 2) - (2 WfapYtfR, 

** In fact there is, as far as I know, no realistic formal solution of this problem. 
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(14) 6F/8S2 = X(pF 3 /2), 

(15) - X(s lP 7y2), 

(16) $F/5& 2 = - X( 2 fF 2 /sipF 62 2 ), 

(17) 8F/8T = - X, 

where X = 3600 H h /c-e p -et . 

Changes in engine performance and associated variables: 


(18) 

6F/Sc = —3600 HhP r /c 2 'et-e p , 

(19) 

SF/8et ~ —S&00 HkPr/c-e^-ep, 

(20) 

SF/Se p = — 3600 Hk,P T /c-et-e^, 

(21) 

SF/SM b = B, 

(22) 

5F/8E = 1, 

where P, — 

[(b lSl + s 2 )/2p7 s ] + [2W'-/b^V P ] - T. 


These equations give the marginal cost of fuel of operating under 
different technical conditions, i.e., they show the fuel saving or ex¬ 
pense of changing the technical conditions of production. Thus they 
show the value of technical or operational innovations, and hence 
(a) the ones that may (given the marginal cost of introducing the inno¬ 
vations) be economically introduced under any given technological 
situation, and (b) the directions in which research might be most profit¬ 
ably directed to change the technological situation. 

Changes in these factors do not necessarily require technological 
change in the sense of invention or advances in pure science, although 
all of them could be brought about as a result of incorporating such 
changes. Some may be associated with the improvement of managerial 
practices, for example, changes in e t , e v , M b , or E* The introduction 
of a new type of aircraft will involve changes in many of the factors 
simultaneously, but in the designing and development of aircraft each 
can be varied independently of the others. Even given the type of air¬ 
craft, many of them can be varied independently of the others. Of 
course, the introduction of a new aircraft may also change the values 
of V and W and perhaps the permissible values of p. 

Conclusion 

The advantages of this approach to cost problems is fairly clear. 
First, it does not abstract changes in the techniques of production, 

* E In the technical jargon, a management may be operating off an isoq ua nt in 
that, given the technological situation, more fuel than is required for the amounts 
of the other factors employed is being expended. A managerial chang e to econo¬ 
mise fuel would constitute an approach to the isoquant. 
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factor prices, product quality, and product mix as do the usual statis¬ 
tical techniques. Instead, it completely explains the consequences of 
changes in these variables. For example, the marginal cost in fuel of 
every type of product modification can be computed from (6), since 
any qualitative change that does not affect the independent variables 
in the equation has a marginal cost of fuel equal to zero. The anal ogue 
holds for technical change. Second, it does not depend upon fitting to 
past operational and cost data curves whose form has little rationale. 
The method depends upon being able to obtain objective statements 
like equation (6). Nevertheless, it is clear that the present approach 
must be supplemented by—or is supplementary to—the statistical in¬ 
vestigations in that the phenomena observed in the conventional ap¬ 
proach must be explainable with the present technique and in that there 
may be some areas of productive activity where adequate statements 
of physical interrelationships are not obtainable. 

The limitations are equally clear. The amount of effort that must be 
expended to obtain a quantitative statement of the determinants of 
each type of input in a complex industry is very great. For some types 
of inputs it may be impossible to do so at all. 

A complete statement of the determinants of airline cost functions 
would require a similar analysis of all the inputs used. With these analy¬ 
ses it would then be possible to determine the total real cost of any 
change in output, technology (combination of the factors), product 
quality, or product mix. Applying the money prices of the factors of 
production would complete the information required for the deter¬ 
mination of the money cost of any change in the production of airline 
services. Of course, before the desired static combination of inputs could 
be ascertained, it would be necessary to go still further and obtain 
estimates of the marginal revenue of each product (quality or quantity) 
variation. The actual optimum combination of the factors depends, 
furthermore, upon expectations. Although there is no explicit treat¬ 
ment of expectations in the present method, it does provide a means of 
evaluating the cost of adjusting to any sort of expectational pattern. 

Thus the chief disadvantage of the method is the large amount of 
effort required to carry it out. However, it appears to be a much more 
reliable approach to cost problems, and effort directed along these lines 
will at least be moving toward accurate and relatively unambiguous 
results. The typical statistical studies based upon unrealistic abstrac¬ 
tions from change and burdened with their usual linear bias [cf. 6 , 
20,21] are easier means of obtaining an answer, but it appears necessary 
to seek rigorous rather than readily available conclusions. 26 

University of Virginia. 

48 Reproduction in whole or in part permitted for any purpose of the United 
States Government. 
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STOCK AND FLOW ANALYSIS IN ECONOMICS 
By Lawrence R. Klein 

It is not always irrelevant whether one deals with stock or flow varia¬ 
bles in economic analysis. Some simple dynamic models are shown in 
which the choice between stock and flow variables becomes essential. It 
is also not true that the liquidity preference theory of interest is identical 
with the loanable funds theory of interest. This problem is intimately 
connected with the distinctions between stock and flow analysis. These 
two interest theories are shown to be different in simple dynamic models. 

W. Fellner and H. M. Somers have overlooked 1 some of the important 
differences between the analysis of stocks and of flows in monetary 
interest theory. It is correct but unenlightening to claim that, if the 
proper mathematical transformations are used, the relationships de¬ 
scribing the economic system may be written either in terms of flows 
or of stocks. There are, however, some tricks involved, and it would be 
misleading simply to write off flow analysis and stock analysis as 
equivalent. 

To fix ideas on a more precise footing, I shall proceed immediately 
to a simple mathematical model that contains the bare essentials of 
the matter at hand. I intend to show that there exist models in which 
the arguments of Fellner and Somers are incorrect, but I do not claim 
that there are no models in which they are correct, although I do con¬ 
sider the latter models trivial in some essential features. 

Let us consider an aggregative economy in which the subjects can 
hold goods, perpetuities, or cash. Perpetuities are issued by the busi¬ 
ness firms and held by the households. The government controls the 
total issue of cash, which can be held by households or firms. Interest 
payments are calculated on the volume of securities held at the begin¬ 
ning of an accounting period. Accumulation of real capital will be ig¬ 
nored. The notation is as follows: n t = employment (flow during period 
0, x t = goods (flow during period t), B t = market value of perpetuities 
(stock at the end of period t), Mu = household cash (stock at end of 
period t), Mu = business cash (stock at end of period t), w t = wage 
rate (average during period t), p t = price of goods (average during 
period t), r t = interest rate (average during period t). 

l W. Fellner and H, M. Somers, “Note on ‘Stocks* and ‘Flows* in Monetary 
Interest Theory,** Review of Economics and Statistics , Vol. 31, May, 1949, pp. 
145-146. 

Editor’s Note —In addition to the above reference, the reader’s attention is 
invited to the following: W. Fellner and H. M. Somers, “Alternative Monetary Ap¬ 
proaches to Interest Theory,** Review of Economics and Statistics , Vol. 23, Febru¬ 
ary, 1941, pp. 43-48; and Lawrence E. Klein, The Keynesian Revolution New 
York: The Macmillan Co., pp. 117-123. See also the four contributions which 
follow the present paper. 
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The equations of the system are 

(1) = fi(w t /p t , r t ), household demand for goods, 

(2) x\ = / 2 (w* /pt , r t ), business supply of goods, 

(3) ft? — gi(w t /pt , r t ), business demand for labor, 

(4) n a t = £ 2 (u>i , r*) , household supply of labor, 

(5) Mu/pt = hi(w t n^/p t , r f ), household demand for cash, 

(6) Mu/pt — hz(p t z?/pt , r*) , business demand for cash, 

(7) ilfz.t-i + (1 + rt)Bt-1 + uw? — ptz? — ilffi ■+■ B?, 

household budget restriction, 

(8) M2,t—i (1 + — t£*n? + p*£? = Jkf?* — B?, 

business budget restriction, 

(9) Mu + Mu = k * constant, condition of stock equilibrium, 

(10) #? = x B t , condition of flow equilibrium, 

(11) n? « n? , condition of flow equilibrium. 

In this system of eleven equations there are eleven variables as of time t: 
x? ,x s t,w t , Pt,r t ,n? , ft?, Mu , Mu , B? , B? . I shall assume that 
a unique, classical solution exists for this system, given the lagged 
values of Mi , M 2 , and B. This procedure disregards, obviously, the 
possibilities of inconsistency which I look upon as the basis for the 
modem theory of employment and have discussed elsewhere. This 
accords also with my view of the de-emphasis of liquidity preference in 
the theory of employment. 

This model is presented as a framework for analysis at the static 
level without further justification. It represents my version of classical 
economics except possibly for the fact that r* appears as a variable in 
(5) and (6), but that is necessary in order to deal with the problem at 
hand. The question may legitimately be raised whether or not this 
classical model could be derived from the classical theories of utility 
and profit maximi zation in the household and business sectors of the 
economy. I shall only indicate an answer to this question without going 
into the formal details of derivation. Let us regard an individual con¬ 
sumer as maximizing a utility function depending upon a stream of 
goods, services, cash, and securities over a planning period and subject 
to a budget constraint. The budget constraint suitable for the maxi¬ 
mization process will not be (7); it will instead be 

T 8 D 

y w t n t — ptx * q 

£& (l + n) * * • (i + n) 9 
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which is obtained by discounting the sum of (7) over the period 1,2, • - • , 
T and assuming that the capital value of the household plan is zero; 
i.e., that the discounted stream of first differences in each period’s cash 
holdings and the difference between the initial stock of securities and 
the discounted final value are zero. Plans are laid anew for each account¬ 
ing period so that the demand-supply equations for variables carrying 
a subscript t — l become the effective demand-supply equations (1) 
and (4), and the effective budget restriction is (7). If the capital value 
of the plan is not zero, the equation system must be modified by allow¬ 
ing initial (lagged) stocks of wealth to appear as variables in (l)-(6). 
A similar scheme can be developed for the equations in the business 
sector of the economy. 

From what I have presented thus far, it is not possible to say that 
the interest theory imbedded in (1)—(11) is based on the equation of 
supply and demand for cash or of supply and demand for securities. 
The demand equations for cash are (5) and (6); they are equated to 
the supply of cash in (9). The demand equation for securities is obtained 
by substituting (1), (4), and (5) into (7). The supply equation of securi¬ 
ties is obtained by substituting (2), (3), and (6) into (8). If (9), (10), 
and (11) hold, then the demand for securities must equal the supply 
of securities. Hence a unique set of equilibrium market variables 
(id* , p t , r t ) is consistent with the two propositions that the supply 
and demand for the stock of cash are equated and that the supply and 
demand for the stock of securities are equated. I need not emphasize 
the emptiness of this proposition.® 

The demand-supply equations for securities implied by (1)—(11) in¬ 
volve stock concepts. Since this model is a formalization of the Fellner- 
Somers model, I cannot understand why they insist that their supply- 
demand relation for securities (claims) is clearly a flow concept. Only 
if the derived demand-supply equations could be written with B% — Bt -1 
as a function of market variables alone is it reasonable to call them 
flow concepts. 

I (and others) have really meant something more than is contained 
in the above model when I say that the determination of the interest 
rate is derived from the theory of liquidity preference. The static equi¬ 
librium model of (1)—(11) is only an abstraction (of high order) derived 

* Since the interest and real wage rates can be obtained from (l)-(4) and (10)- 
(11), Hicks’s time-honored demonstration of the equivalence of the liquidity 
preference and loanable funds theories makes little sense. The interest rate is 
determined in the real sector of the economy, where cash and securities can both 
be ignored, provided initial stocks of wealth are not included in (l)-(4) as indi¬ 
cated above. This classical approach does not rule out the concept of liquidity 
preference; it merely shows that this concept fits in with conventional equilibrium 
theory as well as with the modem theory of employment. 
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from a closer counterpart of the true economic process. I shall only 
invoke the classical “law of supply and demand” to demonstrate what 
I mean by a liquidity-preference theory of interest. My version of a 
hypothesis, which can be tested against the facts, is the following: 

When the supply of cash exceeds the demand for cash the interest rate 
falls, and when the demand for cash exceeds the supply of cash the in¬ 
terest rate rises. 

An additional specification of this nature is absolutely necessary in 
order to give some content to the idea that the interest rate is a variable 
which brings about an equation of the supply and demand for cash. 
In place of equilibrium condition (9), I shall write the dynamic equation 

(9a) r, - r t ~i = h 3 (k t - Mu - Ml), 

with the property 0 = h 3 ( 0); therefore (9) is consistent with (9a). In 
the dynamic system h t is an exogenous variable. It is not necessarily a 
constant. It should also be stressed that k t includes the excess reserves 
of the banking system. With a precious-metal reserve of Gt and a re¬ 
serve ratio of X, one may look upon (l/\) G t as the potential supply of 
cash. 

The routine versions of the dynamic replacements for (10) and 

(11) are 

(10a) p t - Pi-i = /s(x'i - xf), 0 = MO), 

(11a) w t — Wt-i - g s (n a t - ft?), 0 = g 3 (0). 

In the dynamic model (l)-(8), (9a)-(lla), I have a liquidity-preference 
theory of interest, and I do not have a supply-demand-for-securities 
theory of interest. By this remark I mean that there is not, in the model, 
a unique relation between the excess demand for securities and fluctua¬ 
tions in the rate of interest. The algebra of the situation leads to an 
excess demand relation for securities of the form 

(12) £? - Bf - h,\r t - r<_i) + - k t ) 

+ w t gj 1 (w t — Wt~i) + pJT'CPi — pt- i). 

Unless the sum of terms of the right-hand member after the first vanish 
identically in t, the relation between excess demand for securities and 
interest fluctuations does not hold. 

Should I suppress (9a) and use instead 

(9b) r t - r w = A«(Bf - £?), 

I should no longer cl aim that my model contains a liquidity-preference 
theory of interest. 
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I have followed the conventional treatment of the “law of supply and 
demand,” but the more general possibility 

(9c) h(k, - Mu ~ Mi t , p t - pi_i, w t - wt-i , r t - rt-i) = 0, 

(10c) f(x* - x? , Pt - P<-i , w t - w t - 1 , r t - rt-i) = 0, 

(11c) p(nf - nf, p t - Pt-i, w t - , u - r,_i) = 0, 

should not be overlooked. Instead of assuming that a single market 
price moves to wipe out a maladjustment between demand and supply, 
it seems preferable to assume that several market prices move to eradi¬ 
cate the maladjustment. Since many items are interrelated in demand 
or supply, it is not absolutely necessary that an item’s own price must 
be called upon to perform the entire adjustment process. In a model 
consisting of (l)-(8) and (9c)-(llc), there is not enough information 
to characterize it as containing a liquidity-preference theory of interest 
rather than a supply-demand-for-securities theory. 

The difference between flow analysis and stock analysis can be brought 
out clearly in this connection. Let the demand for any economic quan¬ 
tity during a period of time be denoted by pf and the supply by p ?. 
The time dimension of these variables is such that they are flows. 
The average price at which they are traded during period t will be writ¬ 
ten as qt . It is one theory to use the equation 

q t - 5 (_i = F(y s t - pf), F(0) = 0, 

and quite another to use 

qt - qt-i = f* £(pt - pf)J, F*(o) = o. 

One relation assumes an adjustment to flow equilibrium and the other 
to stock equilibrium. In the continuous case it is well-known that these 
two theories lead to entirely different results. 3 It makes a good deal of 
difference in the Fellner-Somers theory whether the rate of interest is a 
fluctuating variable that tends to equilibrate the supply and demand 
for the outstanding stocks of securities or for the flow of securities 
during a period of time. For example, they must state unambiguously 
whether they view 

(13) r, - rt-.! = 0(Bi - Bf-i -Bf + Bf-i), Q(0) = 0, 
or 

(14) r* - r H = <?*(£? - Bf), <?*(0) = 0, 

•See, e.g., P. A. Samuelson, “The Stability of Equilibrium: Comparative Sta¬ 
tics and Dynamics,” Econometkica, Vol. 9, April, 1941, pp. 107-108,112-113. 
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as valid relationships, in case they support the supply-demand-for- 
securities theory of interest. This point they have failed to r ealize . 

It is something of a generalization to go from static equilibrium to a 
dynamic model, but it is still unsatisfactory. In econometric work one 
is never permitted to disregard the fact that the model has a stochastic 
structure. The particular sort of stochastic structure that is almost 
always assumed is one that requires clear thinking on the matter of 
stocks vs. flows. The choice of a method of statistical estimation de¬ 
pends on whether one assumes that people behave so as to demand a 
stock of cash in relation to certain market variables and income plus a 
nonautocorrelated random error or whether behavior is such that people 
demand a flow of cash in relation to certain market variables and income 
(or differences of these variables) plus a nonautocorrelated random 
error. 4 One must first decide whether fundamental economic decisions 
are made in terms of stock or flow variables in each particular case. 

A final remark concerns a statement of “the obvious” by Fellner 
and Somers. They say: 

But it surely is evident without further argument that the value of a 
variable cannot equate the demand for anything with the supply of that 
thing over a period of time, unless it also accomplishes the equality of 
the willingness to hold that thing and the existing stock of that thing 
at any point of time during that period! 

Let the continuous variable z(t) denote the flow of excess demand for z 
at instant t. Surely they would not claim that a price system securing 
J? +1 z(f) dt = 0 automatically secures JI£ 9 z(f) dt = 0 for all 0, 
0 < 0 ^ 1. Even the stronger assumption of continuous market clear¬ 
ance of the flow over the whole interval (T, T + 1), i.e., a(f) = 0, 
T ^ t ^ T + 1, does not imply the clearance of the market for 
stocks unless jT«z(f) dt = 0. 

National Bureau of Economic Research and Survey Research Center 

4 The choice between a stock or a flow formulation affects the autocorrelation 
properties of the random errors in an obvious way. It is, of course, possible that 
neither formulation leads to nonautocorrelation. 



STOCK AND FLOW ANALYSIS: COMMENT 

By William Fellner and Harold M. Somers 

Dr. Klein sets up a model 1 which includes among its variables the rate 
of interest. In the static case, he finds that the results as to the relation 
between the loanable funds and liquidity preference theories are empty. 
In the dynamic case, he finds that the loanable funds theory does not 
appear at all. He concludes that we were in error in claiming that the 
two theories were equivalent in general and he traces our error to a 
confusion of stocks and flows. 

Klein’s statements concerning the difference between stock and flow 
analysis stem from his particular definition of stock analysis. On his 
definition of dynamic stock analysis, it is true that stock analysis is 
different from flow analysis. Definitions which are more usual in interest 
theory lead to the conclusion that stock and flow analyses are equiva¬ 
lent. Legitimate differences of opinion may, however, arise as to the 
relative usefulness of alternative definitions. After a brief discussion of 
this point, we will show that Klein is in error when he maintains that 
the “dynamic stock analysis” version of the loanable funds theory is 
essentially different from the corresponding version of the liquidity 
preference theory even if his concept of dynamic stock analysis is used. 
The relationship between corresponding versions of the two theories is, 
of course, the real issue in the present controversy. To anticipate our 
main point here, we may say that Klein disregards the fact that an 
excess demand for money can affect the rate of interest only via demand 
and supply in the securities markets. 

In considering stocks at the end of any period £, we assumed: 
— 2/t) = 0, where y D is the demand for anything and y 8 is 
its supply. In other words we assumed that equilibrium was established 
at the beginning of period t, i.e., the end of period t - 1, and that 
there is a given amount, say y^i , of the good at the beginning 
of the period. In Klein’s definition of “stock analysis,” however, 
ZXo 1 (Vi — yl) 9* 0 or, perhaps, £^(y? — jfi) < 0. In the latter 
formulation, our assumption would be considered just a special case. 

The relevant question, then, is whether our definition of “stock 
analysis” is an ordinary or even a tenable one, especially in the context 
of interest theory. It will probably be generally agreed that in Lord 
Keynes’s presentation there exists no excess demand at any point of time. 
If we refer to Lemer’s article in the Review of Economic Statistics in 

1 Lawrence R. Klein, “Stock and Flow Analysis in Economics,” Econometric*. 
Vol. IS, July, 1950, pp. 230-241. 
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May, 1944,* we find that he uses exactly the same concept as we do. 
He adds the stock of money (not the sum of all preceding excess demands) 
at the beginning of the period to the monetary flows of the period to get 
the liquidity preference theory. We believe that this is the usual con¬ 
cept of “stock analysis” and the usual understanding of the liquidity 
preference theory. Lemer had previously used this approach in his 
article in the Economic Journal in 1938.® Klein criticizes Lemer’s 
article in his Keynesian Revolution , 4 but not on this particular point. 

Even though the issue is merely one of definition, there is neverthe¬ 
less a question whether the scarce term “stock analysis” should be 
allocated to Klein’s approach or to ours. Perhaps his is an “infinitely 
dynamic stock analysis” since it determines the price of the current 
period by taking explicit account of an infinite number of lagged excess 
demands. 

Using our definition of “stock analysis,” the relation between the 
demand and supply of the stock of securities in period t is equivalent 
to the relation between the respective flows during the period. Klein 
asks us to state unambiguously whether we view his equation (13) 
or (14) as valid relationships. The first of these may be rewritten 

r« - r„ = Gm - B?) - (BU - B?-x)}. 

On the assumption previously stated, namely, that equilibrium was es¬ 
tablished at the end of period t — 1, we have (Bf_i — Bf-x) = 0. Hence 
equation (13) reduces to the same form as (14). 

The above, however, disregards the main weakness of Klein’s dynamic 
analysis. Through a process of substitution he derives an excess demand 
relation for securities [his equation (12)] , and then says, “Unless the 
sum of terms of the right-hand member after the first vanish identically 
in t, the relation between excess demand for securities and interest 
fluctuations does not hold.” In this equation k t is an exogenous variable 
and must be assumed equal to kt-i in the absence of outside information 
to the contrary. 

For convenience, let us rewrite the derived equation (12) as follows: 
n - rt-i = /*[(£? — Bf) — + If 2lt -x - k t ) 

d 2 - 1 ) _x, , w, „ 

— Wt9z ( w t - Wt - i ) - ptfz (pt — p*-i)j. 

According to this derived equation, changes in the rate of interest are 
functionally related, not only to the excess demand for securities, but 

* “Interest Theory—Supply and Demand for Loans or Supply and Demand for 
Cash,” Vol. 26, pp. 88-01. 

•“Alternative Formulations of the Theory of Interest,” Vol. 48, pp. 211-230. 

4 New York: The Macmillan Co., 1947, pp. 119-121. 
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also to a number of other economic variables. Using Klein’s equations 
(10a) and (11a), the derived equation becomes 

U ~ — B?) — (M 1)t _! + Af s> w - k t ) 

(12.2) g i>\ r a D\i 

- w t (n t - n t ) - p t (x t - x t )]. 

Thus we see that in Klein’s derived equation changes in the current rate 
of interest are functionally related to the excess demands for (a) securi¬ 
ties (stock at end of current period, which may be translated into a flow 
during the current period, as indicated above); (b) cash (stock at end of 
previous period, since k t is assumed equal to ftj_i); (c) employment (flow 
during current period); and (d) goods (flow during current period). 

All demands and supplies are expressed in monetary terms. Hence 
we can say that the change in the rate of interest is related to the ag¬ 
gregate monetary demand and supply. In our previous analysis 5 we 
showed diagrammatically that on a two-dimensional basis, i.e., where 
the rate of interest is the only variable to be determined and the prices 
of goods and services are given, the excess demands for (c) and (d) must 
be assumed to have been eliminated through adjustments in the appro¬ 
priate prices (of goods and personal services). The excess demand for 
(b) must have been eliminated at the end of the previous period. Thus, 
in the two-dimensional case, the right-hand term after the first must 
actually be assumed to be zero. 

The main question is how the two theories are related in a multi¬ 
dimensional dynamic system such as the one Klein sets up. If we look 
at the derived equation (12.1), we see that there are alleged to be some 
factors other than the demand and supply of securities that affect 
the rate of interest. It is true, of course, that in a multidimensional sys¬ 
tem there are a great many factors that affect the interest rate. How¬ 
ever, in any system, these factors can affect the market rate of interest 
only through their effect on the demand and supply of interest-bearing 
securities. We are reminded of Lemer’s assurances on this point: (1) 
•‘It cannot be denied that the rate of interest, being the price paid for 
a loan, must be at the level where the demand for loans is equal to the 
supply of loans,” and (2) “In saying that the ‘cash’ theory erf interest is 
preferable to the ‘loans’ theory, I do not deny that the actual rate of 
interest is in fact agreed upon by the suppliers and demanders for loans.”* 
Yet the form of Klein’s derived equation leaves us no alternative but to 
conclude that there is some method whereby economic factors can 
achieve changes in the rate of interest without influencing the demand 

• “Alternative Monetary Approaches to Interest Theory,” Review of Economica 
and Statistics, Vol. 23, February, 1941, pp. 43-48. 

* Lerner, “Interest Theory," op. cit., pp. 88,90. 
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and supply of securities! Klein’s equation (12.1) gives the securities 
market some role in determining the interest rate and yet provides a 
means of circumventing the securities market and affecting the interest 
rate directly. Even with equilibrium in the securities market there could 
be a change in the rate of interest. Klein’s rate of interest thus becomes 
what has been called in a related context, “a grin without a cat.” 

The conclusion is that we are not free to write Klein’s equation (9a) 
unless a unique relationship exists between the excess demand for money 
and the excess demand for claims, that is, between k t — Mi,t — M%, t 
and Bt — B? , with the result that the sum of all right-hand terms of 
(12.2) may alternatively be written as some function of Bf — B?. 
Given such a functional relationship there exists no essential difference 
between using equation (9a) or using (9b). An analogous conclusion 
holds regardless of the degree of dynamics (in Klein’s sense) which we 
wish to introduce, that is, regardless of whether markets are assumed to 
be cleared in each short period, or over longer periods, or whether no 
clearance but merely a tendency toward clearance is assumed. 

University of California, Berkeley 

University of Buffalo 



STOCK AND FLOW ANALYSIS: FURTHER COMMENT 
By Lawrence R. Klein 

Fellner and Somers have commented on my short article 1 in such a 
way that I must stress certain observations. 

They claim that I find no loanable funds theory in the dynamic case. 
This is not entirely correct. I have followed some routine procedures in 
setting up dynamic models and can adapt them to contain either a 
liquidity preference or a loanable funds theory of interest. My purpose 
is to show that the two theories are different in a dynamic framework, 
and I do not rule out either one in advance. Ultimately the choice be¬ 
tween the two theories will have to be based on empirical information. 

The concept of dynamics proposed by Fellner and Somers is thor¬ 
oughly unacceptable. Their definitions lead to results that are formally 
equivalent to those obtained in static analysis, and no number of refer¬ 
ences to distinguished persons in the field of interest theory will make 
their brand of dynamics any more interesting or useful. Actually, I 
have tried to give a more realistic picture of economic processes that 
yields much richer solutions. I am greatly disappointed at the insistence 
of Fellner and Somers on what I choose to call a “sham dynamics.” 

I must point out that by assuming k t to be an exogenous variable, I 
am under no compulsion to assume k, — kt- 1 . This point is made only 
in the interest of precision since the assumption of Fellner and Somers 
(k t — kt- 1 ), although unwarranted, plays no essential role in the treat¬ 
ment of the problem at hand. 

The dogmatic assertion of Fellner and Somers that "... in any sys¬ 
tem, these factors [other than the demand and supply of securities] can 
affect the market rate of interest only through their effect on the demand 
and supply of interest-bearing securities” closes the door to scientific 
discussion. This is, self-evidently, the central assumption of the loanable 
funds theory, but it cannot be used to prove that the liquidity preference 
theory is identical, for in the latter theory an entirely different assump¬ 
tion is used, namely, that interest is the reward for being illiquid. Thus, 
the grin has a cat after all. 

I dose with a rhetorical question. What are the structural charac¬ 
teristics of their suggested unique relationship between the excess de¬ 
mand for money and the excess demand for claims? Is it a behavior equa¬ 
tion for some group in the economy; or is it a market dealing equation; 
or is it an institutional equation; or what is it? 

National Bureau of Economic Research and Survey Research Center 

1 See the two preceding articles in this issue. 
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STOCK AND FLOW ANALYSIS: DISCUSSION 
By Karl Brunner 

The discussion between Klein and Fellner and Somers 1 about the 
structure of the mechanism determining the rate of interest has the 
merit of focusing attention on two central issues: In the first place, we 
have to choose between a flow or a stock theory of interest. Klein main¬ 
tains that these two theories differ essentially and that we have to de¬ 
cide in favor of a stock theory. And secondly, we must decide within the 
stock theory between a liquidity theory and what might be called a 
securities theory. Again these two theories are not equivalent. An in¬ 
teresting result of the discussion is that it calls attention to the different 
types of behavior in the securities market implied by the two theories— 
a fact reflected in the dynamic adjustment equation. 

issue: stock or flow theory 

1. Fellner and Somers maintain that, by analyzing observable phe¬ 
nomena as if they were the solutions of a succession of static equations! 
systems, the flow and the stock theoiy of interest coincide. This is cor¬ 
rect, and was found to be a useful formulation in earlier articles by Fell¬ 
ner and Somers where the main concern was the relation between the 
loanable funds theory and the liquidity theory within a static framework. 
It is definitely less useful, however, when the relevancy of distinguishing 
between stock and flow variables in economic analysis is the point at 
issue. Within a static framework, as presented by Fellner and Somers, 
no obvious choice is possible between a flow and a stock theory. In fact, 
the problem will only be obscured by assuming away the adjustment 
processes. Stock and flow theory will differ essentially as soon as ob¬ 
servable phenomena are treated as solutions of dynamic equational sys¬ 
tems describing the structure of adjustment processes. 

2. Klein’s approach has the advantage of linking up interest theoiy 
with a general theory of price determination of goods, with large stocks 
and relatively small changes in net supply and demand where the deci¬ 
sion to hold the stock is continuously appraised in the light of current 
market situations. Such a situation describes, surely, the essential 
features of the capital market. Under these circumstances the momentary 
price will be determined by the stock relationship and not by any flow 
relationship. In general, a flow equilibrium price will still be accompanied 
by a stock disequilibrium, which will force a change in price till short- 
run stock equilibrium has been achieved. This situation will then be ac- 

1 This is the fourth of a series of five notes on this general topic, all appearing 
in this issue. 
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companied by a flow disequilibrium which will change the underlying 
stock r elat ionship. So a new stock equilibrium will be formed, with a 
new price and a new flow disequilibrium, and so on until the whole 
short-run system has eventually been adjusted. 

3. A simple mathematical model of such a situation would be as 
follows: 

(1) S(f) = J ' t s(t) dr + k , 

(2) s(0 = s[p(t - 0)], 0 g 0, 

(3) 5(0 = mm, 

where 5(0 = accumulated stocks at time t, s(t ) = rate of change of 5 
at time t,p — price of a commodity unit, and D — quantity demanded. 
The flow equilibrium price is defined by the relation 

(4) s[p(f - 0)] - (d/di)D\p(i)], 

whereas in (3) a stock relation price is determined. These two prices 
will coincide only for the stationary solution of the dynamic system pre¬ 
sented. 

4. Looking over the system we can distinguish two situations: (a) 
full equilibrium, implying both stock and flow equilibrium, and (b) par¬ 
tial equilibrium, implying (i) either stock equilibrium and flow dis¬ 
equilibrium or (ii) stock disequilibrium and flow equilibrium, (a) de¬ 
scribes the stationary solution—or the static counterpart— of a dynamic 
theory; and (b) reflects the nonstationary solution of a dynamic theory. 
In (b) the momentary price is clearly determined by the stock relation, 
whereas in (a) it looks at first as if either the stock or flow relation could 
do the job. In fact both are necessary; the price is determined by the 
equilibrium of stocks under a special restriction; in the case at hand this 
restriction is that flows be zero. Within short-run static systems the 
special restriction is formed by the equalization of flows. In both (a) 
and (b) the stock relation enters the pricing mechanism in some essen¬ 
tial way. 

5. A real flow theory ought to postulate that flows dominate the scene, 
that is, that the phenomena to be explained are to be conceived essen¬ 
tially as solutions of flow relations, whatever the stock relation may be. 
This is not Fellner and Somers’ position. They first assume stock equi¬ 
librium (as was done by Keynes and Lemer, with whom they were con¬ 
cerned) and then show the relation between stock and flow equality. 
In symbols: what Klein asked for was a choice between the following two 
hypotheses: 

(5) 


ft — Tt -i »= G(J3? — Bf-i — JB? + Bf-i), 
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with the implied restriction, Ifi-i — Bf-i 0, and 

(6) - Tt~i - G(B a t - Bf). 

Fellner and Somers answer by reiterating their restriction, which is the 
contrary of Klein’s tacit restriction. But then the result is not equiva¬ 
lence between a real flow and a real stock theory. If stock equilibri um in 
(£ — 1) is a necessary condition for the proposition that flow equably 
implies and is implied by stock equality in t, then surely the stock rela¬ 
tion has to form an integral part of the theory. The restriction imposed 
by Fellner and Somers obscures an important question: what the 
general structure of economic processes is when demand and supply are 
not simultaneously equal for both stocks and flows. 

In terms of our simple model, Klein’s question would be as to whether 
the momentary price is determined by equation (4) or by equation (3). 
And here no equivalence is to be found in general. In the nonstationary 
case, (3) alone determines the momentary price, and in the stationary 
case (3) and (4) together determine price and a stock corresponding to 
this price, so that the price may actually hold. 

issue: liquidity theory or credit market theory 

6. The first issue of the discussion between Klein, on the one hand, 
and Fellner and Somers, on the other, was concerned with the relation 
of stocks and flows in the theory of price determination of goods with 
relatively large stocks and small net supplies and net demands. The sec¬ 
ond issue is guided by the question as to which stocks are the relevant 
ones in the mechanism determining interest. Whereas the first issue ap¬ 
pears to be settled in favor of what may be termed a stock theory 
(which does not imply that the flow relation is irrelevant), the second 
issue does not seem to be settled yet. Two hypotheses disputed are the 
liquidity theory: 

(7) r t - r«i - F(k t - M? t - M? t ), 
and the securities theory: 

(8) rt - r« - CKfil - Bit). 

It is interesting to observe that these two hypotheses have different 
implications with respect to the structure of market mechanisms. Ul¬ 
timately they will have to be judged by this fact. 

7. The securities theory implies the traditional notion of market 
behavior, well described by Fellner and Somers: .. In a multidimen¬ 
sional system there are a great many factors which affect the interest 
rate. However, in any system, these factors can affect the market rate 
of interest only through their effect on the demand and supply of in- 
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terest-bearing securities.” The market behavior implied is described by 
the well-known dynamic market-system formulated by Lange 1 and 
Samuelson, 

(9) (dp./di) = H'{X° — X’) (i *» 1, • • - , n), 

where, denoting by X the quantity of a commodity, we have 

(10) Xf = Xffa X? = X?(pt 

Equation (2) reflects this type of behavior. 

The liquidity theory implies a distinctly different behavior on the 
securities market. This can be seen in the following way: The liquidity 
theory is based on the hypothesis expressed by equation (9a) of the 
Klein paper. By various substitutions we can then derive equation 
(12.1) of the paper by Fellner and Somers. 

The adjustment equation of the securities market is thus of the general 
form 

/I-A dp _ ZP / \rD V S dpi dp t —l dpt+1 dpr\ 

(11) it = F r ~ ~dt’ -*"■ ~dT’ dry* 

Such a mechanism implies that the rate of interest may move even when 
the credit market is balanced, because of disequilibria in other parts of 
the system. 

8. By comparing (9) and (11) we see clearly the difference in market 
behavior implied by the liquidity theoiy and the securities theory. If 
we accept (7) as a valid presentation of the liquidity theory of interest— 
and on the surface it looks very plausible—we are bound to acknowledge 
a market behavior in the securities market as described in (11). This 
implication and the resulting difference in comparison with the securities 
theory seems to have been overlooked in the past, and to have it clearly 
focused is a merit of the discussion between Fellner and Somers and 
Klein. We may point out that the stationary solutions of (9) and (11) 
as concerns r will coincide. Thus, for any discussion keeping rigidly to a 
static framework, there is no need to distinguish between a securities 
and a liquidity theory of interest. The choice between the two hypotheses 
may show up in the purely formal question as to which one of the n de¬ 
pendent equations in (n — 1) variables to delete. But an unambiguous 
definition of the two hypotheses cannot be presented in purely static 
terms. 

When we look at (9) and (11) we have no difficulty in regarding (9) 
as a plausible type of adjustment behavior. But (11), on the other hand, 
presents a troublesome conception of market behavior. It strains our 

* Oscar Lange, Price Flexibility and Employment , Cowles Commission Mono¬ 
graph No. 8, Bloomington, Ind.: The Principia Press, 1944, Appendix, p. 91. 
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imagination to t hink of a change in price of a specific commodity because 
of disequilibria in other markets of the system, without the necessity of 
first bre akin g up the market equilibrium of the commodity under con¬ 
sideration. Actually, there exist institutional set-ups which imply such a 
process—-but have they been observed in securities markets? In evaluat¬ 
ing (11) we have to remember that the dynamic variables included came 
in because of substituting excess supply of money (in terms of stocks) 
by the sum of the excess demand for bonds, for commodities, and for 
labor. By inverting the last two excess demand functions we have rates 
of change of prices included. Thus the dynamic variables in (11) are 
independent of a generalized Keynesian hypothesis with respect to the 
liquidity function, an explicit formulation of which would be: 

(12) M D = L[r t , <£(*•«-i , * * • , ct_„), p { , iKp«_!, • * • , Y], 

where r = rate of interest at various points of time, p = prices, and 
Y = money income. The 4> and ip functions embody the accumulation 
of past experiences with respect to securities’ prices and other prices. 
They shape the notion of “normal” price and interest. The relation be¬ 
tween this quantity and the actual price was conceived as crucial for the 
demand for money. On such a basis, X D and X s in (11) could be conceived 
as limited to the static part of (12), while mentioning the dynamic part 
contained in <j> and ip separately. But this interpretation assumes that 
the excess supply of money and the excess demand for bonds are iden¬ 
tically equal. And so (11) and (9) would actually be equivalent. X° and 
X 3 in (9) would then differ from X D and X s in (11) by including the 
dynamic part of L, which is transmitted to the bond equations via the 
interdependence provided by the budget restriction. In this way, un¬ 
fortunately, the “Keynesian hypothesis” does not help in rationalizing 
the dynamic features of (11). It may well be that Klein has a good ra¬ 
tionalization in the back of his mind for setting up his equations (9c), 
(10c), (11c), but this economic rationale has not been convincingly or 
sufficiently developed. In this respect, as the discussion stands, the 
balance is definitely tilted in favor of Fellner and Somers, but Klein is 
correct in main taining that the two stock theories are different. 

Handelshochsekuk, St. Gallen, Switzerland 



STOCK AND FLOW ANALYSIS: NOTE ON THE DISCUSSION 

By William Fellner and Harold M. Somers 

Thanks to the preceding discussion, certain differences of opinion seem 
to be almost completely bridged. We all seem to agree that the “liquidity 
preference theory” is different in essential respects from the loanable 
funds theory only if the former is understood to imply that the rate of 
interest may move even though ike demand for claims equals the supply of 
claims at the prevailing interest rate. The one difference which remains is 
merely that the present writers reject this as an acceptable interpreta¬ 
tion of the Keynesian “liquidity preference theory” because in the 
Keynesian liquidity preference analysis, just as in the loanable funds 
theory, the rate of interest is defined as the price of claims ( General 
Theory, p. 222) and is strictly distinguished from the marginal efficiency of 
capital. 

We do not feel that an approach should be termed “static” merely 
because it makes the assumption that some market is cleared during a 
definable period of time. But it is quite possible that Klein’s type of 
dynamic approach, which avoids this assumption, will prove more useful 
in economic analysis. All participants in the present controversy seem 
to agree that the equivalence of the loanable funds theory with the 
liquidity preference theory is not affected by the mere decision to adopt 
Klein’s concept of dynamics (although, in his kind of dynamic approach, 
stock analysis ceases to be equivalent to flow analysis). In order to reach 
the conclusion that the loanable funds theory is not equivalent to the 
liquidity preference theory, it is necessary to interpret the “liquidity 
preference theory” in a way which we consider to be unacceptable for 
the reasons given in the first paragraph of this note. 

University of California, Berkeley 

University of Bufflalo 

Editor’s Note— The above statement was prepared by the authors before Dr. 
Klein’s “Further Comment” was available. Publication arrangements also pre¬ 
vented the inclusion of a reply by Dr. Klein to the discussion by Dr. Brunner. 



RISK ALLOWANCES FOR PRICE EXPECTATIONS 
By Paul B. Simpson 

Entrepreneurs may form their plans on the basis of expected prices 
equal to most probable prices plus or minus risk allowances. The allow¬ 
ance may be interpreted as a certainty equivalent of subjective probabil¬ 
ity calculations, and may be given exact formulation under some condi¬ 
tions. The risk allowance will be positive whenever entrepreneurs are 
willing to sacrifice expected returns for a narrowing of dispersion of pos¬ 
sible returns. Diminishing marginal utility of money will explain such 
conservatism. Limited capital resources also tend to make entrepreneurs 
behave in a conservative manner. 

SUMMARY 

An entrepreneur who seeks to maximize his profits over time must 
plan a stream of expenditures for productive factors and a stream of 
receipts from sales. He will be forced to form estimates of the prices 
that he must pay and that he may expect to obtain for his products. 
If he forms such estimates, making suitable allowances for interest 
charges, and if he has available the necessary technological information 
regarding production possibilities, he can choose a production plan which 
will maximize his expected profit. Such a maximized profit plan implies 
that the ratio of marginal substitutabilities of each two inputs or out¬ 
puts is equal to the ratio of expected prices. 

The entrepreneur can never be certain of his expectations, however, 
and this fact will modify his decisions. Some writers have suggested 
that an entrepreneur will add risk allowances to his expected prices 
as a kind of “insurance.” An alternative procedure is to consider the 
rational behavior of an entrepreneur who forms expectations in terms 
of subjective probabilities. It turns out that risk allowances can be in¬ 
terpreted in terms of such probability formulations. The ratio of mar¬ 
ginal substitutabilities of each two units of inputs or outputs will equal 
the ratio of expected prices, plus or minus risk allowances expressed 
in terms of the dispersions of the expected prices and of the entrepre¬ 
neur’s preferences for dispersion in his anticipated profits. If the entre¬ 
preneur hfl-s a preference for more certainty, that is, for smaller dispersion 
of gains, then the risk allowances will be positive, and factors and 
products will be avoided which have a wider range of probable prices. 
The converse is true if the entrepreneur likes the possibility of widely 
dispersed results of his decision. 

Aversion to dispersion can be interpreted in terms of utility analysis. 
If it is assumed that the entrepreneur places an evaluation or utility 
upon different profits, then it may be presumed that the entrepreneur 
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wishes to maximize his expected utility, not his expected profit. The 
principle of diminishing marginal utility of profit implies that more dis¬ 
persed expectations of profits are not desired. 

An entrepreneur will prefer relatively certain situations because his 
capital resources are limited. Business is handicapped in situations of 
uncertainty because it has limited capital and for that reason cannot 
count upon its luck balancing out over a period of time. Hence conserva¬ 
tive practices are likely to be adopted. 

* * * * 

Professor J. R. Hicks [3] has introduced the notion of expected prices 
equal to most probable future prices plus or minus allowances for risk 
into his formulation of entrepreneurial planning. Extensive use of the 
device has been made by Professor Oscar Lange [4]. It is interesting to 
interpret these adjusted price expectations in terms of the theory of 
subjective risk [5, 7]. This can be done very simply under the following 
special assumptions: 

I. An entrepreneur forms for planning purposes estimates of future 
prices for all commodities that affect him. A separate commodity is de¬ 
fined for each time period in the future (of which there are a finite num¬ 
ber) and for each commodity with different substitutionary character¬ 
istics within a given time period. These estimated prices pi , (i = 1, 2, 
• - - , ft), are random variables with means 8pi = p t) and covariances 
and variances 8(p» — p»)(pj — pj) = cr# , where <r« = at These 
prices may incorporate an appropriate interest discount or premium. 

II. The entrepreneur will plan to buy or sell quantities g*, where 
positive qi denote sales (products) and negative g* denote purchases 
(factors). The sensible alternatives of sets (q t ), among which choice 
must be made, are given by a production function Q(qi, q 2 , • • * , q n ) * 
0 which has first derivatives for the relevant ranges of the variables. 

III. The calculated profit V = 2p*g; is seen by the entrepreneur 
as a normally distributed random variable with mean V = 2g ? p< and 
variance S 2 — ^i^gjaij . The two parameters V and 5 give the in¬ 
formation about each possible plan which the entrepreneur considers 
in making his choice of plan. It may be noted that V will tend to be 
normal regardless of the shape of the distributions of the pi unless the 
prices are highly correlated, or unless the number of prices is very 
small. 

IV. An analytic function 4>(V, S) exists for each entrepreneur, order¬ 
ing the preferences of the entrepreneur for assigned values of V and S . 
The larger <j> } the more preferred the position. If 8 is constant, <t> will 
increase with V. It may be presumed that the capital resources of the 
entrepreneur are limited and fixed, since <j> may well depend on this 
parameter as well as on subjective factors, gambling instinct, etc. 
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V. Each p* is independent of q s , (j « 1, 2, • • • , n), that is to say the 
actions of the entrepreneur have a very small influence on prices. The 
entrepreneur does not act as a monopolist or monopsonist. 

A solution of the problem of determining the maximum position for 
the entrepreneur may be sought by the familiar method of maximizing 
0 with the side relation Q. A solution will be given in some cases by the 
necessary conditions: 


dQ 50 50 dV 50 dS 

dqi __ dqi _ dV dq{ dS dqi 

dQ 50 50 dV , 50 dS 

d% dqj dV dqj ’ dS 5 & 

w pi + (i) (I) ( f g "”j 


where (i, j = 1, 2, • • • , n). The equations (1) together with the identi¬ 
ties of II and III give n + 2 equations with which to solve for n + 2 
unknowns. Sufficient conditions are complex and will not be given. 

Increasing returns to scale will generally preclude a solution of the 
type given by (1), although not necessarily so since the risk preference 
function may be such as to offset the influence of increasing returns. 
Monopolistic conditions would tend toward a solution also, as in the 
case of the tiaditional theory of the firm. 

It is convenient to rewrite (1) introducing the slope of the indifference 
curve at the point of equilibrium: 



The usual condition for the equilibrium of the firm is that the entre¬ 
preneur selects a production plan such that the ratios of marginal sub¬ 
stitutabilities equal the ratios of prices for each two commodities. 
Equations (2) express similar conditions, but in place of prices we have 
expected prices, pi and p ,, plus or minus expressions which are equiv¬ 
alent to Hicks’s risk allowances. The risk allowance can be considered 
as a certainty equivalent of choice among probability alternatives. 

Hi cks has assumed that the risk allowance is positive for purchased 
goods and negative for products to be sold. This assumption will be 
justified in the following case: Assume that net correlation among prices. 
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i.e., the sum of terms involving <r t ,, i p* j, is small compared to <r„, 
and that dV/dS > 0. Under these conditions the effective price given 
by the equilibrium ratios (2) is higher than p% for factors (q% negative) 
and lower than p t for products (q t positive). Commodities whose prices 
have small dispersion will be preferred under these conditions, other 
things being equal. 

The condition dV/dS > 0 implies that the indifference curve for V 
and S when <j> is constant is increasing. This means that a wider dis¬ 
persion of results is acceptable only if a higher expected return is ob¬ 
tainable. This would seem to be a conservative practice since wider 
dispersion of results would not be avoided perhaps by a more audaciously 
inclined person. Thus Hicks’s formulation implies conservatism in the 
sense dV/dS > 0 at the point of equilibrium. 

Conservatism in this sense can be interpreted in terms of utility. 
Utility notions which have not been popular with economists in recent 
years have been shown by von Neumann and Morgenstem [6] to have 
important advantages in treating choices among chance alternatives. 
The two formulations of choice, that of utility and that of preference 
functions, are closely related. A probability density function of a ran¬ 
dom variable V can be defined in a wide variety of cases by a function 
of finite number of moments. Let such a density function be <p(V, mi , 
• * • , mi). Let a preference function of the moments be <f>(mi , • • • , m*). 
If there exists a function U(V) such that 

r +°° 

(3) 4>(mi , • • • , nu) = / U(V)tp(V, mi, ■■■ ,m k ) dV, 

J—oo 

then U and <f> are equivalent as regards choice among the probability 
density functions <p. Any choice of production plan which maximizes <p 
will also maximize the expected utility. In general there will not exist 
a solution U (F) for the integral equation (3) for any <f> and <p. Hence it is 
not possible to find a utility equivalent of every preference function. 
On the other hand, it will be possible in general to find a preference 
function corresponding to a utility function U(V) by integrating the 
right-hand side of (3). Thus the types of decisions which can be formu¬ 
lated by utility functions form a subclass of the types definable by prefer¬ 
ence functions. However some types of preference functions can be 
translated into utility functions and for such types further statements 
regarding conservatism are possible. 

Assu m e that the utility of a gain, F, for an individual is given by a 
utility function E/(F) which is analytic almost everywhere for all real F. 
It may be assumed that dUjdV > 0 for all F for which the derivative 
exists, since individuals generally prefer more to less. However it might 
be that the derivative is zero in certain ranges of F, especially for very 
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high and very low ranges of V . Diminishing marginal utility exists where 
d 2 U/dV 2 < 0. 

In utility analysis it is assumed that an individual arrives at a decision 
by maximizing his expected utility. For normal distribution the expected 
utility is 

( 4 ) U{V)N( - V > ? > ® *r, 

where N(V, V, S) is the normal density function. It will be assumed that 
the integral exists. 

We are interested in the effect of a change in S for a given V. Letting 
x = (F — V)/S and differentiating the resulting integral with respect 
to S, we obtain 

(5) S = L7w (?+ Sx)x N{x ’ °’ 1} 

If for all positive x, 

(6) (V - Sx) Z 42 <? + Sx), 

and for a set of * of nonzero measure the inequality holds, then 
dU/dS < 0. Thus a utility curve which is convex from above almost 
everywhere implies that dispersion is not desired. Of course (5) may be 
negative when only a part of the utility curve is convex, but no general 
statement is possible in this case. A similar result has been stated by 
Friedman and Savage [2, p. 291]. 

It has been pointed out by Professor Fellner [1] and others that an 
entrepreneur may act conservatively because he has limited capital 
resources. In making a decision an entrepreneur is likely to use principles 
that will promise desirable results if repeated in similar cases. The deci¬ 
sion process is then a rule of life to be used over and over. When repeated 
decisions are considered, the importance of expected or average returns 
seems to be enhanced, and the importance of dispersion decreased, since 
the magnitude of the dispersion involved would be reduced as the num¬ 
ber of decisions increases. The entrepreneur could count on obtaining 
near-average results. This would be the case except for the fact that the 
entrepreneur has limited capital. With limited capital an initial loss 
handicaps or destroys the opportunity to engage in further entrepre¬ 
neurial activities. An entrepreneur is in a situation similar to that of the 
gambler of classical probability theory who plays a game repeatedly for 
stakes against an opponent of infinite capital [8]. Given sufficient capital, 
a gambler can count upon his luck averaging out. With inferior capital 
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a gambl er may be ruined by a streak of bad luck, and the latter possi¬ 
bility is not at all unlikely. Similarly an entrepreneur in entering into 
competition with the business world faces an opponent of vastly superior 
capital. Thus the dispersion of results in the individual decision is of 
greater importance than otherwise would be the case. Repeated plays 
do not lower the importance of dispersion, but may in fact enhance it. 
A risky decision involving more dispersed results will be avoided in an 
individual case. Also the amount of capital ventured is likely to be re¬ 
stricted and dispersion of results reduced in this manner. 

As an illustration of the effects of limited capital on dispersion, con¬ 
sider the following simple example. Suppose a gambler plays a game 
where the probability of obtaining — 1 dollar for each dollar staked is 
a, the probability of obtaining 0 is (1 — 2a), and the probability of ob¬ 
taining +1 for each dollar staked is a. The gambler has an initial fortune 
F. He bets a certain portion, r, of the fortune that he possesses at the 
time of play. The expected fortune after one play is F and the variance 
is F 1 2 oar 1 . If the entrepreneur plays the same game G times, staking an 
rth of his existing fortune each time, his expected result is F and the 
variance is 

**{(1 + 2or i )° - 1} = F 2 \G2<xf + 9SP . -J* (2ar 2 ) 2 + • • •}. 

The effect of repeated plays is not to reduce the dispersion as compared 
with one play, but to increase it. Very high possible returns for the series 
of games are balanced by a large probability of loss of part of the initial 
fortune. The larger the dispersion of the individual game, as measured 
by a and r, the larger is this spread in dispersion of results of repeated 
play. Under such conditions a gambler finds no “protection” in repeated 
plays. In fact the limitations of his capital place him at a disadvantage 
in the sense that losses are highly probable. It may be, of course, that 
the small possibility of large gain is still attractive to the entrepreneur. 
The point is that limited capital tends to magnify the importance of 
dispersion. 
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A NOTE ON BRAND-NAMES AND RELATED 
ECONOMIC PHENOMENA 

By George Kingsley Zipf 

A number of observed cases are reported of doubly logarithmic rec- 
tilinearity with least square fits (1) in the phenomenon of brand-names 
(including trade-names) of manufacturers and disiributors in the United 
States (1946) in reference to (a) the varying number of concerns that 
use the s*ame brand-name, (b) the varying number of brand-names in 
cities of origin of different population sizes, (c) the varying preferences 
of families for different brands of like commodities, (d) the varying 
number of different items under like brands; and (2) in the closely re¬ 
lated phenomenon of (a) the varying number of different manufacturers 
of like goods, (b) the varying number of factories in cities of different 
population size, and (c) the varying number of manufacturers vith dif¬ 
ferent numbers of warehouses and other subsidiary organizations. 

The impetus to the present investigation arose from the reflection that 
the frequency distribution of brand-names (including trade-names) 
might be similar to that observed for words 1 in sizable samples of con¬ 
nected speech in which the r-number of different words of like ^-fre¬ 
quency of occurrence followed with close approximation the equation 
y 2 - C/x. 

The subsequent observation that the ^-number of different firms using 
the same rr-number of brand-names was distributed according to the 
foregoing equation led to a study both of the historical background and 
of the legal aspects of the proprietary rights to brand-names in the 
United States under the Lanham Law (in effect since July 5, 1947). 2 

Under the restrictions of this law there are three chief factors govern¬ 
ing the proprietary right to brand-names that are designed primarily 
to avoid deception or confusion as to the origin of the goods of com¬ 
merce: (1) the territorial factor, to the effect that like products compet¬ 
ing in the same territory may not have the same brand-name; (2) the 
product-classification factor, to the effect that like brand-names may be 
used by different owners only for distinguishably different kinds of 
products; and (3) the linguistic dissimilarity factor, to the effect that 
brand-names for competing products must be sufficiently dissimilar 
linguistically to avoid confusion in the buyer’s mind. 

Because of the importance of these three factors, the present investi- 

1 G. K. Zipf, Human Behavior and the Principle of Least Effort , Cambridge, 
Mass.: Addison-Wesley Press, 1949, 664 pp. 

* H. D. Kims, The Law of Unfair Competition and Trade-Marks, Third Edi¬ 
tion, New York: BaJker, Yoorhis and Co., 1929* For penetrating discussion of 
the Lanham Act, cf. Neil H. Borden, “The New Trade-Mark Law,” Harvard 
Business Review , Vol. 25, Spring, 1947, pp. 289-305. 
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gation of brand-names included studies (1) of the number of competi¬ 
tive manufacturers of like goods; (2) of the distribution of factories, 
branch-offices, and other subsidiary organizations throughout the coun¬ 
try; and (3) the distribution of brands in cities, and the consumer 
preferences for brands within cities, as well as related problems. 

The information used in this investigation was contained in (1) 
Thomas’ Register of American Manufacturer s 3 for 1947 which includes 
among other things: manufacturers classified by products; manufac¬ 
turers in alphabetic order with home offices, branches, location of fac¬ 
tories, etc.; trade-names (brand-names) classified by owners with ad¬ 
dresses; index to products; (2) The Chicago Sun-Times Pantry Poll * 
which reports the inventories of branded groceries in the pantries of 
400 control families throughout the greater Chicago shopping district; 
(3) the Illinois Daily Newspaper Markets First Annual Consumer Analy¬ 
sis (July-August, 1948)* which reports the different brands of an assort¬ 
ment of consumers’ goods stocked and purchased in 44 Illinois cities 
of varying size outside Chicago. 

The technique employed was that of fitting, by least squares, lines 
of regression upon doubly logarithmic coordinates with the calculation 
of root-mean-square deviations in each case.® 

In the summary which follows, the regression equation and the error 
in the regression coefficient are indicated in brackets for each case. 

1. The 3-number of different brand-names in the United States 
(entire population in Thomas’ Register) used by the same y-number of 
firms is approximately inversely proportional to y 2 . [log y = —0.4711 
log x — 1.890; ±0.1587] 

2. The s-number of different manufacturers (entire population in 
Thomas 9 Register) that makes the same t/-number of products is approxi¬ 
mately inversely proportional to y 2 . [log y ** —0.5080 log x + 2.5292; 
±0.0548] 

3. The y-number of different factories (entire population in Thomas 9 
Register) in cities of 3 -population size (1940 Census) in class intervals 
of 5,000 persons up through 100,000, and thence in class intervals of 

3 Thomas 9 Register of American Manufacturers, 194-7, Vols. 1-4, 37th Edition, 
New York: Thomas Publishing Co., December, 1946. 

4 The Chicago Sun-Times Pantry Poll , Chicago: The Chicago Sun-Times, No. 
9, April, 1948, pp. 6-15, 18-26 through “food specialties.” 

* The Illinois Daily Newspaper Markets First Annual Consumer Analysis, 
July-August , 1946 , Springfield, Ill.: Illinois Pcesearch and Survey, 1946. 

* In the initial classification and tabulation of the original data in Thomas f 
Register for the observations reported below in Cases 1,2,4,5, and 6,1 was mate¬ 
rially helped by the Harvard and Radeliffe students in my course given at Har¬ 
vard University during the Spring Term, 1949, and by my assistant, Mr. John 
P. Boland, Jr., who aided in the curve fitting. 
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10,000 up through 500,000, and thence in absolute population sizes, 
was approximately in direct proportion to x. [log y — 0.9034 log x 
— 1.6189; d=0.2S71] 

4. The x-number of different manufacturers (entire population in 
Thomas 9 Register) that have the same ^/-number of different branch 
offices, including the almost negligible cases of warehouses, was approxi¬ 
mately inversely proportional to y 2 . [log y = —0.4331 logx + 1.7911; 
±0.1118] 

5. The x-number of different manufacturers that have the same y~ 
number of suborganizations of all kinds except factories (i.e., branch 
offices, warehouses, “district offices,” “district sales offices,” “sales 
representatives”) is approximately inversely proportional to y 2 . [log y =* 
-0.4545 log x + 1.9077; ±0.1600] 

6. The y- number of different branches, including branch offices, in 
cities of x-population size (1940 Census) in class intervals as in para¬ 
graph three above is approximately proportional to the 1.50 power of 
x, [log y — 1.4805 log x — 2.4449; ±0.2166], thereby showing a syste¬ 
matic exponential preference for cities of larger population. 

7. The y-number of brand-names of firms located in cities of x-popu- 
lation size (1940 Census) in class intervals as in paragraph three above 
was approximately in direct proportion to x. [log y = 1.1588 log x 
-1.4602; ±0.2950] 

8. The ^-number of different brands of a combined list of different 
kinds of consumers* goods (i.e., lipstick, face powder, facial cream, 
rouge, deodorants, hand and face lotion, potato chips, macaroni and 
spaghetti, baking powder, salt, floor wax, peanut butter, laundry starch, 
and soap in flake, chip, powder, and granule form) in 44 different Illinois 
cities outside Chicago of varying x-population size varies approximately 
with the square root of x, [log y = 0.4123 log x + 2.1292; ±0.1670], 
according to the Illinois Daily Newspaper Markets First Annual Con¬ 
sumer Analysis. 

9. The y-percentage of the population in a sample of 400 families in 
Chicago (the Chicago Su-n-Times Pantry Poll) that use the same x- 
number of different branded goods of all kinds is approximately in¬ 
versely proportional to y *. [log y — —0.5677 log x +1.6464; ±0.0995] 

10. According to the same pantry poll, the x-number of different 
brand-names that label the same y-number of different products is 
inversely proportional to approximately y*. [log y — —0.5022 log 
x +1.2761; ±0.12811 

limitations of space preclude a discussion of the theoretically ex¬ 
pected values suggested in connection with the 10 cases reported above, 
although the values can be deduced for the most part from a previous 
theoretical treatment 7 and will be made more explicit in a future one. 

1 G. K. ZIpf, Human Behavior , op. cit.> Chapter 9. 
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The values of t (from Fisher’s table*) for the differences between the 
theoretical and observed slopes are given in the table. Except for Cases 
3 and 7, the deviations may be viewed as nonsignificant according to 
conventional usage. The observations, we remember, refer to the still 
“abnormal” economic conditions of the immediate postwar year, 1946, 
when reconversion to peacetime production had not been completed. 


Values op t 


Case 

Slope 

(Theoretical) 

Slope 

(Observed) 

n 

(Degrees of 
Freedom) 

t 

1 

—050 

| -0.4711 

85 

1.5131 

2 

-050 

-0.5080 

315 

.0705 

3 



58 

5.1408*** 

4 

-0.50 

-0.4331 

52 

.7895 

S 

-0.60 

-0 4545 

66 

.7104 

6 

+1.60 

+1.4805 

57 

.0423 

7 

+1.00 

+1.1588 

57 

25842* 

8 

+0.50 

+0.4123 

42 

1.2930 

9 

-0.60 

-05677 ! 

41 

.1919 

10 

-0.50 

-0.6022 

18 

.0053 


* Indicates rejection at 5 % level of significance. 
*•* Indicates rejection at .1 % level of significance. 


Harvard University 

*R. A. Fisher, Statistical Methods for Research Workers, Fifth Edition, Lon¬ 
don sad Edinburgh: Oliver and Boyd, 1934, Table IV. 










REPORT OF THE NEW YORK MEETING 
DECEMBER 27-30, 1949 

The Econometric Society held its American winter meeting in New 
York City, December 27-30, 1949, in conjunction with the meetings of 
the Allied Social Science Associations and the American Association for 
the Advancement of Science. 

Sessions with the American Economic Association, American Statis¬ 
tical Association, Institute for Mathematical Statistics, and Section K, 
of the American Association for the Advancement of Science were held 
in the Hotels Commodore, Biltmore, and Governor Clinton. Total regis¬ 
tration exclusive of the American Association for the Advancement of 
Science was over 4300. The sessions of the Econometric Society were 
open to all its members as well as to members of the other organizations 
and were well attended. 

The program was arranged by a committee consisting of Harold M. 
Somers, University of Buffalo (chairman); Armen Alchian, The RAND 
Corporation; Sidney S. Alexander, International Monetary Fund; Mil- 
ton Friedman, The University of Chicago; J. A. Nordin, Iowa State Col¬ 
lege; David Rosenblatt, Carnegie Institute of Technology; William B. 
Simpson, Cowles Commission for Research in Economics (ex officio); 
Rutledge Vining, National Bureau of Economic Research; and C. Ashley 
Wright, Standard Oil Company of New Jersey. Henry H. Villard, College 
of the City of New York, served as representative for local arrangements. 

Following is the program of the Econometric Society sessions with 
abstracts of the papers and discussions presented, so far as available. 
The program is preceded by a list in which the material is indexed by 
speakers in order to facilitate subsequent reference. An asterisk denotes 
papers or discussions reported here only by title. 


Abbamovitz, Moses: Discussion of Statistical Measuretnents and Economic 

Analysis* . 278 

Alchian, Armen: An Airframe Production Function . 306 

Bakes, J. G.: The Universal Discount as a Means of Economic Stabilization 293 
Bancroft, T, A.: Bias Due to the Omission of Independent Variables in Ordi¬ 
nary Multiple Regression Analysis . 292 

Barnett, Harold J. : Discussion of Economics and Technology: Production 

Functions . 303 

Bratt, Elmer C.: Discussion of Business Cycle Patterns . 304 

Brownlee, O. H. and Donald Fort: Hog Slaughtering Production and Cost 

Functions . 306 

Burgess, Robert W.: Discussion of Business Cycle Patterns *. 304 

Chang, T. C. and J. J. Polar: An International Economic System* .285 

Chifman, John S.: The Multi-Part Multiplier *. 287 

Cohen, A. C., Jr. : Estimating Parameters of Pearson Type III Populations 
from Truncated Samples .293 
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Cooper, W. W.: Discussion of Entrepreneurial Decisions and the Theory of the 

Firm . 272 

Dantzig, George B.: The Application of Linear Programming Methods and 
the Simplex Technique to the Hitchcock-Koopmans Transportation Problem 296 

Davis, Harold T.: Ancient Prices and Their Interpretation* . 293 

Dehem, Roger: Welfare Losses ... 297 

Dorfman, Robert: Production Scheduling for Monopolized Products .296 

Dresch, Francis: Remarks on the Aggregation Problem .233 

Duesenberry, James S.: Discussion of Cross-Section Data and Problems of 

Aggregation* . 233 

Enke, Stephen: Discussion of Statistical Measurements and Economic An¬ 
alysis .277 

Fellner, William: Discussion of Equilibrium Theory and the Demand for 

Money *.275 

First, Walter: A Model of Output Restriction in the Labor Market .269 

Fort, Donald and O. H. Brownlee: Hog Slaughtering Production and Cost 

Functions .306 

Georgescu-Roegen, Nicholas : Leontiefs System in the Light of Recent De¬ 
velopments* .294 

Goodwin, Richard: A Matrix Multiplier .236 

Grosse, Anne P.: Textile Production Functions , Equipment Requirements , and 

Technological Change .305 

Gumbel, E. J.: The Cyclical Normal Distribution .293 

Gumbel, E. J. and S. B. Littauer: Application of the Theory of Extreme Val¬ 
ues to Economic Problems .292 

Haberler, Gottfried : Discussion of Problems in the Theory of International 

Trade* . 236 

Hagen, Everett E.: Discussion of Analysis of the Multi-Part Economy .237 

Harberger, Arnold C.: Index Number Problems in Measuring the Elasticity 

of Demand for Imports .275 

Henderson, John S.: Production with Limitational Goods . 299 

Hickman, W. Braddock: The Determinacy of Absolute Prices in Classical 

Economic Theory* . 272 

Hochwald, Werner: Measurement of Regional Income Flows .23S 

Hood, William C.: Discussion of Analysis of the Multi-Part Economy .237 

Hultgren, Thor: Discussion of Business Cycle Patterns .303 

Hurwicz, Leonid: A Theory of Stabilizing Business Fluctuations .273 

Jeming, Joseph B.: Application of Sequential Sampling Method to Check the 

Accuracy of a Perpetual Inventory Record* . 291 

Jones, Howard L.: Simple Regression Analysis with Autocorrelated Disturb¬ 
ances . 291 

Kaysen, Carl: Cyclical Price Flexibility in Steel . 302 

Kisselgoff, Avram: Discussion of Cross-Section Data and Problems of Ag¬ 
gregation *. 233 

Klahr, Carl N.: Discussion of Economics and Technology: Production Func¬ 
tions . 303 

Klein, Lawrence R.: The Integration of Cross-Section and Time Series Data 230 

Koopmans, Tjalung C.: Efficient Allocation of Resources* . 294 

Laursen, Svend and Llotd Metzler: Flexible Exchange Rates and the The¬ 
ory of Employment* . 286 

Leontief, Wassily W.: The Consistency of the Classical Theory of Money 
and Prices* . 272 
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Leonttef, Wassily W.: Discussion of Linear Models of Production and Alio * 

cation* . 294 

Lindholm, Richard and Victob E. Smith: Differential Effects of Taxation in 

ihe Trucking Industry .295 

Littauer, S. B. and E. J. Gumbbl: Application of the Theory of Extreme Val¬ 
ues to Economic Problems .292 

Long, Clarence D.: Measuring the Supply of Labor .267 

McGann, Paul W.: Inventory Theory of the Firm .270 

Machlup, Fritz : Discussion of Problems in the Theory of International Trade 285 

McIntyre, Francis: Index Number Problems in International Trade .290 

Marschak, Jacob: The Rationale of Money Demand and of Money Illusion ... 272 
Marshall, Andrew W.: A Test of Klein's Model III for Changes of Structure 291 
Mat, Kenneth: Discussion of Economics and Technology: Production Func¬ 
tions . 307 

Metzlbr, Lloyd and Svend Laubsen: Flexible Exchange Rates and the The¬ 
ory of Employment* . 286 

Mixesell, Raymond F,: Application of Statistically Derived Import Elas¬ 
ticities to Practical Problems of Foreign Trade Policy .. 284 

Morgan, James N.: Discussion of Cross-Section Data and Problems of Ag¬ 
gregation . 232 

Morgan, Theodore: Discussion of Equilibrium Theory and the Demand for 

Money .274 

Morgbnstern, Oskar: Complementarity and Substitution in the Theory of 

Games .279 

Morris, William S.: The Structure of Interest Rates ...299 

Morrison, Nathan: Recent Patterns of Employment and Unemployment .... 301 

Mudgett, Bruce D.: The Accuracy of Index Numbers .289 

Neisser, Hans: Discussion of Problems in the Theory of International Trade 236 
Norris, Nilan: Methods of Measuring Absolute and Relative Variations in 

the Duration of Business Cycles . 301 

Nutter, G. Warren: The Measurement of Extent and Growth of Monopoly in 

the United States , 1899-1987 . 276 

Olson, Ernest C.: Discussion of Economics and Technology: Production 

Functions . 303 

Orcutt, Guy: Measurement of Price Elasticities in International Trade .234 

Phipps, Cecil G.: h consistency of Assumptions in Patinkin's Model* .272 

Polax, J. J. and T. C. Chang : An International Economic System* .235 

Preinreich, Gabriel A. D.: The Mathematical Theory of the Firm .269 

Rautenstrauch, Walter: Engineering Production Functions* .305 

Roose, Kenneth D.: The Relationship of Consumption Expenditures to the 

Recession of 1987-1988 . 277 

Rosa, Robert V.: Discussion of Analysis of the Multi-Part Economy* .289 

Rosenblatt, David: Discussion of Equilibrium Theory and the Demand for 

Money . 274 

Schumpeter, Joseph A.: Discussion of Equilibrium Theory and the Demand 

for Money* .275 

Smith, Victor E. and Richard Lindholm: Differential Effects of Taxation 

in the Trucking Industry . 295 

Sommer, Louise: An Index Measuring the Degree of Reciprocity in Interna¬ 
tional Trade Relations .300 

Stiqler, George J.: Discussion of Linear Models of Production and Allo¬ 
cation* ...294 
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Stoltz, Merton P.: Discussion of Entrepreneurial Decisions and the Theory 

of the Firm * .272 

Swanson, Ernst W.: Analysis of Firm Behavior . 271 

Szatrowski, Zenon: Discussion of Business Cycle Patterns . 303 

Tintner, Gerhard: An Econometric Investigation of the British Labor Market 268 
Ulmer, Melville J.: The Consumption Function and the Theory of Aggrega¬ 
tion . 231 

Verhulst, Michael J.: The Producer's Cost Function in Comparative Statics: 

Application to Some Basic Industries . 227 

Vining, Rutledge: Discussion of Analysis of the Multi-Part Economy* .232 

Warburton, Clare : Discussion of Business Cycle Patterns . 304 

Wood, Marshall K.: Discussion of Linear Models of Production and Allo¬ 
cation . 294 

Wright, C. Ashley: Distribution of Turning Points of Time Series* . 302 


STRUCTURE OF THE LABOR MARKET 

John T. Dunlop of Harvard University presided at the opening session 
of the Econometric Society, held Tuesday morning, December 27. The 
following papers on the structure of the labor market were presented: 

Measuring the Supply of Labor , Clarence D. Long, The Johns Hop¬ 
kins University. 

The effective supply of labor has four dimensions: labor force, quality 
of worker, fulltime hours, and intensity of effort. There are four theories 
of how labor supply behaves, all measuring it in units of men or hours: 
(1) The classical theory holds that it depends on real wages. Lionel Rob¬ 
bins reasoned that only empirical study can tell us whether it would rise 
or fall under rising real incomes; and accordingly Paul Douglas tried to 
show it would fall. (2) The Keynesian holds that short run labor supply 
depends not on real but on money wages and is completely elastic. (3) 
The additional-worker theory holds that it increases in depression. (4) 
A variant, using World War II as proof, holds that it increases under full 
employment. 

This study analyzes the labor force in five countries, fulltime hours and 
labor quality in the United States, and labor effort in two Baltimore con¬ 
cerns. It concludes that: (1) The peacetime labor force in numbers of 
workers bears a highly stable ratio to working age population over time 
and is completely inelastic with respect to real or money incomes per 
worker in both long and short run. (I call this the first law of labor sup¬ 
ply.) The labor force proportion falls slightly in depression, rises a bit 
in peacetime prosperity, and goes up a lot in some countries during war. 
The World War II expansion, however, was due to the draft and not to 
full employment, and furthermore left no permanent mark. My findings 
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contradict both Douglas and Keynes; the labor force over long or short 
periods of time is not backward sloping as Douglas undertook to show, 
nor elastic (horizontal) as Keynes suggested, but completely inelastic 
(vertical). (2) Fulltime hours in the United States since 1890 have fallen 
44/100 of 1% for each rise of 1% in disposable income per hour. In the 
short run they have been more affected by employment; in any case, 
they seem only to fall. 3) Quality of worker in the United States meas¬ 
ured in education has risen just enough to offset the decline in hours. (4) 
Labor effort in two Baltimore factories fluctuates widely from one month 
or year to another and, in the nonunion concern, tends to go up when 
jobs are hard to get—reducing the real cost of an hour’s labor to the 
employer without reducing its buying power to the worker. If this hap¬ 
pens generally, effort flexibility would tend to do the work of price flexi¬ 
bility in cushioning the business cycle. 

An Econometric Investigation of the British Labor Market, Geehabd 
Tintneb, Iowa State College. 

A static demand and a static supply function for industrial labor in 
Great Britain has been estimated from data for the period 1920-1938. 
K is the Ministry of Labor cost of living index, P the Board of Trade 
wholesale price index, IF an industrial wage index. D is the number of 
employed in industiy relative to the gross labor force (unpublished data). 
E is the sum of the number of employed and unemployed, relative to the 
gross labor force. T represents time. 

The method of weighted regression is used to estimate the static de¬ 
mand and the static supply curve of labor in Great Britain during the 
period. Fiducial or confidence limits are computed and the problem of 
multieollinearity is investigated. Finally, certain linear tests enable us 
to form an idea about the homogeneity properties of the demand and 
supply function of labor. 

It appears that the demand function for industrial labor is probably 
homogeneous of zero degree in wages and prices (wholesale price index). 
The real wage elasticity of the demand for industrial labor is estimated as 
—0.4 without time trend and as —0.7 with time trend. 

It is not at all certain that there is any dependence of the supply of 
labor on wages and prices. But it appears that the supply function for 
industrial labor is again homogeneous of zero degree in prices (cost of 
living index) and wages. This has a certain relevance for the Keynesian 
discussion. The real wage elasticity of the supply of labor is estimated as 
—0.2 without time trend and —0.3 with time trend. It is interesting that 
the elasticity is negative. 
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A Model of Output Restriction in the Labor Market , Walter Firey, 
University of Texas. 

Output restriction by employees remains an anomaly in the theory of 
rational economic behavior. On-the-job studies have indicated that em¬ 
ployees’ output intentions typically fall short of management’s output 
intentions. This discrepancy tends to persist even in the face of incentive 
systems, with employees consciously limiting their output to a quota 
which deprives them of maximum potential earnings. 

In constructing a realistic model of output restriction we may posit 
as our basic elements: (1) the work-attitudes of employees, and (2) the 
work-attitudes of management. Out of the work-attitudes of employees 
there emerges a system of output intentions; out of the work-attitudes of 
management there emerges another system of output intentions. When 
these two systems share identical elements there is a stable alliance be¬ 
tween employees and management, with output restriction being absent. 
Where the two systems have some common elements but not others 
there is an unstable alliance, with some output restriction being present. 
Where there are no common elements whatever, production ceases. 

For the representation of such data the algebra of classes is well suited. 
Employees’ output intentions may be represented as a system of sets re¬ 
lated by inclusion, the elements of these sets being functions of 
employees’ work-attitudes. Management’s output intentions may be 
similarly constructed. Various modes of relationship between these two 
systems of output intentions may be represented in the form of set in¬ 
tersections having certain structural properties. 


ENTREPRENEURIAL DECISIONS AND THE THEORY OF 

THE FIRM 

The second mornin g session on Tuesday, December 27, was devoted 
to the subject of entrepreneurial decisions and the theory of the firm. 
Leonid Hurwicz, University of Illinois and Cowles Commission for Re¬ 
search in Economics, The University of Chicago, served as chairman in 
the absence of George J. Stigler of Columbia University. The following 
papers and prepared discussion were given: 

The Mathematical Theory of the Firm, Gabriel A. D. Preinreich, 
New York, New York. 

The behavior of capital goods may be analyzed by using a system of 
variables consisting of successive derivatives, with respect to time, of the 
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variable of zero order. The basic problem is to maximize the present 
worth of an income stream expressed in those terms up to any order n. 
For this purpose the calculus of variations developed by Euler only up 
to first oixier must be expanded to nth order. The resultant rules of maxi¬ 
mization lead to alternative solutions, depending on how many can be 
simultaneously valid in a given case. Rules for bridging discontinuities will 
also emerge and add to the alternatives, of which the best available must 
be selected. 

The familiar first-order concept marginal income is superseded by a 
flexible nth order concept called supermarginal income . The proof of cor¬ 
rect solution is that the supermarginal income, summed up from any 
moment t within the jth segment up to its end, will equal the unexpired 
capital value of that segment alone, excluding the goodwill of all future 
segments, if any. This corresponds to the law of optimum price, 
a rearrangement of the broadened Euler equation to the form: “Super¬ 
marginal income always equals depreciation on capital value.” The 
law of replacements is that: “A capital good should be replaced as soon 
as it ceases to earn interest on the excess profits of all future links in the 
chain, discounted to the date of replacement.” All economic philosophies 
of the greatest benefit may be directly correlated in terms of an index of 
selfishness . The same mathematical routine thus yields any solution 
desired. 

In the light of this analysis all extreme overgeneralizations accepted as 
gospel in the current first-order theory of the firm fall into their proper 
places as mere special answers to grossly oversimplified assumptions. 

Inventory Theory of the Firm, Paul W. McGann, Massachusetts In¬ 
stitute of Technology. 

This paper attempted to show how the inventory theory of the firm fits 
into the general theory of the firm when one analyzes the firm by maxi¬ 
mizing a gain function subject to several conditions. The classes of con¬ 
ditions were listed usually as examples of how inventory “stock and flow” 
variables appeared in certain of these conditions under circumstances 
of dynamic uncertainty. The condition function types are: production 
functions; market functions; static multiple plant, market, and process 
identities; stock-flow time identities; stock maintenance functions; risk 
taste functions; risk transformation functions; estimation functions; and 
rivals' reaction functions. Entrepreneurial taste functions are maximands 
in sole proprietorships but otherwise are side relations conditioning the 
“entrepreneurial group welfare” function as maximand in other firms. 

Inventory variables were found in some cases of all types of side rela¬ 
tions except static identities and estimation functions, but they need not 
be left in production functions, market functions, or rivals' reaction func- 
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tions. Instead, risk variables such as probabilities of running out of stocks 
for certain periods can be used, and inventory variables would affect 
them through risk transformation functions. The separation of risk taste 
functions and entrepreneurial taste functions was tentatively justified 
on grounds of “introspective psychology.” 

The first and second order conditions of maximization were not ex¬ 
amined. Hawtrey’s inventory theory and the acceleration principle were 
briefly discussed and found to be special cases of the above, more general 
theory. 

Analysis of Firm Behavior , Ernst W. Swanson, Emory University. 

Entrepreneurial decisions may become a powerful generating element 
and at other times a reversing element in the cumulative processes (Wick- 
selHan). A shift to cash or near cash, given the liabilities, may be the 
means to a transformation from the decisions of individuals to the aggre¬ 
gative effect of those decisions and may be at the root of this generating 
element. 

The extent of entrepreneurial activity will tend largely to determine 
what amounts of money people in general will prefer to hold. The rela¬ 
tionship so derived is negative; as the willingness to take on risks in¬ 
creases, the quantity of liquid assets that people in general will be willing 
to hold decreases relative to income, given the change in income. 

Depreciation policy may have important bearing upon decisions on 
assets to be held by the firm. Depreciation may be viewed as a device to 
prevent consumption of capital, provided that the decisions about work¬ 
ing capital so preserved will eventuate in later replacements and pro¬ 
vided that the depreciation debit is equal to the value of capital as 
dictated by current replacement prices of producers’ goods. But usually 
depreciation accounting is on an historical basis. Therefore, during 
rising price levels, profits are overstated and working capital is negatively 
affected under the usual dividend policy. Plans to invest, if governed 
by profit so shown, may be overextended. Proper complementarity of the 
asset constellation is usually not maintained. 

Assets are not homogeneous, perfectly substitutable, one item for the 
other. Even while there is capital consumption there may be, therefore, 
concurrently plans for expansion or plans for contraction, with varying 
multiplier effects. The multiplier thus changes with entrepreneurial 
decisions. 

Because of asset and liability plans gone astray, the drift to liquidity 
in all likelihood originates with the entrepreneurs and not with 
households and individuals. It seems doubtful that the great majority 
of households finds it possible to attain to any degree of liquidity compar¬ 
able to the degree attainable by firms. For the firm, liquidity seeking 



272 


NEW YORK MEETING 


appears largely as an inverse function of profit expectations and, in turn, 
of the willingness to assume risk. 

DISCUSSION by W. W. Cooper, Carnegie Institute of Technology—-The papers 
by Preinreich and Swanson present an interesting contrast. Preinreich seeks to 
precipitate a theory of the firm, and ultimately the economy, from individual 
asset valuation criteria. Swanson seeks to construct a theory of the firm from con¬ 
siderations of aggregative analysis. Preinreich’s paper is theory- rather than 
measure-oriented, while Swanson’s is measure- rather than theory-oriented. 
Preinreich’s paper is concerned not with how businessmen do behave, but how 
they ought to behave. No easily discernible answer can be obtained to the test 
question: “Under what conditions is the suggested hypothesis false?” In Prein¬ 
reich’s attempt to extend the calculus of variations and to interest economists in 
its use, he gives inadequate attention to existence and sufficiency conditions, both 
of which are important to the use of this technique and may have economic sig¬ 
nificance. Swanson’s paper takes on more of the character of a program than a 
theory. The attempt to graft class properties to the individual firm may not be the 
most fruitful approach for obtaining access to the internal structure and me¬ 
chanics of the individual entities. 

DISCUSSION by Merton P. Stoltz, Brown University. (No abstract available.) 


EQUILIBRIUM THEORY AND THE DEMAND FOR MONEY 

A session on equilibrium theory and the demand for money was held 
Tuesday afternoon, December 27. Paul A. Samuelson of the Massachu¬ 
setts Institute of Technology presided as chairman and the following 
papers and prepared discussion were presented: 

Inconsistency of Assumptions in Patirikin’s Model , Cecil G. Phipps, 
University of Florida. (Published under the title, “A Note on Patinkin’s 
"Relative Prices/ ” in Econometrica, Vol. 18, January, 1950, pp. 25- 
26.) 

The Consistency of the Classical Theory of Money and Prices , Wassily 
W. Leonttef, Harvard University. (Published in Econometrica, Vol. 
18, January, 1950, pp. 21-24.) 

The Determinacy of Absolute Prices in Classical Economic Theory , W. 
Braddock Hickman, National Bureau of Economic Research. (Pub¬ 
lished in Econometrica, Vol. 18, January, 1950, pp. 9-20.) 

The Rationale of Money Demand and of Money Illusion , l Jacob Mar- 

1 pie full paper has been accepted for publication by the editor of Metroeco - 
nomica (Trieste) as a contribution to the volume dedicated to Professor Bresciani- 
Turroni. 
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schak, Cowles Commission for Research in Economics and The Uni¬ 
versity of Chicago. 

Consider the following propositions: (1) Each individual ma xim izes a 
utility function that depends only on the amounts of various goods he 
will consume during a period that begins after the marketing date and 
during 'which no further exchanges take place; (2) The numeraire (i.e., 
the thing whose price is fixed at unity) is neither a consumption nor a 
production good; (3) At least one individual has positive money stock. 
Condition (1) defines a “static” or “uniperiod” model; (2) defines paper 
money; (3) excludes the regime of “money-of-account.” 

Jointly, these three conditions imply: (4) Prices of consumption goods 
that would clear the (perfect) market are infinite. That is, market equi¬ 
librium is not compatible wdth (1), (2), (3) taken jointly. This was proved 
mathematically in Patinkin’s first article and verbally by Phipps. It is 
difficult to understand why either of them could think they disagree. 

Now replace (3) by: (3') All money stocks are zero. (1), (2), (3') 
jointly imply: (4/) Prices (also called absolute prices) of consumption 
goods are indeterminate; their ratios (so-called relative prices) are deter¬ 
minate and finite. Leontief’s paper consists, in effect, in describing such a 
system: the regime of money-of-account. 

Since in the system (1), (2), (3'), (4') money stocks are zero, this sys¬ 
tem cannot be supplemented by the so-called equation of exchange mak¬ 
ing positive absolute prices proportional to the total money stock. This 
contradiction is present in what Hickman described as the “classical” 
combination of a theory of formation of relative prices (determined in 
the “commodity-sector” where utilities are maximized and markets 
cleared) with the equation of exchange (or “monetary sector”), in a 
regime of paper money. 

To reconcile finite and determinate absolute prices of consumers’ 
goods with positive stocks of paper money, one can drop the “static” 
condition (1). Replace it by: (1') Each individual maximizes a utility 
function w T hich depends not only on present but also on future consump¬ 
tion flows; he will be able to exchange stocks of goods and of money at 
future marketing dates. If some but not all individuals expect the prices 
of all goods to fall, these individuals will demand positive money stocks; 
at the same time the prices of goods will be determinate, positive, and 
finite. 

This implies sharp alternations between an individual’s bearish “flight 
into money” and bullish “flight into (certain) goods.” More realistic, 
smooth fluctuations of stocks are obtained if we introduce market im¬ 
perfection, including transaction costs. If barter is excluded, one can 
define “illiquidity” of a good as the slope of the marginal money revenue 
and marginal money outlay curve of the individual considered, respec- 
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tively, as a seller and a buyer of this good. The individual demand for 
stocks of various goods and of money, given expected shifts in that curve, 
will depend on their degrees of illiquidity: for speculative purchase to be 
followed by resale, a relatively “liquid” good (and money in particular) is 
preferred. 

It is neither necessary nor sufficient to introduce uncertainty in order 
to explain positive stocks of money and the smooth fluctuation of these 
stocks. 

Any system that admits positive demand for paper money stocks has 
also to admit that a change in the absolute prices of goods (the cheapen¬ 
ing or appreciation of paper money in terms of goods) induces the in 
dividual to change his holdings of money relative to his holdings and 
consumption of goods. Hence, there is “money illusion” in all systems 
except that of money-of-account. 

DISCUSSION by Theodore Morgan, University of Wisconsin—From the diverse 
criticisms of Patinkin’s mathematical examination of the classical system, espe¬ 
cially from Hickman’s lucid paper, one concludes that the classical system “may 
or may not be internally consistent, may have no solution or an infinite number. 
The solutions, if they exist, may have negative or positive quantities.” We get 
no comfort from the equations. And if, as Marschak argued later, it is fair to 
accuse the classical system of inconsistency in that no value is attributed to the 
numeraire, but only a significance in exchange, this is a simple contradiction, to 
be solved in simple B6hm-Bawerk terms, not needing the elaborate Patinkin a- 
nalysis. But the life of the classical doctrine does not lie in logical system. It lies in 
the facts of western economies a century and more ago. The early economists tried 
to give a rough—a consciously rough—rationalization of those facts. The failure 
of classical economists of more recent vintage does not lie in internal inconsistency 
—Patinkin right or wrong—but in a failure of vision. The economic world was 
changing, but they repeated the doctrines of the fathers without change. 

DISCUSSION by David Rosenblatt, Carnegie Institute of Technology—From 
a certain logico-mathematical standpoint (Weyl, Wittgenstein), the economist 
is confronted with three classes of languages with which to approach “economic 
reality": (a) Economic-model or structure-theoretic languages involving prob¬ 
lems of model design and of mathematical and logical syntax, as well as semantic 
problems of representation. Patinkin’s two papers as well as the methodological 
criticism engendered by them are restricted to this domain, (b) Measure- and in¬ 
strumentation-theoretic languages involving the number fields and sets of meas¬ 
ures defined over the economic models, e.g., index numbers, general classes of 
scalar and vector magnitudes, (c) Statistical-inference and hypothesis-testing 
languages including problems of model identification. In respect to explanation 
and prediction of “economic reality,” where the latter phenomena are determined 
by measure- and instrumentation-theoretic conventions jointly with survey (mi¬ 
cro- and macro-statistical) procedural techniques, consistency in economic model 
design is neither a necessary nor sufficient condition for success from the heuristic 
standpoint. In the face of well-defined empirical problems, formalism, whether 
“operationally meaningful” or not (for it need not be, cf. Schrodinger’s wave 
function), can be flexibly molded as an instrument to the point of devising new 
languages, new logics, and even new metamathematics. 
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DISCUSSION by William Fellnek, University of California, Berkeley, and 
Joseph A. Schumpetee, Harvard University. (No abstracts available.) 


STATISTICAL MEASUREMENTS AND ECONOMIC ANALYSIS 

The American Statistical Association joined with the Econometric 
Society for a late afternoon session on Tuesday, December 27, on the 
general topic of statistical measurements and economic analysis. W. 
Allen Wallis of The University of Chicago served as chairman. Papers 
and prepared discussion were offered as follows: 

Index Number Problems in Measuring the Elasticity of Demand for Im¬ 
ports , Arnold C. Harberger, The Johns Hopkins University. 

Economists often lose sight of the by now well-established fact that par¬ 
ticular index numbers generally have meaning and relevance only for 
particular purposes. This is especially true with respect to existing at¬ 
tempts at measuring the “elasticity of demand for imports,” represented 
here by 17*. 

Simple models embodying the usual assumptions of the theoiy of in¬ 
ternational trade, and the additional assumption (approximately valid 
for the imports of the United States) that cross-elasticities of demand 
among imported goods can be neglected, reveal that the elasticity of 
demand for imports is merely the value-weighted average of the elastici¬ 
ties of import demand for all the component imported commodities, 
adjusted for elasticities of foreign supply. From this result an index- 
number of prices P can be derived, which will be “ideal” in the sense that 
it will precisely estimate the true y* from the data of any two periods, 
so long as demand functions have not changed in the interim. 

Comparing the estimate of y* obtained by use of the ideal index P -with 
that obtained by using an ordinary index of prices (Laspeyres or 
Paasche), it can be shown that the latter estimate will be too low if, as 
seems likely, the prices of imported commodities with less-than-average 
elasticities of import demand have fluctuated more than those of commod¬ 
ities with greater-than-average elasticities of import demand. 

To test the hypothesis that this is the case for the imports of the United 
States, individual elasticities of import demand were calculated for vari¬ 
ous commodities. Then those imports for which these estimates were most 
reliable were grouped into two categories: those with low and those with 
high value weights. For these two groups, and for the composite of the 
two, Laspeyres indices of price were constructed, and elasticities of de¬ 
mand for imports of the three groups were estimated using these indices. 
These estimates were all lower than those obtained by using the theoreti- 
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cally correct aggregation procedure, the significance levels of the differ- 
ence being 28%, 10%, and 17%, respectively. 

In interpreting these results it should be noted that the significance 
levels were underestimated in three ways. First, it was unfeasible to ob¬ 
tain adequate estimates of import demand elasticity for products in the 
finished-goods category, yet the presumption is strong that these goods 
have both high elasticities of demand (owing to high substitutability for 
domestic products) and relatively little price fluctuation. Second, it was 
not possible to obtain adequate estimates of elasticities of foreign supply: 
instead they were assumed to be infinite. But for all but one of the com¬ 
modities considered, any deviation of foreign supply elasticity from in¬ 
finity would increase the size of the difference between the two estimates 
compared. Finally, the significance level of the difference between the 
two estimates of elasticity was obtained on the assumption of zero co- 
variance between them. Since the presumption is overwhelming that this 
covariance is positive, an adequate estimate of it would make the ob¬ 
served results more significant. 

The Measurement of Extent and Growth of Monopoly in the United 
States , 1899-1937 , G. Warren Nutter, Yale University. 

Economists are continually faced with the need for estimating the com¬ 
parative extent and growth of monopoly in the United States. No esti¬ 
mates are likely satisfactorily to meet critical standards because of seri¬ 
ous deficiencies in data, measurement techniques, and current operational 
definitions of monopoly. Because of these deficiencies, only the most 
carefully constructed estimates can have much reliability. If disagree¬ 
ments about facts are to be eliminated, the issue of definition of monopoly 
must be considered separately from the issue of measurement of its ex¬ 
tent. This paper is not concerned with the issue of definition. It accepts 
one particular set of criteria of enterprise monopoly and presents one 
possible index of the extent of monopoly so defined. For 1899 and 1937, 
“industries” are classified as monopolistic, competitive, and govem- 
mentally supervised. The degree of output concentration in an 
“industry” is used, with important qualifications, as the basic criterion 
of monopoly. For the 1890’s, almost all industries taken as monopolistic 
are those in which the fraction of output accounted for by the four lead¬ 
ing firms (the concentration ratio) w r as one-half or larger. For the 1930’s, 
those “industries” classified by Clair Wilcox in T.NJE.C. Monograph 21 
as monopolistic are taken as monopolistic. Added to these are any addi¬ 
tional manufacturing and mining census-industries with concentration 
ratios of one-half or larger in 1935 and manufacturing census-products 
with concentration ratios of three-fourths or larger in 1937, as determined 
by T.N.E.C. and National Resources Committee studies of the late 
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1930’s. Extent of monopoly (competition) is measured by the fraction of 
national income originating in monopolistic (competitive) “industries.” 
Monopolistic “industries” accounted for 17% of national income in 1899 
and 19% in 1937; competitive “industries,” for 76% in 1899 and 56% in 
1937; government and supervised “industries,” for 7% in 1899 and 25% 
in 1937. Estimates can be broken down by industry divisions and groups. 
All estimates are subject to serious qualifications. First, est ima tes of ex¬ 
tent as here defined are not equivalent to estimates of importance. 
Second, bias is introduced by the following and other factors: national 
income series used, relative inaccuracy of income data for the 1890’s as 
compared with the 1930’s, deficiencies in data on output concentration 
both time- and industry-wise, and arbitrariness of definition of monopoly. 
Net bias is undeterminable. The results do not, however, seem consistent 
with the typical case presented for the “decline of competition.” 

DISCUSSION by Stephen Enke, The RAND Corporation—The paper discusses 
oligopoly rather than monopoly and seeks to describe the degree of concentration 
at two dates rather than any trend. The test of whether an industry is “monopo¬ 
listic” or not is arbitrary, because the four firms and 60% requirements in the 
definition are arbitrary. Whether the conclusions are sensitive to the perhaps nec¬ 
essarily arbitrary definition of •• monopoly” remains uncertain. Those conclusions 
which are presented first may be biased by the use of different criteria for the 
1930’s—notably the acceptance of Professor Claire Wilcox' dicta regarding which 
industries were then “monopolistic”—as compared with those employed for the 
1890’s. A more serious possible weakness is that industry boundaries as defined 
by compilers of statistics do not necessarily coincide with market boundaries as 
conceived by economists. It is not clear—as Nutter agrees—-in what respects more 
or less “monopoly,” as defined in his paper, would be “good” or “bad.” It is not 
clear how or if this measure of “monopoly” could ever be used. 

The Relationship of Consumption Expenditures to the Recession of 1937- 
1938, Kenneth D. Roose, University of California at Los Angeles. 

The failure of consumption spending has been accorded important 
causal responsibility in the recession of 1937-1938. The strongest state¬ 
ment of what may be called the “simple” underconsumption version of 
the price-cost relationships in the period came from various governmen¬ 
tal representatives. Thus, in May, 1937, Leon Henderson forecast a 
major business recession because prices were rising so rapidly that pur¬ 
chasing power was failing to keep pace. Too much of the money flow was 
into profits and savings where it failed to find profitable investment out¬ 
lets because of the reduced consumer purchasing power. He expressed 
alarm because prices, as a result of monopolistic action, were rising more 
rapidly than wage earner incomes. 

Many also attribute the imperfect recovery, 1933-1937, of certain of 
the investment components in the national product to the peculiar nature 
of that recovery. From this viewpoint, producers’ durable equipment ex- 
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penditures expanded because investment decision was narrowly geared 
to consumption expenditures. But the relatively long-term commit¬ 
ments, such as characterized the twenties and which normally result in 
expansion of plant capacity, were notable by their absence. The reces¬ 
sion, itself, resulted largely because consumption expenditures “flat¬ 
tened” out. The failure of consumption expenditures, operating through 
the acceleration principle, reacted unfavorably upon the derived pro¬ 
ducers’ durable equipment expenditures and produced the phenomenal 
involuntary investment in inventories. 

This paper examines two related propositions which arise from the 
considerations just raised. One is that a failure in consumption expendi¬ 
tures was an important cause of the 1937 downturn. The other is that 
most investment expenditures in the process of the recovery, 1933-1937, 
were induced by consumption expenditures. From examination of the 
data on consumption, it would appear that the explanation for the reces¬ 
sion does not lie in underconsumption hypotheses. The single develop¬ 
ment among the consumption factors which may have directly affected 
the recession was the decline in the rate of increase in consumer install¬ 
ment credit. Even this decline was of slight quantitative importance. The 
hypotheses that consumers’ goods production outstripped consumer in¬ 
come, and that the consumption function shifted, or that the marginal 
propensity to consume declined significantly appeared to be inconsistent 
with the data. Finally, the contention that the relative failure of long¬ 
term investment commitments and the vulnerability of the economy to 
recession were due to the consumption nature of the recovery has been 
examined and seems questionable. The principal causal explanation must 
be sought elsewhere, perhaps in the factors underlying private invest¬ 
ment decision or in the cessation of net government contribution to 
income. 

DISCUSSION by Moses Abeamovitz, Stanford University. (No abstract avail¬ 
able.) 


EXTENSIONS OF THE THEORY OF GAMES 

Henry H. Villard of the College of the City of New York was chair¬ 
man of an early morning session on Wednesday, December 28, which 
dealt with extensions of the theory of games. The following papers were 
presented: 

A Theory of Stabilizing Business Fluctuations , Leonid Hurwicz, Uni¬ 
versity of Illinois and Cowles Commission for Research in Economics, 
The University of Chicago. 
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Let Xt denote the (multidimensional) variable characterizing the state 
of the economy at the time t. (Thus, the real income and the price level 
are among the components of x.) Let F to (x tQ , • * -) be the (cumula¬ 

tive) probability distribution at time t Q of a sequence of values 
JC/ 0 +i, * # *)• Assume that the community (e.g., the nation) can form a 
(subjective) F and that there exists a community utility function u = 
^(F). (More realistic treatment would dispense with the assumption of 
existence of such a utility function, but would then be subject to the 
well-known difficulties arising in welfare economics because of the lack 
of interpersonal comparability. It is worth noting that this problem is 
often ignored in business cycle policy discussions.) In line with the cus¬ 
tomary approach one may assume that u increases with (time-discounted) 
average real income and decreases as the amplitude of fluctuations of xt 
from one time point to another grows. 

Assume that F = ip (c, p ) where c represents the community’s policy 
variable and p the public’s “mood.” We have u = *#(c, p)] — g(c, p), 
and the policy problem is to choose an “optimal” value c of c so as to 
maximize w. 

The writer feels that g must be regarded as a known function of c and p 
or the problem has no solution. It is essential, however, to consider p to 
be unknown. (This means that whatever is known about the public’s 
behavior, e.g., its consumption function, has already been incorporated 
into g 9 but that there is always a “residue” of ignorance with regard to 
the public’s behavior; the term “mood,” as applied to p, is merely 
illustrative.) 

With p unknown it is no longer possible to formulate the problem as 
one of simple maximization of u with regard to c. A possible approach is 
to require that c be so chosen as to maximize the function h(c) = min* 
&g(c, p), where & denotes the mathematical expectation. This may be 
termed the “theory of games” solution though it need not imply a game 
interpretation of the problem. The solution c might possibly turn out to 
be in the nature of what in the language of the theory of games is called 
a “mixed (randomized) strategy.” This is strongly suggested by the role 
of the public’s expectations in the likelihood of success of a given policy c. 

Complementarity and Substitution in the Theory of Games , Oskar Mor- 
genstern, Princeton University. 

The phenomena of complementarity and substitution play a large role 
in economics. The latter is generally assumed not to produce any particu¬ 
lar difficulties. On the contrary, whenever there is complete substitut¬ 
ability, this is assumed to assure identity of values of all units of all fac¬ 
tors for which substitution holds. Complementarity, on the other hand, 
has offered enormous difficulty, be it in the Austrian theory of imputa- 
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tion or in the modem treatment of Hieks and others. This is due to the 
nonadditivity of value. Recently the great importance of com¬ 
plementarity has been denied by Samuelson. The theory of games is 
designed to deal fully with nonadditive value which is found to be signif¬ 
icant in all essential games, i.e., those where there Is an advantage in 
combining. The characteristic function, on which the theory of the 71- 
person game is built, completely describes the cases of complementarity 
with which the economist is concerned. As for substitution, it is shown in 
the theory of simple games that far more complicated situations arise 
than are envisaged in economics. That theory provides examples that can 
be clearly identified with typical economic situations where substitut¬ 
ability of factors exists and yet no values at all can be assigned to the 
factors. This emerges when there are 6 players or factors involved. These 
are, therefore, counter-examples that serve to upset the above-mentioned 
belief that substitutability is an assurance that fully determinate equi¬ 
libria of the type that economic theory is looking for can be found. In¬ 
stead of pursuing that aim, it is necessary to fall back upon the quite 
different and far more complex notions of “solution” as developed by the 
theory of games thus far. 


CROSS-SECTION DATA AND PROBLEMS OF AGGREGATION 

Cross-section data and problems of aggregation were the subjects for 
the second morning session on Wednesday, December 28. The following 
papers and prepared discussion were presented, under the chairmanship 
of Gardner Ackley of the University of Michigan: 

The Integration of Cross-Section and Time-Series Data , Lawrence R. 
Klein, National Bureau of Economic Research and Survey Research 
Center. 

A recommended procedure for the estimation of parameters in cross- 
section studies is to construct a joint distribution function of all the 
variables involved and obtain maximum-likelihood estimates from it. 
The joint distribution function can be partitioned into a product of con¬ 
ditional and marginal distribution functions. If the latter is independent 
of the parameters to be estimated, the maximum-likelihood procedure is 
simplified and reduces, in some cases, to the ordinary least-squares 
approach. In some cases where the marginal distribution does depend on 
the parameters to be estimated, it can be shown that least-squares esti¬ 
mates coincide with maximum-likelihood est ima tes for large samples. 

In reconciling time-series estimates with cross-section estimates two 
fundamental points must be kept in mind. (1) As Haavelmo has stressed, 
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we must work with an enlarged system of explanatory variables in cross- 
seetion estimates to put all the individuals on a homogeneous basts. (2) 
In cases where it is not possible to account for all individual differences 
by an objective set of measurements and hence where the parameters to 
be estimated differ for each individual, it can be shown that cross-section 
methods and time-series methods each yield estimates of different aver¬ 
ages of the parameters involved. 

In the most general case, we should not look upon cross-section and 
time-series approaches as alternatives but should instead pool the two 
types of samples. A formal structure of the pooling approach has been 
worked out for linear systems with constant coefficients. 

Some of these ideas have been incorporated into an empirical study of 
the production cf railway services. In this study variables were intro¬ 
duced to attempt to put the individual companies on a homogeneous 
basis. The model estimated from cross-section data m a given year was 
extrapolated with industry aggregates in a surrounding year. This ex¬ 
periment tried to show a bridge between cross-section and time-series 
data and between micro- and macro-economic analysis. 

The Consumption Function and the Theory of Aggregation, Melville 
J. Ulmer, U. S. Department of Commerce. 

When individual consumption functions are added, it is found that the 
dollar value of total consumption is a function of the individual prices of 
all commodities, the level and distribution of incomes, the level and dis¬ 
tribution of household inventories, the level and distribution of liquid 
assets, the rate of interest, expectations, and tastes. Most broadly con¬ 
ceived, the problem of aggregation consists primarily of simplifying this 
function so that it will be susceptible to measurement and more useful 
for theoretical purposes as well. For theoretical purposes, this can be 
done by the familiar method of holding “all other things equal.” Thus 
aggregate consumption may be considered—precisely—a function of 
aggregate income alone; in much the same way as in micro-economics, the 
amount demanded of any product may be viewed as a function of its 
price alone. 

But if we apply the concept of the consumption function to time series 
for purposes of measurement, or to problems of policy dealing with events 
over time, the numerous variables other than aggregate income cannot 
be waived away, nor can they in any extensive manner be accounted for 
statistically. Chief reliance must be placed on the fact that income is or- 
dinarily the most important variable determining consumption and on 
the hypothesis that the other variables are either themselves closely cor¬ 
related with income or, as a practical matter, that they are of negligible 
importance- 



282 


NEW YORK MEETING 


For this reason all statistically estimated consumption functions are, 
at best, rough approximations, and, as these terms have been used by 
Duesenberry, 1 they are all “derived” rather than “fundamental” rela¬ 
tionships. For this reason as well we would expect the error terms of such 
relationships to be characterized by high positive autocorrelation, an ex¬ 
pectation which appears to be justified by the facts. 

The meaning of statistically derived consumption functions is further 
qualified by the problem of deflation involved in their measurement. 
Upon analysis it is found that the volume of consumption for the nation 
as a whole has meaning only in terms of a range of numbers within which 
specification is indeterminate. 

Additional questions are raised concerning the usefulness of empirical 
consumption functions when application is made to the problem of fore¬ 
casting. Specifically, there is the probability that at times consumption 
may vary in a significant way quite apart from changes in the level of 
disposable income, and since such variations would introduce changes in 
the same direction in disposable income, the high correlation between 
these variables would remain intact. Alterations in the household stocks 
of consumer durable goods, for example, are capable of inducing such 
variations, which, even though initially small, may have cumulative 
effects in the economy in subsequent time periods. 

DISCUSSION by James N. Morgan, University of Michigan—It seems to me 
that the theory of the motivation of people underlying many econometric models 
is inadequate. For instance, do people have some fixed level of savings or of durable 
goods (as Dr. Ulmer's model suggests) to which they aspire, or do their aspirations 
change with their achievement, as the psychologists insist? 

Dr. Klein has reminded us that the parameters of a structural relation between 
z and y (e.g., consumption and income) cannot be found by simple regression if 
the parameters themselves affect the marginal distribution of the y 's (the income 
distribution). He suggests that this difficulty can be handled by solving simul¬ 
taneously another equation for the dependence of the marginal ^-distribution 
upon the average y and therefore on ar. But dependence can occur in the other 
direction, and if the parameters of the x *■ f(y) relation depend on the marginal 
distribution of the y *s (consumption function depends on the distribution of in¬ 
come), then the solution would be much more complicated. 

The Haavelmo formula given by Klein handles differences between individuals' 
consumption functions by added variables relating to their characteristics, such 
as age, etc. But this will not do for such factors as liquid asset holdings where not 
only the level but also the slope of the income-consumption relation is influenced, 
i.e., where the factors are not additive. 


1 James S. Duesenberry, “Income-Consumption Relations and Their Implica¬ 
tions,’* in Income , Employment and Public Policy , Essays in Honor of Alvin H. 
Hansen, New York: W. W. Norton and Co., 1948, pp. 54-81. 
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Remarks on the Aggregation Problem ,, F. W. Drbsch, U. S. Naval Prov¬ 
ing Ground, Dahlgren, Virginia. 

A new aspect of the aggregation problem has arisen in connection with 
the input-output matrix technique in macro-economic theory. Here the 
most natural choice of index number appears to be the fixed-base type 
derived from simple aggregation of quantity variables measured in dol- 
lars-worth at base year valuation. The indices thus defined are weighted 
arithmetic means of relatives with base year value weights. As the in¬ 
terval of time (or displacement) spanned by the index approaches zero, 
these indices reduce to the Divisia continuous-chain index which uses 
shifting (current year) value weights. Further comparison of the proper¬ 
ties of these fixed-base indices with the Divisia continuous-chain indices 
appears to indicate that, although the aggregation problem for a general 
micro-economic system involves simultaneous selection of a whole system 
of indices, the problem of choosing a type of aggregate for the system may 
not be essentially different from that of choosing a type for an isolated 
index. In both cases there may be no type “best” for all purposes. For 
descriptive purposes, such as in the input-output matrix approach, in 
which technical and market phenomena are somewhat intermixed, the 
fixed-base (dollars-worth) choice may be preferable. In case the technical 
situation is to be isolated and technical functions are linear in 
the logarithm of inputs and outputs (Cobb-Douglas type), Klein’s in¬ 
dices (dependent on the technical functions) may be suitable. For expla¬ 
nation of themechanismsdetenniningeconomic variables, it may be more 
appropriate to employ Divisia indices defined as linear sums of price 
and quantity relatives (with current value weights) when these relatives 
are regarded as decision variables subject to probability distributions. 
These indices may be even more relevant if the micro-theory becomes a 
mixture of the classical general economic equilibrium and the institu¬ 
tional viewpoints, a merger including equilibrating mechanisms and fac¬ 
tors of institutional growth, all operating through stochastic linkages. 

DISCUSSION by James S. Duesenberby, Harvard University, and Avbam Kib- 
sblooff, University of Illinois. (No abstracts available.) 


PROBLEMS IN THE THEORY OF INTERNATIONAL TRADE 

James W. Angell of Columbia University presided over a session 
Wednesday afternoon, December 28, dealing with problems in the theory 
of international trade. Papers and prepared discussion were offered as 
follows: 
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Measurement of Price Elasticities in International Trade y Guy H. Or- 
cutt, Harvard University. 

The main thesis of this paper is that statistically estimated price elastici¬ 
ties are unreliable for use in predicting the effects of a relative deprecia¬ 
tion and probably considerably underestimate the effectiveness of such a 
depreciation. The following points are developed: 

1. In most studies the relevant range of observed price variation is 
less than five or ten per cent of the average price level. This range is small 
relative to the magnitude of errors that are likely to be present in the 
data. 

2. It is unreasonable to assume that changes in taste and in technology 
have been so minor over a twenty-year period as not to have shifted the 
demand surface enough to account for a substantial part of the small rele¬ 
vant price variation that took place. Shifts in the demand surface which 
were uncorrelated with shifts in the supply surface would result in an 
underestimation of price elasticities. Insofar as shifts of the demand and 
supply surfaces were not independent they were most likely positively 
correlated and this would also lead to underestimation of price 
elasticities. Any world-wide shifts in relative demands or technology will 
cause import demand and supply schedules to shift up and down 
together. 

3. The magnitude of errors of observation must be large relative to 
the range of relevant price variation. This must lead to errors of estima¬ 
tion and very likely to substantial underestimation of price elasticities. 

4. Historical price and quantity indices reflect price changes of com¬ 
modities with very different price elasticities and it seems reasonable to 
assume that historical price changes have been largest for goods that 
have low price elasticities. 

5. Short-run instead of long-run price effects have been estimated. 

6. The price elasticity of demand for imports or exports is probably 
much larger for large price changes than for small price changes. 

Some suggestions are made of ways by which some sources of error and 
bias might be removed, and it is pointed out that little light is likely to 
be thrown on the effectiveness of depreciation by grinding out more re¬ 
gression analyses on the same general type of time series. 

Application of Statistically Derived Import Elasticities to Practical Prob¬ 
lems of Foreign Trade Policy, Raymond F. Mikesell, University of 
Virginia. 

Statistically derived import demand elasticities have been applied to 
the following types of problems: (1) the estimation of the demand for 
imports for the United States and other countries on the basis of assumed 
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national incomes for the purpose of formulating national plans; (2) esti¬ 
mating the effects of changes in tariff rates on imports; (3) the determina¬ 
tion of foreign exchange rates; and (4) problems relating to the dynamics 
of world equilibrium. 

In general, it is concluded that income and price elasticities of demand 
for total imports are subject to serious error and are likely to be mis¬ 
leading. The derivation of an income demand function from the historical 
relationship between income and imports and of a price demand function 
from the historical relationship between imports and relative prices in¬ 
volves exceedingly hazardous assumptions. Moreover, the projection of 
historical relationships to periods following important structural changes 
in the world economy appears to be unwarranted. In addition, it is sug¬ 
gested that in present day markets characterized by imperfect competi¬ 
tion imports tend to be influenced in considerable measure by the selling 
efforts and other export policies of the exporting countries. 

It is suggested that studies be made of the behavior of individual com¬ 
modity imports and categories of imports classified as to end use over 
periods of cyclical change. Similarly, studies of the probable reaction of 
import demand to changes in the prices of individual commodity imports 
by commodity specialists would be of considerable value for a number of 
problems. Finally, we need to know a great deal more about the probable 
reaction of foreign and domestic suppliers of individual commodities in 
order to reach conclusions on tariff and foreign exchange policies. 

DISCUSSION by Fritz Machlup, The Johns Hopkins University—Fear that the 
magnitudes of the relevant elasticities are such as to prevent the free-market 
mechanism from working satisfactorily may be called “elasticity pessimism.” 
Elasticity pessimism in international-trade theory makes many economists advo¬ 
cate foreign-exchange restrictions. Most of them underestimate the actual price 
elasticities of demand for imports and exports, and overestimate the price elastici¬ 
ties required for exchange depreciation to have remedial effects. The underesti¬ 
mation of the actual elasticities is chiefly due to the statistical techniques and 
erroneous interpretations of data. Mikesell, Orcutt, and Harberger have enumer¬ 
ated several reasons why estimates have been too low. The overestimation of the 
required elasticities is due chiefly to two errors of reasoning: (1) It is wrong to 
regard unity as the “critical value” for the sum of the elasticities of demand for 
exports and imports, except if the elasticities of supply are infinite. With lower 
elasticities of supply, depreciation may have remedial effects even if the sum of 
the elasticities of demand is below unity. (2) Where initially an import surplus 
exists, the critical value of demand elasticities is still lower, because a percentage 
reduction in the value of imports will be absolutely more significant than a similar 
percentage reduction in the value of exports. 

An Interncdional Economic System , T. C. Chang, United Nations, and 
J. J. Polak, International Monetary Fund. (Abstract published in 
“Compte-Rendu du Congrfes de Colmar,” Econometrica, VqL 18, Jan¬ 
uary, 1950, pp. 70-72.) 
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DISCUSSION by II. Neisser, New School for Social Research—(a) The inde¬ 
pendent variable used in the actual estimate of equation (2) (see abstract in Janu¬ 
ary issue) is not [which, however, is to be retained in (1)], but x t enlarged by 
such magnitudes as autonomous imports, etc. (b) The series used for measuring 
the principal exogenous variable (i.e., investment that is not a function of income), 
viz. building activity in the United States, is neither truly exogenous nor repre¬ 
sentative of exogenous investment, (c) The “equilibrium” values for x % and nn 
from the estimate would only by chance yield a trade balance that equals the avail¬ 
able invisible items in the balance of payments, plus gold flow. Since in most 
countries these values are considered dependent only on exogenous factors out¬ 
side of the country's control, especially on United States investment, his system 
will currently tend to collapse. 

Flexible Exchange Rates and the Theory of Employment , Svend Laur- 
sen, Williams College, and Lloyd Metzler, The University of Chicago. 
(No abstract available.) 

DISCUSSION by Gottfried Haberler, Harvard University. (No abstract 
available.) 


ANALYSIS OF THE MULTI-PART ECONOMY 

Papers and discussion on the analysis of the multi-part economy were 
presented, as follows, in a late afternoon session on Wednesday, Decem¬ 
ber 28. Harold M. Somers of the University of Buffalo served as 
chairman. 


A Matrix Multiplier , R. M. Goodwin, Harvard University. 


Let Ai } denote payments to sector i from sector j, o t -y denote payments 
to sector i from sector j per dollar’s worth of the current rate of pay¬ 
ments, ys denote the current rate of payments, and 6*, denote the pay¬ 
ment to i from j not explained by y,. Then 
A t j —a l3 yj + by, 
nit) = receipts of i at time £, 

U(t) = y,(t + 1 ). 

The basic matrix equation of payments is 
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For simplicity, we may write this as y(t -fl) * /S(0 + ay(t), where ft re¬ 
places 2jb,j. The general solution (for a stable system) is 

y(t + 1) = £ a T /3(i - r) - 2 a ,_T /S(r). 

r»0 r «0 

The geometric matrix series resulting from a steady rate of spending 
of one dollar in all sectors is I + a + a 2 + a 8 + * • •. This series converges 
to [I — a]" 1 if all the columns of a add to less than one, i.e., if the mar¬ 
ginal propensity to spend in all sectors is less than one. 

If a has n distinct roots (which we may assume), then there exists 
a matrix h such that hahr 1 = c, where c is diagonal with the n roots along 
the diagonal. By this canonical reduction we may transform to general¬ 
ized coordinates, % each of which is independent of all others, so that 

*h(t + 1) = Kvt(0, ( i * 1, 2, • • •, n). 

It is easy to prove that all these roots cannot be positive and real. There¬ 
fore the matrix multiplier necessarily has cyclical components. If we 
assume that all sectors have a marginal propensity to spend of less than 
one, all the roots lie within the unit circle in the complex plane, and hence 
all motions are stable. For constant injections, the system contains n 
separable, simple multipliers 1/(1 — X*), (i = 1,2, •, n). 

DISCUSSION by Everett E. Hagen, Universitj 1, of Illinois—-The single most 
striking aspect of Professor Goodwin’s paper is the demonstration that the matrix 
must oscillate. With constant repeated injections, this means (as Samuelson noted 
in conversation) oscillation about the path of approach to a new equilibrium, not 
oscillation about the new equilibrium. Oscillation in this limited sense occurs be¬ 
cause as the pulses of spending pass through the matrix, in one time period they 
will stimulate induced spending in one group of cells; in another period, in another 
group; and the weighted average marginal propensity to spend during one period 
will thus (except by coincidence) differ from that during another. But this demon¬ 
stration is less general than it seems. It depends in part upon the fact that an 
empirical matrix cannot have repeated latent roots. But a large empirical matrix 
may have roots almost equal, i.e., weighted average marginal propensities in 
different periods almost identical; hence the movement may be virtually nonoscil- 
latory. This may be the co mm on empirical case (in the absence of an acceleration 
effect, from which Goodwin implicitly abstracts). Yet Goodwin’s proposition is 
useful for studying various cases where this is not true. (I am obligated to Profes¬ 
sor Hurwicz for an explanation of Goodwin’s mathematics; but he is of course in 
no sense responsible for any error in my comments.) 

The Multi-Part Multiplier , John S. Chipman, The Johns Hopkins 
University. (Submitted for publication in a subsequent issue of 
Econometrica.) 

DISCUSSION by William C. Hood, Cowles Commission for Research in Eco¬ 
nomics, The University of Chicago—The papers by Chipman and Goodwin gen- 
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eralize earlier results in the field obtained in particular by Machlup, Metzler, and 
S am uel son. Goodwin's theorem concerning the necessity of oscillations in the 
income movement associated with the matrix multiplier appears to be stronger 
than many economists would approve for the general case, based as it is on the 
assumption that each sector's marginal propensity to spend internally is zero. 
Neither paper recognizes explicitly that stability of income movements may be 
consistent vith a total marginal propensity to spend greater than one in some 
sectors. This result was given by Metzler for the two-economy case in 1942. Both 
papers contribute valuable theorems on stability, monotonicity, or oscillation of 
income movements and demonstrate clearly the formal analogy with the simpler, 
more aggregative multipliers usually studied. 


Measurement of Regional Income Flows , Werner Hochwald, Wash¬ 
ington University. 

An analysis of the multi-part economy by regional sectors presupposes 
the measurement of regional income flows. This measurement is difficult 
due to a serious lack of regional income data, regional expenditure data, 
and data on the interregional flow of goods and money. While many cor¬ 
responding data are available for the national economy as a whole, com¬ 
piled largely from administrative records, these data are missing for in¬ 
dividual regions because the basic administrative records, such as export 
and import statistics, are not kept by regions. 

The lack of regional data can be overcome in four ways: First, national 
data may be allocated to regions in accordance with certain related in¬ 
formation, available either for some components of the aggregate data, 
such as covered payrolls, or available for some benchmark periods, such 
as Census data; this, for example, is the method used for deriving the 
official state income payment estimates compiled by the U. S. Depart¬ 
ment of Commerce. Second, regional data may be derived from sample 
surveys designed specifically for the purpose of estimating a regional 
rather than national population; this, for example, is the method used for 
compiling the department-store sales index compiled by the Board of 
Governors of the Federal Reserve System. Third, a balance of interre¬ 
gional trade may be based on transportation statistics and appropriate 
pricing of commodity movements between regions; this, for example, is 
the method used in P. C. Hartland’s recent study on the balance of in¬ 
terregional payments of New England. Fourth, a balance of interregional 
payments may be based on a study of money flows between regions, such 
as shown in the net credit or debit of each Federal Reserve Bank in the 
Interdistrict Settlement Fund. 

The net balance of interregional payments must be the same under any 
of the four methods employed. Thus, the net balance can be used to test 
the internal consistency of independent regional estimates, arranged in a 
system of regional income and expenditure accounts. Such a system has 
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been developed for the Eighth Federal Reserve District where, for 1948, 
the personal income and expenditure accounts show a net outflow of 
funds amounting to 2.5% of total income payments, as contrasted with a 
net balance of 0.5% for a corresponding system of national income and 
expenditure accounts. 

DISCUSSION by Robert V. Rosa., Federal Reserve Bank of New York, and 
Rutledge Vining, University of Virginia. (No abstracts available.) 


INTERPRETATION OF INDEX NUMBERS 

An early morning session on Thursday, December 29, was devoted to 
the presentation of the following two papers on the interpretation of 
index numbers. William Vickrey of Columbia University served as chair¬ 
man. 


The Accuracy of Index Numbers, Bruce D. Mudgett, University of 
Minnesota. 

Index numbers which compare price or quantity changes between two 
periods (to and ti) can be classified in a double trichotomy on the basis of 
the following. 

A (the source of information used): (1) an index may use both price 
and quantity information from both periods (p 0 , ?o, Pi, qi), or (2) only 
part of this information (e.g., po, Pi, qo but not qi), or, finally, (3) it may 
use information other than that found in periods to and tx; and 

B (extent to which information from a source is used): (1) they should 
be constructed from all of the goods sold in both t 0 and ti, (2) by known 
methods they must be constructed from the data of prices and quantities 
of those goods that are present in both periods (excluding information 
about goods present in one period and not in the other), and (3) they are 
generally based upon a sample from (B.2) above. 

Indexes of the form (A.l) are best, those of form (A.2) are logically 
acceptable but are only approximations, those of form (A.3) are logically 
unacceptable. 

There are three kinds of error in any index number. There is a sampling 
error due to the use of data of (B.3) in place of (B.2). There is a formula 
error due to differences among the best indexes, those of form (A.1). 
Finally, there is a homogeneity error due to the use of data of (B.2) in 
place of (B.l). There is still an additional error if the index number is of 
the form (A.3). The conclusion is that the most acceptable formulas must 
be of form (A.I.). There may, of course, be error also in the original price 
and quantity data. 
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The recommendation is then to construct link indexes of form (A.l) 
between consecutive periods. This gives the most exact measurement 
among known methods. For a series comparison, the links are then to be 
chained together as first proposed by Marshall in 1887. This procedure 
minimizes the homogeneity and formula errors which are serious sources 
of inaccuracy in direct comparisons between distant periods. 

Index Number Problems in International Trade , Fbajstcis E. Mc¬ 
Intyre, California Texas Oil Company, Ltd. 

It is of course elementary that in times of currency inconvertibility con* 
ventional demand studies produce almost totally irrelevant results with 
respect to imported commodities. Of much greater importance are the 
balance of payments position of the intended market and the ability of 
the would-be marketer to use the currency which is thus determined to 
be available. Under these circumstances, the importance of assessing as 
promptly as possible the prospective currency earnings of any country 
will be obvious. Unfortunately for such efforts at assessment, the neces¬ 
sary data are somewhat elusive. 

In the light of recent experiences, I am satisfied that the greatest need 
of our profession is an amalgamated order of statisticians which can 
unite the citizens of the world to prevent a recurrence of devaluation. 
It is difficult to believe that fiscal benefits can possibly ensue which will 
offset the statistical chaos which confronts us. Devaluation has served 
only to highlight a number of difficult problems in the use of index num¬ 
bers across State boundaries. Wherever exchange rates are a factor in the 
index number calculation, the resulting indexes are subject not only to 
the whims of devaluation, but also to many other conversion problems. 
The import and export statistics on which the index numbers of concern 
to us are based are likewise harassed by the ‘‘consumption entry” ques¬ 
tion. The effect upon the payments balance of different kinds of trade 
makes the inclusion or exclusion of some data a moot issue. Changes in 
the methods of collection of taxes may well determine whether these 
taxes are included in export and import prices used for index number 
calculation. 


CONTRIBUTED PAPERS 

A joint session of the American Statistical Association, Institute for 
Mathematical Statistics, and Econometric Society was held Thursday 
morning, December 29, for papers of particular interest to statisticians. 
Harold T. Davis of Northwestern University presided as chairman, and 
the following papers were given: 
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Simple Regression Analysis with Autocorrelated Disturbances , Howard 
L. Jones, Illinois Bell Telephone Company. 

When the disturbances in a regression equation are connected by a linear 
difference equation, the parameters of both equations can be estimated 
simultaneously by maximizing a function that describes the joint prob¬ 
ability of the disturbances or linear functions thereof. Two cases are of 
particular interest: (1) the case where the distribution of the disturbance 
associated with the earliest observation is unknown; (2) the case where 
the distribution of this disturbance is implied by the specification that 
the linear relationship between the disturbances holds not only for the 
period observed, but for all prior periods as well. The form of the esti¬ 
mates and some practical applications suggest that the possibility 
of autocorrelation may well be considered in problems where a regression 
equation appears to be improved by including lagged variables. 

Application of Sequential Sampling Method to Check the Accuracy of 
a Perpetual Inventory Record , Joseph B. Jeming, New York, New York. 
(No abstract available.) 

A Test of Klein’s Model III for Changes of Structure , A. W. Marshall, 
The RAND Corporation. 

A goodness of fit test for single structural equations from linear stochas¬ 
tic equation systems is derived. This result is based upon H. Rubin’s 
expression for the approximate distribution of the calculated residuals 
of these equations: 


S(0 - 0 , 

S(t#) = <r* + ®*/.N + (<r'-/N) zUHl.^V + tr AQ + z?x**' A 

These quantities or estimates of them are available and test regions hav¬ 
ing appropriate characteristics can be constructed under certain nor¬ 
mality assumptions. Use is made of the properties of naive economic 
models ( yt = yt-i + v and y% = yt-i + A^_i + v) to truncate these re¬ 
gions by a redudio ad absurdum argument in such a way as to limit the 
absolute size of residuals which will be accepted. This truncation is effec¬ 
tive only for observations rather far removed from the mean of the ob¬ 
servations of the computation period. 

This test was performed on the Klein Model III for the years 1946 and 
1947. The results essentially were that equations C, M 2 , AY fit rather 
badly, equations H h D z> t>, Ar, Ai fit very well, and the remaining equa¬ 
tions rank roughly in order of goodness of fit Di, Mi, J, W 1 . 
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Application of the Theory of Extreme Values to Economic Problems, S. B. 
Lhtatjer, Columbia University, and E. J. Gumbel, New York, New 
York. 

Instead of the usual search for regularity in economic time series, pat¬ 
terns of irregularity are sought. The apparent cyclical recurrence is bet¬ 
ter interpreted as a sequence of statistically different universes which 
together might make a super-universe providing possible prediction with 
respect to aggregates of events, but little useful inference with respect 
to particular events. A methodology needed to interpret these phenom¬ 
ena is contained in statistical quality control and in the theory of ex¬ 
treme values. 

Very simple applications of control charts show little homeostasis in 
economic time series, at best stability for only short time intervals, 
whereas it seems definite that these phenomena are stochastic in the 
large. The maxima of the Dow-Jones index, interpreted in the same way 
as flood frequencies, show that the 1928 peak value, being completely 
outside of the previous levels, ought to have led to a forecast of the immi¬ 
nent breakdown. The yearly ranges of the Ayres index per month for 
1839 to 1937 clearly follow the asymptotic distribution of the range. 

Bias Due to the Omission of Independent Variables in Ordinary Mul¬ 
tiple Regression Analysis, T. A. Bancroft, Iowa State College. 

Given n observations of the dependent variate y and the independent 
variates Xi, *», •••,£*, •••,*„ k < r, all variates measured from their 
respective sample means, we have calculated the ordinary regression of y 
on the first k variates and y on all r variates. We define ordinary multiple 
regression as the single-equation approach, error only in y which 
is assumed normally and independently distributed with zero mean and 
variance «*, the *, being fixed from sample to sample. 

In order to determine whether to omit or retain the last (r — k) in¬ 
dependent variates we formulate a rule of procedure: calculate Snede- 

, „ reduction in Sy 1 due to (r — k) variates /(r — k} _ 

cor s F =-T 7 ——:---—-If F lsnon- 

error mean square after fitting all r variates 

significant at some assigned significance level a we pool the sums of 
squares and degrees of freedom involved in the numerator and denomina¬ 
tor of F to obtain an estimate of the error a®, and fity on the first k variates 
only. If F is sig nifi cant at the assigned significance level we use the denom¬ 
inator only in F for our estimate of o 3 and hence fit y on all r variates. 

The object of this investigation is to determine the bias in our esti¬ 
mate e* of o* if we follow such a rule of procedure. The bias turns out to 
be 
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where Xo = ns/(«4 4- nia), X = 2? —t+i08») 2 /2<r*, nj and ns are the re¬ 
spective degrees of freedom for the numerator and denominator of F, 
and 2 T t m t + i(/S,) ! is a function of the population regression coefficients 
Pk + i> * • • > &• 


Estimating Parameters of Pearson Type III Populations from Trun¬ 
cated Samples, A. C. Cohen, Jr., University of Georgia. 

The method of moments is employed with “single" truncated random 
samples (1) to estimate the mean, u, and the standard deviation, a, of 
a Pearson Type III population when a t is known and (2) to es timat e 
ft, a, and a* when only the form of the distribution is known in advance. 
No information is assumed to be available about the number of variates 
in the omitted portion of the sample. The results obtained can be readily 
applied to practical problems with the aid of “Salvosa’s Tables of Pear¬ 
son’s Type III Function." An illustrative example i3 included in the 
paper. 


The Cyclical Normal Distribution, E. J. Gumbel, New York, New 
York. 1 

The usual normal distribution becomes invalid for variates, like an 
angle, lying on the circumference of a circle. The distribution of such 
variates was established by R. von Mises by the same methods as used 
for the classical derivation. The cyclical normal distribution is symmet¬ 
rical about a mode and antimode. The probability function is propor¬ 
tional to an incomplete Bessel function of the first kind and of order 
zero for an imaginary argument, and contains two parameters, the direc¬ 
tion of the resultant vector and a parameter k linked to the absolute 
amount of the vector. The parameters may be estimated by the method 
of maximum likelihood. For k = 0, the distribution degenerates into a 
uniform cyclical distribution. If A; is of the order 3, the distribution 
approaches the linear normal one, k being the reciprocal of the variance. 
'With increasing values of k, the distribution loses its cyclical character 
and becomes concentrated in a narrow strip. This distribution holds for 
symmetrical values varying according to pure chance about a unique 

1 Work done in part under contraot with the Research and Development 
Branch, Office of the Quartermaster General. 
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mode in a closed space (as the angles of the wind directions) or a closed 
time, and gives a theoretical model for the variations of temperatures, 
pressures, rainfalls, storms, discharges, floods, death and birth rates 
over the year, and earth quakes over the day. The comparison between 
theory and observations in plotting the square roots of the frequency on 
polar coordinate paper provides a statistical criterion for the regularity 
of cyclical phenomena. 


LINEAR MODELS OF PRODUCTION AND ALLOCATION 

A session on linear models of production and allocation was held 
jointly by the American Economic Association, American Statistical 
Association, and Econometric Society on Thursday afternoon, December 
29. The following papers and discussion were presented under the chair¬ 
manship of Solomon Fabricant of New York University. 

Leontief s System in the Light of Recent Developments, Nicholas 
Georgescu-Roegen, Vanderbilt University. (No abstract available.) 

Efficient Allocation of Resources , Tjalling C. Koopmans, Cowles 
Commission for Research in Economics and The University of Chicago. 
(Submitted for publication in a subsequent issue.) 

DISCUSSION by Marshall K. Wood, United States Air Force—Since 1946 the 
Air Force has been developing linear models as tools for program planning within 
the Air Force. Data have been collected and test problems computed; practical 
use for operating purposes iB imminent. Our computing techniques give solutions 
to dynamic systems of fifty activities and thirty-six time periods in about one 
day. The time required for larger systems is approximately proportional to the 
number of activities and time periods. The model used is dynamic, analogous to 
the von Neumann model although independently developed, hence similar to one 
discussed by Koopmans. It is similar to the Leontief dynamic model, the principal 
differences being replacement of differential equations by finite difference equa¬ 
tions, introduction of time lags and storage activities, and use of a triangular 
structure to facilitate computation. The Air Force has also been interested in the 
development of dynamic models of the civilian economy for testing the feasibility 
of military programs, and is supporting Professor Leontief’s work. Nonlinear 
relationships may be expected in the capital equipment and manpower segments 
of this model, and will be incorporated whenever empirical evidence makes it 
necessary. Computing techniques have been studied which can accommodate 
such nonlinear relationships without excessive difficulty. 

DISCUSSION by Wassily W. Leontief, Harvard University, and George J. 
Stiglee, Columbia University. (No abstracts available.) 
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CONTRIBUTED PAPERS 

The following papers were presented in sessions late Thursday after¬ 
noon, December 29, under the chairmanship of Milton Friedman of The 
University of Chicago, and early Friday morning, December 30. under 
the chairmanship of Sidney S. Alexander of the International Monetary 
Fund. 

Differential Effects of Taxation in the Trucking Industry, Richard W. 
Lindholm and Victor E. Smith, Michigan State College. 1 

In this study of the equality of the burden of fuel and oil taxes paid by 
specialized truckers, four types of truckers were considered: household 
goods, heavy machinery, liquid petroleum products, and retail store 
delivery carriers. All Class I firms in 1947 which were also in Class I in 
1945 were included. 

We have defined a tax differential as any tax payment that departs 
from the average payment by truckers of all four types, if receiving the 
same operating revenue. To reduce state-to-stare variations in fuel tax 
gallonage rates, the firms were classified into regional groups. In each 
region we estimated the average tax at each level of operating revenue 
by a least-squares regression of fuel and oil tax payments on operating 
revenues. The deviations from this regression line are our measures of 
the tax differentials of the various films. 

The differences among the mean tax differentials of the various types 
of truckers were highly significant in every region except the Southwest. 
(There only nine firms of the total of fifty-eight were not heavy ma¬ 
chinery haulers.) The magnitude of the differentials is indicated by the 
figures for the Central Midwest region, where the range was the greatest. 
The mean for liquid petroleum carriers there was +$9353 while that for 
household goods carriers was — $8824. In each region these two types of 
carriers were, respectively, most heavily and least heavily taxed. The 
small est mean differential paid by liquid petroleum products carriers 
was +$4244. 

If such tax differentials occur often where uniform specific taxes on 
input are levied, investigations into their possible effects on operations 
and the allocation of resources are indicated. For this purpose, of course, 
knowledge of the cost and revenue functions is needed. 

1 Supported in part by the Ohio State University Research Foundation. Ac¬ 
knowledgement is due Mr. William Jr. Thomas for carrying through the calcu¬ 
lations. 
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The Application of Linear Programming Methods and the Simplex 
Technique to the Hitchcock-Koopmans Transportation Problem , George 
B. Dantzig, United States Air Force. 

The purpose of the paper was to discuss the following: Each of m loca¬ 
tions has given amounts of a homogeneous product to be shipped out. 
Each of n other locations has given amounts of the same product to be 
shipped in. It is possible to ship from any location having the product 
available to any location requiring the product. The problem is to choose 
such routes and amounts to be shipped along these routes to minimize 
the total cost of transportation where the cost to ship is proportional to 
the shipped amount and the constant of proportionality depends on the 
route and is known for all possible routes. 

Production Scheduling for Monopolized Products , Robert Dorfman, 
Operations Analysis, United States Air Force. 

Linear programming permits a more realistic analysis of the behavior of 
many types of firm than previous methods. It applies particularly to 
industrial firms which have only a finite number of processes for manu¬ 
facturing their outputs, and for which output is a linear function of 
variable costs. But previous expositions of linear programming have 
assumed that the objective function of the firm was linear; in more usual 
language, that net profit was a linear function of total variable costs. 
This assumption is satisfied, at best, only by firms which are in perfect 
competition with regard to both sales and purchases. 

The methods of linear programming can be applied quite readily to 
two more complicated marketing situations, namely, to monopolists 
who face linear demand curves and to monopsonists who face linear 
supply curves. Since both of these cases have the same theoretical struc¬ 
ture it is sufficient to discuss the monopolistic one. 

Assume that the physical output of such a monopolist is a linear func¬ 
tion of total variable expenditures on the finite number of industrial 
processes available to him. Then it can be shown that net profit is the 
value of a quadratic function whose independent variables are the ex¬ 
penditures on the several processes. Straightforward calculation of par¬ 
tial derivatives with respect to these variables will not, in general, lead 
to a practicable optimum production program, but a variation of the 
methods of linear programming will. 

Thus it is seen that linear programming is a powerful new tool for the 
analysis of monopoly and monopsony and, indeed, of all situations where 
the utility of each unit of output (or input) is a linear function of the 
level of output. Still further generalization may be possible. The method 
is particularly applicable to multi-product situations. 
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The Producer’s Cost Function in Comparative Statics: Application to 
Some Basic Industries , Michael J. Verhulst, International Bank for 
Reconstruction and Development. 

Graphs relating to four industries: airlines, railways, manufactured gas, 
and petroleum, show that, in the first approximation, the cost of pro¬ 
duction y of each company in a given year, the corresponding output 
x , and the capital h of the company satisfy a linear and homogeneous 
function: 

(1) y = K l x + KJi, 

where K\ and Ki are constants for each industry. The main purpose of 
the paper is to give a theoretical explanation of this empirical relation¬ 
ship. 

It is shown, first of all, that, for a given enterprise, the output is a 
function of the degrees of capacity utilization of the different organs of 
the enterprise. Assuming, then, that the entrepreneur knows in advance 
the price that he must pay for the factors of production, given the quan¬ 
tities of factors that he wants to buy, it is shown that, if y denotes the 
minimum cost of production of the output x, we have 

(2) y/yo « v(z/xd 

where tp is a given function and t/o and x 0 are constants, yo being the mini¬ 
mum cost of production of the output Xo corresponding to the normal 
capacity of the enterprise. But as, in the first approximation, both y Q and 
x Q are good indices of the capital h of the enterprise, we see that 

(3) y/h - <p'(x/h ), 

where <p is the firm’s cost function, h being a constant for the enterprise. 
It just happens that we know empirically the form of the function (3). 
It is: 

(4) y/h = K t (x/h) + K* 
which is the same as (1). 

This function shows the way in which the equilibrium positions (z/, 
x) wall change as a result of changes in the parameter h taken as inde¬ 
pendent parameter. It is therefore a producer’s cost function in compara¬ 
tive statics. Many Cobb-Douglas production functions which have been 
computed are actually of a similar type but in which the cost of labor is 
taken as an index of the cost of production. 

Welfare Losses, Roger Dehem, University of Montreal. 

An index of inefficiency is required to measure the waste caused by 
any economic policy or institution. But there exists no unique set of 
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criteria to define an optimum welfare state. Optimal production and ex¬ 
change conditions, as defined by, among others, V. Pareto, E. Barone, 
J. R. Hicks, and M. Allais, leave the allocation solution partially inde¬ 
terminate. The deviation of any actual allocation from any of these 
opt imal points, whose coordinates are the elements of an allocation ma¬ 
trix in the space of individuals and available goods, can be measured in 
terms of any single good or combination of goods. The set of all alterna¬ 
tive measures of waste is obtained by moving from the actual intersec¬ 
tion locus of individual indifference hyper-surfaces to all possible loci of 
tangency of these surfaces (assumed to be convex). 

Assuming the existence of a welfare index, as defined by A. Bergson, 
O. Lange, and P. A. Samuelson, an index of distribution adequacy or 
inadequacy can be defined for every level of the index of Paretian in¬ 
efficiency. The welfare loss due specifically to maldistribution can thus 
be measured in the same way as the loss due to inefficiency in the Pare¬ 
tian sense, by computing the difference between the quantities of goods 
actually used to achieve a given welfare level and the set of all quan¬ 
tities that would achieve the same welfare state if optimally distributed, 
the Paretian efficiency of the allocation remaining unchanged. 

Ancient Prices and Their Interpretation , Harold T. Davis, North¬ 
western University. (No abstract available.) 

The Universal Discount as a Means of Economic Stabilization , l J. G. 
Baker, Baker Manufacturing Company, Evansville, Wisconsin. 

Under present conditions, because of the marked correlation of employ¬ 
ment and price level during a sustained rate of change in either, antici¬ 
pated price changes at such a time influence decisions conducive to 
economic instability. The appearance of instability from time to time 
in the form of cumulative upward and downward movements in employ¬ 
ment and price level is therefore not surprising. 

The universal discount plan appears to provide the means of changing 
the timing and amount of the movements of the price level in relation 
to the movements of employment in such a way that anticipated price 
changes would influence decisions conducive to stability. It is therefore 
expected that the universal discount plan would replace the present 
cumulative effect with a damping effect capable of smoothing out busi¬ 
ness cycle variations. 

Contrary to what one might expect, the universal discount plan does 
not involve price or wage dictation. Markets would be free. The uni¬ 
versal discount plan also avoids the use of investment control, currency 

1 A revision and extension of a paper published in Econombthica, Vol. 1€ 
April, 1948, pp. 165-184. 
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management, pump pri min g, tax manipulation, and an active monetae 
policy. 

The universal discount plan by design depends on a simple statutory 
formula rather than arbitrary administrative action. This avoids both 
the ideological objections and the political and administrative diffi cult 
ties of commonly advocated stabilization methods. 

The Structure of Interest Rates , William S. Morris, Hirsch and Com¬ 
pany, New York, New York. 

The following model of the bond market was presented: (1) For 
taxable securities the yield equals 2 r/m -2t%-tanh(a + bn), where r de¬ 
notes the credit variable (a nonnegative integer), m the market variable 
(also a nonnegative integer), n the years to maturity, and a and b are 
selected so that 2§%-tanh(a + 6) equals the yield on one-year treasury 
certificates and tanh(a + 26)/tanh(a + b) = 2 1/m . (2) For tax exempt 
securities the yield equals 2 (r “ f/2)M *2i%*tanh(a+ bn), wherer and m 
are used in the same way as for taxable securities, t denotes value of 
tax-exemption for long term securities (a nonnegative integer), and a and 
b are selected so that 2^%*tanh(a + b) equals about 55% of one-year 
government yield and tanh(a + 2b)/tanh(a + 6) ** 2 1/m . 

Production with Limitational Goods , John S. Henderson, University 
of Alabama. 

According to the theory of marginal productivity, a competitive firm 
will extend its use of a variable productive sendee until its price equals 
the value of its marginal product. Mathematically, this is expressed by 
the equation 

(1) P. = (dQ/dx,) p q , (s = 1, 2, - • •, r), 

where Q is the quantity of product, x g is the quantity of the service re¬ 
quired, p, is the price of and p g is the price of the product. 

Pareto, Georgescu-Roegen, and others have pointed out that the mar¬ 
ginal product, dQ/dx g , might not exist because its existence is postu¬ 
lated on the supposed existence of a single production function: 

(2) Q = Q(x h xs, ,x r ) . 

Technical conditions of production preclude the existence, in general, 
of such a simple description of productive processes. An alternative pro¬ 
cedure will yield more realistic results. Suppose the quantity of the 8th 
good or service is x, and its price is p„ s running from 1 to n. Then wc 
can write profit or V = ST - 1 p«x», where products x, have a positive 
sign while productive services have a negative. Rather than assuming 
the existence of production function (2), it is appropriate to assume the 
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existence of m simultaneous technical equations each of which pre¬ 
supposes a technical relation between the x M : 

(3) iQ(x i, a*, • • • , x n ) (i = 1, 2, * • • , m), (w < n). 

If y is maximized subject to (3), the result is a certain set of first and 
second order conditions, a set which probably gives a more accurate 
picture of profit maximization than does the marginal productivity 
theory. As a sample, the first order conditions may be written in the 
form: 

» ar. 

(4) Vi + 11 Vi nT “ 0’ 0’ " m + 1 > m + 2, ■ • •, n). 

i-l OXj 

An Index Measuring the Degree of Reciprocity in International Trade 
Relations , Louise Sommer, Aurora College. 

Assume that a group of countries (exemplified by the ERP countries) 
agree to lower the tariff rates against each other. How shall the degree 
of concessions given and concessions received be determined? Assume 
that, for example, Norway has decided to lower her tariff rates regarding 
her trade partners, one of which is Belgium. The decisive criterion would 
be the intensity of interchange between the two countries. This reciprocal 
trade intensity is measured by indices. The index number is calculated 
by the following formula: The percentage Norway’s export to Belgium 
bears to Norway’s total export is multiplied by the percentage Norway’s 
export to Belgium bears to Norway’s import from Belgium. A similar 
formula is applied to Norway’s other trade partners. The resulting index 
numbers are ranked and become thus indicative of the reciprocal inter¬ 
twining of the trade relations between Norway and her customer coun¬ 
tries. The highest index numbers characterizing the best customer give 
a claim to an important discount. Concessions granted by Country A to 
Country B are thus made dependent upon the readiness of Country B 
to increase her purchases in Country A. Thus, an automatic link would 
be established between a gradual reduction of tariff rates and the recip¬ 
rocal integration of trade within a group of countries (intra-European 
trade). 


BUSINESS CYCLE PATTERNS 

The following papers and prepared discussion were offered at a Friday 
morning session, December 30, at which Garfield V. Cox of The Uni¬ 
versity of Chicago served as chairman. 
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Recent Patterns of Employment and Unemployment , Nathan Morri¬ 
son, New York State Division of Placement and Unemployment In¬ 
surance. 

The adoption of the federal old-age insurance law in 1935, and the pas¬ 
sage of state unemployment insurance laws about the same time, created 
a new and rich source of data on employment and unemployment in 
this country. 1 

Since 1937, when the programs became effective, various regular 
patterns and relationships have been revealed in the employment and 
unemployment data. Among these are: (1) In New York State, during 
the ten years from 1939 to 1948, the average number of weeks of work 
per person each year was about 35. The range was narrow, from 34.2 
weeks in 1942 to 36.4 weeks in 1939. (2) In 1937, there were 33,000,000 
persons in this country employed in firms covered by the old-age in¬ 
surance law; 40% of these persons were employed in covered employ¬ 
ment in all of the ten years from 1937 to 1946. (3) Of all the persons with 
some employment during a year, 61% had employment in all four cal¬ 
endar quarters. (This was the average ratio for the eleven-year period 
1938-1948 with a small range of variation.) (4) About 70% of the workers 
in New York State have one employer in a year, 15% have two, and 15% 
have three or more. (5) Each year in New York State an invariant rela¬ 
tion has been found in the duration of unemployment: about 94% of 
the persons who have been unemployed for X weeks remain unemployed 
for at least X + 1 weeks. (6) Of the group of persons who experience 
unemployment in a given year, about half have some unemployment in 
the following year; about a quarter have unemployment in a third suc¬ 
cessive year; and an eighth of the group have some unemployment in 
four years in a row. (7) About 55% of the persons who experience unem¬ 
ployment in a year have only one spell of unemployment; 25% have two 
spells; and 20% have three or more spells. 

Continued intensive analysis of such types of patterns and relation¬ 
ships, using discriminant functions and the method of canonical corre¬ 
lations, may lead to the development of a comprehensive theory to coor¬ 
dinate and explain the observed regularities. 

Methods of Measuring Absolute and Relative Variations in the Duration 
of Business Cydes , Nilan Norris, Hunter College. 

Data pertaining to the duration of business cycles more closely approxi¬ 
mate a series of historical events, rather than a sample of independent 

1 A detailed description of the material arising out of the operations of these 
social insurance programs has been given in an article by Nathan Morrison on 
“By-Product Data and Forecasting in Unemployment Insurance,” Journal of the 
American Statistical Association , Voi. 44, September, 1949, pp. 397-405. 
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items drawn from a population in the sense implied by the modem 
theory of estimation. Although probability statements should be avoided 
unless conditions necessary for sampling are fulfilled, there may be ad¬ 
vantages of using measures of absolute and relative variation which have 
a reasonably high degree of efficiency as provided by certain nonpara- 
metric methods usually involving order statistics. Of the various non- 
parametric measures, the range and the coefficient of rank correlation 
appear to be especially useful for analyzing variations in the duration of 
cycles. Less promising, but possible alternatives, are some of the para¬ 
metric methods which provide asymptotically efficient estimates by 
means of the method of maximum likelihood. If the commonly used 
logarithmic normal curve is properly fitted to the frequency polygon of 
duration of cycles, the maximum-likelihood estimates of absolute and 
relative duration, respectively, are the standard deviation of the log¬ 
arithms of the variates and the coefficient of variation of the logarithms 
of the variates. If the frequencies of duration of cycles are well graduated 
by a Pearson Type III curve, the maximum-likelihood estimates of dis¬ 
persion are the arithmetic-geometric range, or A — G, for absolute vari¬ 
ation, and the arithmetic-geometric ratio, or A/G, for relative variation, 
where A is the sample arithmetic mean and G is the sample geometric 
mean. An advantage of nonparametric methods over parametric methods 
is that the former involve no assumption about the form of the parent 
universe except that the cumulative distribution function is continuous. 

Most of the work done by the National Bureau of Economic Research 
on variability of cycle lengths has been from the point of view of simple 
description, rather than estimation in the sense of sampling theory. The 
Bureau has used the average deviation, range, standard deviation, and 
variance to measure absolute variations in the lengths of cycles, and the 
coefficient of variation to measure relative variations. The Bureau has 
also used the coefficient of rank correlation to compare variations in the 
duration of cycles over different time periods. 

Distribution of Turning Points of Time Series, C. Ashley Wright, 
Standard Oil Company. (No abstract available.) 

Cyclical Price Flexibility in Steel, Carl Kaysen, Harvard University. 

This paper presents for examination a simple economic model, designed 
to exhibit some of the problems arising from reliance on marginal cost 
pricing over the cycle as a regulator of capacity in an industry producing 
durable investment goods under cost conditions similar to those of the 
steel industry. The basic elements of the model are: 

1. Abstracting from the influence of the price of steel, the economy is 
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subject to cyclical fluctuations in income of a steady sort, describable by 
a suitable Hansen-Samuelson difference equation. 

2. Steel is supplied by a small number of firms, each having a short 
run cost curve characterized by constant marginal cost up to some fixed 
output, and sharply rising marginal costs thereafter. The level of the 
flat part of the curve, and the rate of rise of the steep part, differs from 
firm to firm; i.e., all firms are not equally efficient. 

3. The demand for investment in any period is influenced by the price 
of steel in the previous period, if that price is high enough. 

4. Firms which make an aggregate loss over the cycle withdraw from 
the industry, removing their capacity. If the marginal firm makes a high 
enough profit over the cycle, there is entiy with addition to capacity. 

These assumptions lead to a nonlinear difference equation of the sec¬ 
ond order, which is not soluble in general terms. Computations of speci¬ 
fic solutions, with assumed “realistic” values of the parameters, show 
two kinds of results. If entry responses to profits are prompt, capacity 
is reduced, but not so much as to reduce the average level of income 
over the cycle, though enough to choke down its amplitude of fluctua¬ 
tion. If entry responses are not prompt, however, the average level of 
income as well as the amplitude of fluctuation are both reduced. These 
are equilibrium modes of behavior, reached only after several cycles are 
completed. 

DISCUSSION by Thor Hultgrex, National Bureau of Economic Research— 
Mr. Morrison’s paper is welcome evidence that social security data begin to be 
exploited. At first glance his figures on the number of weeks worked per worker 
startle one. They are low even in good years. But noncovered employment is ab¬ 
sent from the numerator, and persons in the labor force only part of the year are 
counted full-time in the denominator. The lack of cyclical decline is more mj'ste- 
rious. Apparently the number of persons who receive no covered employment in 
a poor year and so drop out of the denominator is large. 

Mr. Norris doubts whether known durations of cycles should be regarded as 
samples of a universe. I sympathize, but question whether refining the measure¬ 
ment of scatter would be profitable. Better to go on directly to ask: Why are some 
cycles longer than others? 

Mr. Wright’s approach to forecasting is original and ingenious. One of his 
“failures” is associated with an explicable peculiar distribution of turns during 
a war. In wartime some activities are discouraged, others stimulated. The former 
attain peaks early, the others late. The accompanying and following inflation cre¬ 
ates a scarcity of peaks in price and dollar volume series. Wright suggests inter¬ 
esting further questions. I would like to add a few, less technical ones. Why does 
the transition from expansion to contraction, and vice ver&a, spread so gradually 
from industry to industry? In what practical business decisions are such forecasts 
useful? What would happen to cycles and the economy if their use became general? 

DISCUSSION by Zenon Szatrowski, University of Buffalo—Mr. Wright pro¬ 
poses a simple objective method for forecasting the turning points of cycles. He 



304 


NEW YORK MEETING 


considers applications to the business cycle, but his technique appears particu¬ 
larly suitable in est ima ting turning points of common stock prices, where better 
data are available. The proposed method makes use of only a small proportion of 
the information usually available, but an extension of the idea could of course 
remedy this shortcoming. Following Wright’s technique, one would observe the 
development of time series, note their turning points, and use a count of the early 
turns to estimate the month when most of the time series turned. Why not use 
other information which can be obtained in observing the behavior of time series? 
For example, in considering the peak of the cycle, the amount and “reliability” 
of the declines, as well as the number of turning points, can be measured and might 
be used as in weighting the turning points. In addition to the various observed 
behavior characteristics, we may also know about relationships among the indi¬ 
vidual time series. Incorporating this information would improve results, whereas 
ignoring it would actually raise questions about the applicability of the particular 
formulas used in estimating the parameters of the distribution. 

DISCUSSION by Elmer C. Bratt, Lehigh University—The analysis of employ¬ 
ment data can be made most useful if logical relations are kept in mind. For in¬ 
stance, I should like to know what offsetting forces are present to produce stability 
in the weeks of work per person. 

The distribution of turning points in time series may have forecasting signifi¬ 
cance, but I am not convinced that Mr. Wright’s frequency distribution method 
best reflects it. The needed interpretation would vary if substantial differences 
in the skewness of the curve of turning-point dates should occur from cycle to 
cycle. Because of the importance of erratic movements, I cannot agree that turn¬ 
ing points in individual series can be satisfactorily identified shortly after they 
occur. Mitchell and Burns were similarly critical. Mr. Wright’s study appears to 
indicate that the distribution of turning points does not differ substantially when 
leading and lagging series are separated. If this is true, regularity of pattern is 
not indicated. Other behavior patterns, such as amplitude and age classifications, 
do exhibit regularity. Perhaps emphasis should be shifted away from timing be¬ 
havior patterns. 

DISCUSSION by Clark Warbtjrton, Federal Deposit Insurance Corporation— 
I believe we should abandon the concept of the business cycle as a continuous 
rhythmic process, and should regard cases of substantial unemployment or price 
inflation as recurring episodes of a pathological character. In studying such a 
condition the National Bureau procedure of examining a host of collateral phenom¬ 
ena is a common initial stage. In most investigations this procedure leads to 
concentration on a few key variables, and finally to detailed analysis of the charac¬ 
ter of the causal sequence. The rest of the phenomena then fall into three groups: 
predisposing conditions, symptomatic conditions, and irrelevant conditions. 
Sometimes investigators are baffled, usually when the key variable has escaped 
observation. This seems to be the status of studies of the depression-inflation 
malady. In this situation, further analyses of the symptoms, such as those by 
Mr. Norris and Mr. Wright, may improve the promptness and accuracy of diag¬ 
nosis when another case of the malady occurs. However, their conclusions—such 
as that of Wright that we can be confident of the diagnosis three times out of 
four when a substantial percentage of the symptomatic conditions have been ob¬ 
served-are not very illuminating. 

DISCUSSION by Robert W. Burgess, Western Electric Company, New York, 
New York. {No abstract available.) 
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ECONOMICS AND TECHNOLOGY: 
PRODUCTION FUNCTIONS 

The concluding session of the Econometric Society was held Friday 
afternoon, December 30, jointly with Section K of the American Asso¬ 
ciation for the Advancement of Science, and dealt with the general topic 
of production functions. Tjalling C. Koopmans of the Cowles Com¬ 
mission for Research in Economics served as chairman in the absence of 
Howard R. Bowen of the University of Illinois. Papers and prepared 
discussion were offered as follows: 

Engineering Production Functions, Walter Ratjtenstracch, Colum¬ 
bia University. (No abstract available.) 

Textile Production Functions, Equipment Requirements, and Techno¬ 
logical Change, Anne P. Grosse, Harvard Economic Research Project. 

This production function for carded cotton textiles was derived as part 
of a pilot study in the use of direct technical data: technical handbooks 
and textbooks, machinery catalogs, and consultation with textile engi¬ 
neers. Because of special sampling problems arising in the derivation of 
production functions from economic time series, some such information 
must be used in the classification of industries and the choice of relevant 
input and output dimensions and function types. In this study, the 
numerical values of the parameters were also estimated from technical 
data. 

A set of three functions describing the relationships between the time 
rates of input of fiber and of output, the time rates of input of power and 
output, and the stock of machinery and the time rate of output, was 
determined for each of ten successive stages in the processing of the raw 
material, from opening through weaving. Since the output of each stage 
is the input of the next, all input requirements at each stage were related 
to final output as well as to the “intermediate” outputs of the individual 
stages. 

This production function was defined operationally in terms of current 
machinery catalogue information and technical experts’ opinions of best 
current practice, and is known as the “best practice” production func¬ 
tion. This differs from the production function which would usually be 
inferred from industry-wide input-output statistics in that the latter 
would represent an average of the production functions relevant to 
the various models of equipment of different ages in use in the indus¬ 
try. The best practice coefficients, are useful in explaining changes 
in the values of the “average” coefficients, 6,y, with investment and 
scrappage. 
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Consider the fixed coefficient case: Let I/T and S/T represent, respec¬ 
tively, proportions of new machines purchased and old machines 
scrapped, and let b' ZJ represent average productivity associated with the 
discarded machines. Then, over any period h to t: 

b l3 (f) = b tJ (to) + ~ [b l3 — b l3 (to)] + 

This relationship was used to predict changes in output per spindle-hour 
over the periods 1925-1935 and 1936-1940. 

Once the relevant sets of technical parameters are determined, the 
task of explaining technological change in the average coefficients (i.e., 
innovation) can be reduced to the more familiar problems of determining 
capacity requirements and substitution within a framework of given 
technical alternatives. 

An Airframe Production Function , Armen Alchian, University of 
California at Los Angeles. 

Let L be hours of direct labor required to fabricate a particular, e.g., 
the 100th, airframe (of a specific type in a given manufacturing facility) 
where N = 1 , 2,3 . • • - , 100, • • * is the serial number of the first, second, 
third, etc., airframe of the specified type. L is the direct labor (excluding 
administrative, design, and tooling time) that, regardless of when it was 
exerted, is, so to speak, congealed in the Nth airframe. L = aN J , where 
a and b are parameters, is a widely used function in predicting labor 
needs and costs. In some instances it has been claimed that b has a value 
of about — .33 regardless of type of airframe or manufacturing facility. 
The rationale of the functional form is discussed, and in general there 
is nothing inconsistent or implausible in this functional form if it is re¬ 
garded as a description of observed data rather than as a rationalization 
of fundamental forces. With World War II data, the alleged homogeneity 
of the parameters among different airframes is tested and found inad- 
missable statistically as well as in practical import. Its goodness of fit 
as a past summary statistic is good, but its extrapolative ability is poorer. 
Its predictive reliabilit}^ as measured by the discrepancy between pre¬ 
dicted total direct labor requirements for N planes, fLdN, and the re¬ 
corded labor requirements is such that the discrepancy averages about 
25% of actual requirements with a range of between —40% and +50%. 
The practical significance of such reliability is discussed. 

Hog Slaughtering Production and Cost Functions, Donald M. Fort 
and O. H. Brownlee, The University of Chicago. 

The purpose of the present study is to estimate some of the effects of 
hog supply fluctuations on costs of killing, cutting, and lard-rendering 
for a specific meat packing plant. 
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Costs are divided into two categories: (a) labor costs of “bonus” gangs 
(defined below) in killing and cutting, and (b) all other costs. Costs 
under (a) are tied to output by an established formula involving a modi¬ 
fied piece rate system with a minimum weekly pay guarantee and over¬ 
time piovisions. A choice of one of three alternative killing gangs and of 
one of four catting gangs may be made, the alternative gangs differing 
in size, organization, and output rate. Costs under (b) include variable 
costs such as labor paid on an hourly basis, supplies, maintenance, and 
power, and costs which were assumed to be fixed, such as insurance, 
taxes, depreciation, and administration. The variable costs are assumed 
to vary linearly, and in certain cases proportionately, with output. 

Cost relationships under (a) are computed from the specifications for 
the pay foimula for each gang. Costs relationships under (b) are esti¬ 
mated by simple regression of each cost item on output, based on monthly 
accounting data supplied by the firm and subject to a priori restrictions 
that some of the costs be proportional to output, that some others be 
fixed, and that still others vary linearly but not necessarily proportion¬ 
ately with output. 

Hog receipts are subject to daily, weekly, seasonal, and annual fluc¬ 
tuations which are to some extent unpredictable. By the assumption of 
linearity, costs under (b) during a given time interval depend only on 
total receipts during that interval, regardless of the degree of fluctuation 
within the interval. Costs under (a) do depend upon the degree of fluc¬ 
tuation because of nonlinearities resulting from the minimum weekly 
pay guarantee and overtime provisions and because of the possibility of 
shifting from one gang to another. These costs thus depend on the time 
pattern of hog receipts and the time pattern of use of the various gangs. 
The cost of a given average output can be lowered by reducing the 
amplitude of supply fluctuations and by increasing the extent to which 
the least-cost gang is used at each point in time, i.e., by using small 
gangs for low outputs and large gangs for large outputs. 

The present study covers only a portion of processing costs, ignoring, 
for example, the costs of storage which may depend strongly on the ex¬ 
tent of supply fluctuations. Costs of shifting workers between jobs 
within the plant also have not been estimated. The “fixed” costs apply 
only to the plant in question. A firm facing a new supply situation 
could in the long run adjust its size and layout to reduce costs below 
those estimated here. In addition to the incompleteness of the estimates, 
errors may have arisen because of misinterpretation of the accounting 
data or through incorrect a priori assumptions as to the forms of cost 
relationships. 

DISCUSSION by Kenneth Mat, Carleton College—The accepted “theory of 
production” is rather a theory of imputation whose concepts, assumptions, and 
conclusions appear to be without analogues in engineering and business experi- 
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ence. It remains mostly on an abstract, nonoperational level. Its applications 
have been largely normative and disculpatory. The new theory of production 
whose beginnings are suggested by this session and recent work on linear models 
is inspired by the need for quantitative prediction and planning in private in¬ 
dustry, war preparations, and the national economy. It replaces the unrealistic 
assumptions of fixed technology, divisibility, substitutability, and independence 
by the recognition of ubiquitous technological change, discreteness, capacity, 
limited substitutability, and constant production coefficients in the short run. 
The new approach is corrosive of marginal theory (in spite of possible formal re¬ 
conciliations), but its practical successes hint at a rapid development. This would 
imply a healthy rapprochement between economics and engineering and significant 
changes in the production side of economic theory. 

DISCUSSION by Carl N. Klahr, Carnegie Institute of Technology and Cowles 
Commission for Research in Economics, The University of Chicago—Our interest 
in production functions is two-sided: First we wish to set up models that describe 
the production phase of economic activity in various industries in order to provide 
a general model for our economy a3 a whole. Second, the relative simplicity and 
large degree of control of production as compared with other economic problems 
makes it likely that with improving statistical and mathematical models, coupled 
with an increasing engineering orientation on the part of economists, the produc¬ 
tion function will be the first economic application to give practical quantitative 
results. This can lead to a new and exact set of instruments for business planning 
and control for the individual firm. The most general production function of this 
type is b *= Od, where b is bill of goods vector, 0 is a general operator, and d is a 
vector of decisions, e.g., budget allocations. In order to calculate such production 
functions we should rely not only on statistics of inputs and outputs but to a 
greater extent on an engineering familiarity with the plant and technology being 
described. 

DISCUSSION by Harold J. Barnett, U. S. Department of the Interior—All 
three papers are welcome contributions of much needed economic data. Mr. AI- 
chian’s significant relationship is duplicated throughout the economy of the 
United States. For the period 1939-1944, for example, labor input per unit of de¬ 
flated GNP plotted against cumulative deflated GNP yields a “minus 0.27” 
curve, comparable to the “minus 0.33” curve in airframe production. The his¬ 
torical fact for our society is that technological change hurtles costs downward 
faster than alleged diseconomies of scale or pressure on resources push them up¬ 
ward, contrary to classical assumptions of increasing average cost. I suggest that 
Mrs. Grossed coefficients, derived from handbooks, are not as independent of 
average observed data as she implies. I doubt, therefore, that these sources yield 
technological horizons which can be viewed in innovation studies as moving 
asymptotes, which average technologies approach. Mr. Fort’s data demonstrate, 
contrary to an early premise in his paper, that linearity is probably not a good 
assumption for this plant. For example, to achieve linearity in labor input, he 
would have to assume that laborers in identical functions are not a single class 
of inputs and that maintenance costs are negative at nil output. I suggest that 
assumptions of linearity should always be related to specific, narrow out¬ 
put ranges. 

DISCUSSION by Ernest C. Olson, Board of Governors of the Federal Reserve 
System—The linearity of the logarithmic production function reported by Mr. 
Alc hian appears to be more characteristic of the data at production levels below 
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700 airframes ttan it is for the sample as a whole. At higher levels, ranging from 
700 to 2000 airframes, a rather sharp departure from linearity is apparent. Whether 
this is significant remains to be established by further investigations, but the data 
presented appear to indicate that production in this range was associated with a 
smaller labor outlay per unit of airframe produced than is indicated by the re¬ 
gression equation. In terms of the general significance of the results reported, it 
should be noted that the data refer to wartime conditions and, as Alchian points 
out, undoubtedly reflect the learning experience of a labor force characterized by 
a high rate of turnover. With a lower rate of turnover under peacetime conditions 
of production, it is quite possible that a set of parameters would be found which 
differ significantly from those reported. 

Mrs. Grosse presented an impressive study of the textile production function 
for cotton yarns and cloth. The use of technical industrial data to obtain the param¬ 
eters of this function represents an interesting departure from the more conven¬ 
tional procedures of statistical induction and is a relatively new approach to the 
problem. Since such technical information is directly related to actual industrial 
processes, its use in the determination of the parameters of the function appears 
to have made possible a degree of precision not otherwise obtainable. 



NOTICE OF THE TOKYO MEETING 
July 7-10, 1950 

The first regional meeting of the Econometric Society in Japan will 
be held in Tokyo this summer concurrently with the meeting of the 
Japanese Statistical Association. The tentative dates for the meeting 
are July 7-10,1950. A report of the Tokyo meeting will appear in a sub¬ 
sequent issue of Econometrica. 

NOTICE OF THE BERKELEY MEETING 
August 1-5, 1950 

The western regional meeting of the Econometric Society will be held 
August 1-5,1950, on the Berkeley campus of the University of California 
in conjunction with the Second Symposium on Mathematical Statistics 
and Probability which extends from July 31 to August 12. Details as to 
the program and arrangements for attendance are contained in an an¬ 
nouncement mailed to American members in June. Those wishing copies 
of that announcement or additional information should w r rite to the 
Econometric Society, The University of Chicago, Chicago 37, Illinois, 
or to either Professor Kenneth J. Arrow, Department of Economics, 
Stanford University, Stanford, California (program chairman), or Pro¬ 
fessor George Kuznets, Giannini Hall, University of California, Berkeley 
4, California (local arrangements representative). 

NOTICE OF THE HARVARD MEETING 
August 31-September 5, 1950 

In place of the summer meeting which the Econometric Society cus¬ 
tomarily holds in conjunction with the mathematical associations, the 
Econometric Society will meet this year at Harvard University, Cam¬ 
bridge, Massachusetts, August 31-September 5, concurrently with the 
International Congress of Mathematicians which meets at Harvard, 
August 30-September 6. 

In addition to a number of sessions devoted to contributed papers, 
sessions have been organized on the following topics: The Determination 
of Production Functions, Scientific Method, Application of Statistical 
Method to the Solution of Economic Problems, Activity Analysis in the 
Theory of Production, Utility Measurement, National Accounting and 
Measurement of Production, and Consumer Behavior. A number of 
sessions of the Congress will also be of particular interest to members of 
the Econometric Society. 
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Details as to the program and arrangements for attendance are con¬ 
tained in an announcement mailed to American members in June, 
copies of which are available on request from the Econometric Society, 
The University of Chicago, Chicago 37, Illinois. Those planning to at¬ 
tend the Harvard meeting who have not availed themselves or the hous¬ 
ing arrangements described in that announcement should place their 
reservations directly with the Commander Hotel, Cambridge, Massachu¬ 
setts, or with other hotels in the Cambridge and Boston area. Inquiries 
regarding the presentation of papers at the Harvard meeting should be 
addressed directly to the program chairman, Professor Arthur Smithies, 
Department of Economics, Harvard University, Cambridge 38, Mass¬ 
achusetts. 


NOTICE OF THE VARESE MEETING 
September 0-8,1950 

The dates for the twelfth European meeting of the Econometric 
Society to be held in Varese, Italy, this year have now been set as 
September 6-8, inclusive. This immediately follows the XIV" 1 Interna¬ 
tional Congress of Sociology in Rome (inquiries regarding which should 
be addressed to Dr. Corrado Gini, c/o Societa Italiana di Sociologia, via 
delle Terme di Diocleziano, N. 10, Rome) and precedes the Round 
Table Conference of the International Economic Association which is 
scheduled for September 10-13 at Monaco. 

Professor Felice Vinci, Via Lamarmora 42, Milano, Italy, has accepted 
appointment as chairman of the program committee for the Varese 
meeting, and Professor Eraldo Fossati has undertaken the responsibility 
for local arrangements. The address for Professor Fossati after July 1 
will be c/o Ente Provinciale del Turismo, piazza Monte Grappa, Varese, 
Italy. Other members of the program committee include Professor R. 
G. D. Allen, London School of Economics; Professor Ragnar Frisch, 
University of Oslo; and Professor Rend Roy, Paris, France. 

Members interested in participating in the Varese meeting are en¬ 
couraged to contact the program committee for further information. 

NOTICE OF THE CHICAGO MEETING 
December 27-31,1950 

The American winter meeting of the Econometric Society will be held 
in Chicago, Illinois, Wednesday, December 27, to Saturday, December 
30,1950. Sessions of primary interest to economists and those which are 
sponsored jointly with the American Economic Association and Ameri- 
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can Farm Economic Association will be held at the Palmer House 
throughout the period. Sessions which, in addition, are of interest to 
statisticians will be held during the first three days of the period at the 
Congress Hotel and Roosevelt College, in conjunction with the meetings 
of the American Statistical Association and Institute of Mathematical 
Statistics. 

Sessions on the following topics are at various states of preparation by 
the program co mmi ttee of the Econometric Society or co-sponsoring 
organization: Theory of Comparative Advantage and Patterns of World 
Trade, Utility Analysis of Decisions Involving Risk, Business Expecta¬ 
tions in Business Planning, History of Mathematical Economics, Current 
Input-Output Studies, Welfare Economics, Problems of Incorrect and 
Incomplete Specification, Econometric Methods in Agricultural Re¬ 
search, Collection and Use of Survey Data, Demand Analysis, Computa¬ 
tion Problems in Theory of Games, Multivariate Analysis, Time Series, 
and Recent Advances in the Theory of Decision Functions. A number 
of sessions for contributed papers will also be provided. 

Abstracts of papers to be considered for the December meeting should 
be sent prior to September 15, 1950, to Professor Clifford Hildreth, c/o 
The Econometric Society, The University of Chicago, Chicago 37, Illi¬ 
nois. Other members of the program committee are listed in the April 
issue of Econometrica. Further details will be announced as plans 
progress. 


ERRATA 

The following corrections in the manuscript of “Rational Behavior, 
Uncertain Prospects, and Measurable Utility” by Jacob Marschak 
(April, 1950) have been communicated by the author. Page 123, line 1: 
for a read a'; line 2: for < read <. 
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AN ELECTRO-ANALOG METHOD FOR INVESTIGATING 
PROBLEMS IN ECONOMIC DYNAMICS: IN¬ 
VENTORY OSCILLATIONS 

By N. F. Morehouse, R. H. Strotz, axd S. J. Hoewitz 1 

This paper discusses the possible use of the Aeracom-type analog- 
computer in solving dynamic economic models. The first part presents an 
industry inventory model as an illustration and shows solutions that 
were obtained by use of the Aeracom for various parameter values. The 
latter part discusses the types of equations that can be handled by the 
Aeracom and the general applicability of the computer to economic 
models. 

Although analogy with the physical sciences has characterized economic 
thought since its origins, the purpose in constructing such parallelisms 
has remained entirely expository. With the development in recent years 
of advanced mathematical computers based upon electrical circuits, 
however, economists ought to inquire seriously into the aid their subject 
might receive from the investigation of and actual experimentation with 
electrical analogs. 2 

Two types and uses of the modem computational devices may be 
distinguished. First, there are the digital computers (for example, the 
IBM computer at Harvard) which may sizably reduce the computational 
burdens inherent in modem statistical methods. Professor Frisch has 
written quite optimistically regarding these possibilities. 8 Secondly, there 
are the analog-computers, one type of which is the Aeracom at North¬ 
western University. These machines are peculiarly well adapted to the 
study of oscillations. It is the purpose of this paper to consider some of 

1 The authors wish to acknowledge the kind cooperation of Dr. J. F. Calvert, 
Mr. J C. McAnulty, and Miss Marjorie Wiley, of the Aerial Measurements Labora¬ 
tory, Northwestern University. 

s It is of historical interest to note Irving Fisher *s exceptional claim for the 
hydraulic analogies he employed: 4< We are thus enabled not only to obtain a clear 
and analytical 'picture of the interdependence of the many elements in the causa¬ 
tion of prices, but also to employ the mechanism as an instrument of investigation 
and by it, study some complicated variations which could scarcely be successful!v 
followed without its aid.” [Mathematical Investigations in the Theory of Value and 
Prices, New Haven: Yale University Press, 1925 (first published in 1892), p 44.] 

* Ragnar Frisch, ‘Ttepercussion Studies at Oslo,” American Economic Review, 
Vol. 88, June, 1948, pp. 367-372. 
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the potentialities of the analog-computer in the investigation of economic 
dynamics. 

The Aeracom is a room-sized machine designed for the ready construc¬ 
tion of various electrical circuits. Once a particular circuit has been con¬ 
nected, variation in one (or more) of the electrical magnitudes (e.g., 
voltage, resistance, capacitance, etc.) causes variation in the other 
variables of the system. The effect on each of the other (dependent) 
variables may then be seen on an oscilloscope screen as a time series 
and recorded photographically. Changes in the parameter values are 
easily made by turning dials. Until the present time, the Aeracom has 
found its main employment in the study of various physical and engineer¬ 
ing problems. The mathematical representation of mechanical, acoustic, 

DEMAND SUPPLY 



Figure 1—Economic model. 

and hydraulic systems may often be found to correspond to the mathe¬ 
matical representation of contrived electrical circuits. Hence, by analogy, 
the mathematical solution of the electrical system is the same as that of 
the mechanical, acoustic, or hydraulic system under investigation. It is 
the thesis of this paper that electrical analogs may also be constructed 
for economic models and the properties of the models investigated in a 
similar way. 


I. AN INVENTORY MOBEL 

In this article a simple economic model and its electrical analog are 
constructed with the main purpose of illustrating the applicability of the 
electrical-analog method. Variations in the parameters are then intro¬ 
duced and their consequences examined by use of the Aeracom. This 
work has been conducted in the Aerial Measurements Lab oratory of the 
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Technological Institute at Northwestern University. The Aeracom was 
made available through the cooperation of the Navy Department, Bu¬ 
reau of Aeronautics. 

The model to be investigated consists of a simple supply and demand 
situation, Figure 1, in which during equilibrium goods are being supplied 
by an industry to consumers at a fixed rate and are being produced by the 
industry at an equal rate, so that inventory remains at some constant 
level. The problem is to discover the disequilibrium behavior of the 
system in response to a sudden increase in consumer demand, assuming 
now a long-run management policy of rebuilding the inventory exponen¬ 
tially to its original equilibrium level. The increase in demand, however, 
is assumed not to exhaust the inventory at any time. In order to make 
the problem more interesting, response lags are introduced into the 
production and marketing departments, and the resulting effect of de¬ 
mand variation on the inventory position of the industry is studied. 
Throughout this paper these “response lags” will be called “inertias.” 

We begin by postulating a linear demand function 

( 1 ) Pd = oil — , 

and a linear output function 

(2) P t = a* + fisQp • 

Q e is the quantity exchanged, and P d is the demand price for this quan¬ 
tity. Q P is the quantity produced, and P 8 is the lowest price at which the 
industry will produce this quantity. Q p — Q e is an inventory increment. 
While these quantities are really rates, they need not here be treated 
explicitly as such. The industry is assumed to seek a certain level of 
inventories, Qi , and short-run deviations from this level result from the 
dynamic elements of the market. 

In equilibrium, P d = P, = market price, = Q p (with Qi constant), 
and the output function may therefore be regarded as a “normal” supply 
function. If it be assumed that the industry charges the highest price 
that it can get for its current rate of sales, market price is always P d . 

Suppose that from an initial equilibrium position (P°, Q°) disequilib¬ 
rium is introduced by a rise in ct\ at time T 0 . To explain the tune path to 
the new equilibrium position (P 1 , Q 1 ) attained at time T , two further 
functions are required. The nature of these functions must depend upon 
the properties of the market which are postulated. We choose to consider 
two linear time lags. The industry is assumed to respond to the sudden 
increase in demand both by gradually unloading its inventories and by 
gradually increasing its production so as to rebuild its inventories and to 
keep up with the greater rate of sales. The industry may overshoot its 
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new equilibrium level, however, because of lack of knowledge of the new 
equilibrium position. For example, its response may be initially to meet 
the increased demand more by reducing inventories than by increasing 
production. Subsequent production increases, however, may gain momen¬ 
tum and push beyond the new equilibrium level. Inventories may 
possibly rise above Q, , and production must then decline, not simply 
because it is no longer necessary to increase inventories, but because 
inventories must actually be reduced. Oscillations are thus introduced by 
a familiar accelerator principle combined with an “overcompensation” 
principle. This behavior is described by the following equations: 

(3) Pa — P, — Xi Q, + Xj Q p 
and 

(4) Pa — P° = \iQ. + - ( T m dT + P,-, 

where AQ — Q 6 — Q P , T is time, P % is an inventory control function, to 
be explained somewhat later, and the dot indicates a derivative with 
respect to time. 

A major problem in the formulation of dynamic economic models is 
the derivation of these adjustment equations. Various approaches might 
be followed, but it is not the purpose of this paper to discuss their relative 
merits. We choose, for illustrative purposes, to adhere to the familiar 
tradition of employing differential equations. 

In our particular problem we may think of the excess of demand price 
over supply price as an incentive for an increase in production. If demand 
price rises, this incentive has increased and, in the absence of any 
sluggishness of response (or inertias) of the marketing or production 
departments, sales must immediately increase until demand and supply 
prices are once again equal. In the model under consideration there are, 
however, two inertia elements introduced: (1) the slowness of response 
of the marketing departments in increasing their sales either by drawing 
from inventories or from increased production; and (2) the slowness of 
the production departments to step up the rate of output. 4 These inertias 

* The first inertia or time lag may result either from the slowness of the firm 
to realize that its demand position has improved and/or from technical obstacles 
in the marketing process. Similarly, the second lag may be attributable to psycho¬ 
logical and/or technical factors. In the text, inventories are regarded as made up 
of finished goods. However, if inventories take the form of semifinished goods, 
there would also be time lags involved in either adding to or subtracting from 
inventories. As the reader proceeds through this paper he may appreciate that an 
entire series of inventories involving goods in various stages of production and the 
associated time lags could readily be introduced. 
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are introduced as countenncentives which operate against changes in 
the rates of sales or of production and are represented by the symbols 
Xi and Xa. These appear as coefficients of the rates of change in quantities 
sold or produced, respectively. Thus, as equation ( 3 ) tells us, the incen¬ 
tive of the excess of demand price over supply price working towards 
greater sales and output is counterbalanced by the rates of change in 
sales and output, each multiplied by the respective inertia coefficients. 

The second adjustment equation relates demand price to the condi¬ 
tion of inventories. We regard the excess of demand price over the initial 
equilibrium price P° as an incentive for increasing the exchange of goods 
which is offset by the inertia of the marketing departments and the state 
of the inventory. The inertia of the marketing departments is Xi<5*, as 
before. The condition of the inventory is expressed by ( 1 / 7 ) J"£o (A Q)dT 
+ P t , where A Q — (Q e ~ Q P ). The term containing the integral may be 
said to represent the reluctance of the industry to permit its actual level 
of inventories to fall beneath (or, if negative, to exceed) the equilibrium 
level of inventories. The coefficient 1 fy may be said to represent the 
degree of inventory inflexibility. The term P % is introduced to control the 
new equilibrium level of inventory and the manner in which the new level 
will be approached. H P, = 0 , f£o (A Q)dT = yfP 1 — P°) > 0. This is 
so because the rise in , by raising equilibrium price, causes the inven¬ 
tory warehouses to wish to hold smaller inventories . 5 Taken alone, this 
clearly is not an irrational relationship. As the value of the commodity 
increases, it becomes more costly for the firm to tie up any given amount 
in inventories. However, there are other considerations which help 
determine long-run inventory policy, e.g., price expectations, volume of 
sales, etc. Consequently, as a result of the change in the equilibrium 
position, what may be called the “reservation demand” function of the 
firm may shift. Unspecified is the pattern of shift in this function through 
time. Here we felt the best simple assumption we could make is that this 
shift occurs exponentially and suffices to establish the new equilibrium 
level of inventories equal to the original equilibrium level. This is accom¬ 
plished by setting P# = (P l — JP °)(1 — g"^ cr ~ r0) ). This assures us that, 
although a variation in price level will produce changes in inventory 
level, there will be superimposed upon these effects a gradual rebuilding 
in an exponential fashion until, after a certain length of time deter¬ 
mined by the value of n, the inventory level will be essentially the same 
as before. By employing a photoformer (discussed in Section 2 ) or 
other nonlinear circuit elements, a broader variety of long-run inven- 

8 It is therefore not exactly proper to define (Uy)fr*(AQ)dT as the industry's 
“reluctance" to reduce inventories. This reluctance is more properly defined as 

a h)fW*Q)iT - y(P 1 - P>) + P,. 
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tory policies may be given electrical representation. We now rewrite 

(4) as 

(40 P d - P° - + - f (AQ)dT + ( P 1 - P°)(l - 

y Jt 0 

Another adjustment equation, relating supply price to the condition of 
inventory, can be written as 

(5) P. - P° = + - f (A Q)dT + Pi; 

7 JyO 

but this equation is redundant since it can be derived by subtracting 
equation (3) from equation (4). 

As a check on our thinking, let us reduce the adjustment equations to 
the simplified case of equilibrium. To think of the system in the initial 
equilibrium state at T = T°, we make Q, = Qp — Q° and set all time 
derivatives equal to zero. Equation (3) then reduces to Pa — P, , which 
is the expected equilibrium condition. Equation (40 reduces to Pd = P° 
if we note that/?» (A Q)dT will be zero and will be 1 at T — T°. 

When we think of the final equilibrium state, we make Q, = Q p = Q 1 . 
Equation (3) reduces to Pa — P„ as before, and equation (40 becomes 
essentially I (A Q)dT = 0 for a sufficiently large value of T. 

Since the model is now completely defined economically, we can pro¬ 
ceed to express it in electrical terms. Making use of an analogy between 
the economic concepts such as flow of goods, incentives, inertias, and 
inventory and the electrical equivalents such as current, voltage, induct¬ 
ance, and capacitance, we may recast the economic equations ( 1 ) through 

(5) into the corresponding electrical circuit equations ( 6 ) through (10) 
below. Note that the expressions correspond term for term. We have 

(6) E 1 =V 1 - RJi , 

( 7 ) Ei = Vi + R2I2 , 

(8) Ei — Ei » Ljt -f- Lsh , 

(9) Ei — 2S° = L\t\ + Ui — Is) dt + Ei , 

(10) Ei- & —Ltli + (Ji — It) dt + Ei, 

where E, = (E 1 - E°)(l - 

For the electrical circuit, R is resistance, L is inductance, C is capaci¬ 
tance, 7 is battery voltage, E is voltage across one or more circuit ele- 
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ments, 7 is current, is initial charge on C, D is a diode rectifier permit¬ 
ting current flow only in the direction indicated, and t is time. 

From the circuit equations (6) through (10) and a knowledge of Kirch- 
hoff’s laws governing voltages and currents of networks, a circuit of elec¬ 
trical elements may be devised whose behavior is defined by the equa¬ 
tions. This circuit is shown in Figure 2. The purpose of the diode rectifiers 6 
Di and D 2 is to restrict the current flow to one direction to match the 
unidirectional flow of goods dictated by economic considerations. This 
means that consumers do not sell back to the firms, nor do the firms 
convert inventories back into the factors of production; that is, sales 
and production cannot become negative. The battery voltage V% must 





be greater than Vs in order to have a current flow at all. In economic 
terms, this is the condition that the demand and supply curves intersect 
in the positive quadrant. Across the portion of the circuit below the 
capacitor C is impressed a voltage which serves a dual purpose. Part of 
this voltage keeps the capacitor charged positively to match the economic 
concept of a level of inventory which always remains positive, and the 
remainder is used to rebuild the charge on the capacitor to match the 
economic postulate of a long-run constant inventor} 7 level. 

The circuit of Figure 2 was plugged into the Aeracom, and the values 
of the elements were set to simulate a reference equilibrium position of 

• Each diode rectifier has a certain resistance which is to be regarded as in¬ 
cluded in the measure of the neighboring resistance. 

7 The auxiliary circuit for producing IS® — + Ei is described in the 

Appendix. 
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the model. Then the equilibrium of the circuit was disturbed by suddenly 
increasing the value of the voltage Vi , and the solution (the behavior of 
some selected variable) was observed as a time function on the oscillo¬ 
scope screen. After several different variables had been selected in turn, 
the values of the elements were rapidly changed and solutions for the 
new conditions were obtained and recorded photographically. 

These photographs are the final stage of the Aeracom work. Their 
interpretation in economic terms should furnish the desired information 
about the behavior of the given model. In order to demonstrate the 
method of interpretation, we have selected for presentation a few of the 
many photographs taken during the study and shall discuss them in the 
concluding pages of this section. We have chosen to show photographs 
of the curves Q e , Q p , AQ, and J£o (AQ)dT versus time. Each photograph 
shows, for one of these quantities, the initial equihbrium position, the 
disequilibrium behavior introduced at T° by a rise m a x , and finally the 
new equilibrium position. 

The photographs illustrating these points are shown in Figures 
3 through 8. Figure 3 was taken as a general reference case with which 
the other cases could be compared. The ordinate scales of the top three 
photographs in each figure represent flow of goods. For the picture of 
A Q, values above zero mean flow out of inventory and values below 
zero mean flow into inventory. The ordinate scale of the bottom picture 
differs from the others in that it represents total amount of goods rather 
than flow. In each picture we see at the left a straight line which is the 
constant value for the initial equihbrium state. A sharp break introduces 
the adjustment behavior, which is followed by the leveling-off of the 
curves at final equilibrium. Each column of photographs shows the 
changes which occur when one or two of the parameters are altered from 
their values in the reference case. 8 The cases are described below. 

Figure 3 . For this general reference case the value of the intercept 
parameter a x was suddenly increased at T° by half its value. The other 
intercept parameter, a 2 , was held at zero. 9 The slope coefficients ft 
and ft were set at equal arbitrary values, as were the inertia coefficients 
Xi and X 2 . The inventory coefficient 1/y was set arbitrarily at a value 
which would produce a definite oscillation. The inventory control coef¬ 
ficient, ju, was adjusted so that the inventory was very nearly back to its 
original level within the picture space. 10 

•The values of the electrical elements used in the study are given m 
the Appendix 

• This iB not a special case; it means merely that the voltage level of the sys¬ 
tem has been shifted in order to eliminate the battery V% from the circuit 

“ Theoretically, the new equihbrium is reached only after an infinite length of 
time. 



ELECTRO-W 4LOG MFTHOD* INEVTORl OSCILLATION 


321 


Ihe figuio shows clcaih that the induct i\ ie>ponds fust }>\ taking 
goods out ot imentoiv lathei than In mcicasing pioduction because 
AQ, the flow out ot in\enton, mitialh muea^es lastei than pioduction, 
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Q p . This is due to the fact that the effect of pioduction ineitia exceeds 
the maiketmg ineitia The diam on the in\ entoi j depletes it to the level 
justified by the new demand puce, at which time goods should stop 
flowing out of inventory. Because of maiketmg inertia, however, goods 
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continue to flow out of inventory below this point. The desire of the 
industry to keep inventory at suitable levels then comes into play to 
divert part of the production from the consumer (note the flat spot on 
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production from inventory to the consumer, thus momentarily eff ect ing 
an apparent overproduction which induces a production slowdown (note 
the flat spot on Q P ). The cycle begins again as inventory now decreases 
and for the same reasons as before goes below its proper level, but not so 
far this time. The inventory level oscillates in this fashion before set tling 
down; and Q«, Q P , and AQ reflect these oscillations. The oscillations 
represent the inability of the industry to foresee changes and to react 
instantly once the changes are apparent. 

Figure 4 . The effect on the short-run industry oscillations of the desire 
to maintain a long-run constant inventory may be seen by eliminating 
this desire; this is shown in Figure 4. Note that the inventory fluctuates 
about a new and lower constant level but that the oscillations in these 
pictures show little change from those in the corresponding pictures in 
Figure 3. 

Figure 5. Here we have the response when there is no marketing inertia, 
other things remaining the same. The curves of Q € and AQ rise immedi¬ 
ately; i.e., all exchange comes from inventory at first. But the inventory 
drops slightly below the point justified by the new demand price, and 
therefore goods stop flowing out of inventory (AQ drops to zero) and Q, 
drops. Meanwhile, production is increasing to the point where it takes 
care of both the quantity exchanged and the quantity needed for inven¬ 
tory. A minus value of AQ indicates a flow of goods into inventory, gradu¬ 
ally rebuilding the inventory level. 

Figure 6 . These pictures show the response when the production inertia 
is set to zero, the other parameters being the same as for Figure 3. Here 
marketing inertia acts equally on inventory and production. The reac¬ 
tion is slow, Q e being made up initially of about equal parts of production 
increase and rate of inventory depletion. Production gradually takes over 
the new rate of exchange and slowly rebuilds the inventory. This, of 
course, represents the behavior of an industry whose inventory policy is 
independent of the production inertia. 

Figure 7 . The effect of reducing the inventory coefficient l/y to one 
quarter of its value in Figure 3, the other parameters r ema in ing the same, 
is shown in this figure. Here the vertical scale of JTq (A Q)dT is com¬ 
pressed four times. A reduction of 1 /y means that the industry is willing 
to allow the inventory to be depleted more before rebuilding to the initial 
point of equilibrium. Examination of the photographs shows that 
the time required for one oscillation has about doubled. The oscil¬ 
lations are generally mild. 

Figure 8 . The final figure shows the response when the production and 
consumption coefficients ft and ft are doubled, the other parameters 
remaining the sam e as in Figure 3. The industry still shows the same 
oscillations as before, but the increases in production and exchange are 
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only a little more than one half what they were in Figure 3, for the same 
change in demand. This indicates a general resistance to change in the 
system. 

Thus we see that the dynamic behavior of this economic model under 
a variety of conditions can be readily studied by observing the electrical 
analog. A particular advantage of the electrical-analog method is the 
ease with which the element to be observed can be changed, the param¬ 
eters of the model varied, or the model itself altered. The method 
should prove an adaptable and convenient tool for the exploration of 
increasingly complex economic models. 

II. GENERAL APPLICABILITY OF ELECTRO-ANALOG METHOD 

The preceding model falls short of illustrating the full versatility of the 
electro-analog method in economics. Neither an economic system nor 
the Aeracom is restricted to integro-differential equations. In the remain¬ 
der of this article other mathematical features of economic models and 
the electro-analog method are discussed. It should be emphasized, how¬ 
ever, that this discussion is concerned with prospects rather than with 
past experiments, and many of the claims for the electro-analog method 
which are made “in principle” are made on the assumption that certain 
engineering problems can be solved. 

Exogenous variables . Exogenous variables which are arbitrary func¬ 
tions of time may be introduced in an analog as voltages, capacitances, 
or inductances by use of a photoformer. 11 To use this device one cuts out 
an opaque mask whose profile is any arbitrary single-valued function of 
time. This mask, placed in the photoformer, then causes a voltage to 
vary through time in accordance with the profile. Capacitances and in¬ 
ductances may also be made to vary through time by making them func¬ 
tions of such a voltage. Photoformers have not yet been employed by the 
Aerial Measurements Laboratory. It is planned to use a photoformer 
during the next few months, however, in an illustrative national income 
model. 

Difference equations . Difference equations may be included in an 
analog by the use of a “memory” unit. This is a magnetic tape on which 
a variable determined by the circuit is recorded at one time point and 
played back into the circuit after a finite time lag. The length of the time 
lag may be controlled arbitrarily. There is in principle no limit to the 
number of lagged values that may appear in any single equation or in a 
given model. Furthermore, lagged values of integrals or of differentials 
may also be included. The authors have plans at present to construct on 

u For a description of the photoformer, see H. W. Schultz, J. F. Calvert, and 
E. L. Buell, “The Photoformer in Anacom Calculations,” Proceedings of the 
National Electronics Conference, Vol, 5, 1949, pp. 40-47. 
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the Aeracom a national income model illustrating the use of a difference 
equation. 

Stochastic variables. It is believed that stochastic variables may be 
introduced by superimposing on any driving function {voltage t a random 
element obtained by playing into the system a sample of atmospheric 
“noise” as recorded on a magnetic tape. It is felt that Mich noise has a 
normal distribution, the variance of which may be altered by varying 
the amplitude of the “play-back.” These disturbances appear as a con¬ 
tinuous function of time so that there is serial correlation for a sufficiently 
small time lag. This time lag may be made such a small fraction of the 
entire period of oscillation, however, that the existence of serial correla¬ 
tion can be ignored. If it is desired to include serial correlation of the 
random disturbances, this may, it is hoped, be achieved by “stretching 
out” the noise function horizontally by reducing the speed with which 
the noise is played into the circuit. It should also be possible, in principle, 
to make both the standard delation and serial correlation of the random 
disturbances depend upon the value of any particular variable in the 
system or upon time. There are, however, engineering problems which 
remain to be solved; ideally, a special “stochastic* unit” for use in eco¬ 
nomic analogs should be constructed. 

An attempt was made to introduce a stochastic variable into the de¬ 
mand function of the inventory problem discussed above. Figure 9 shows 
a portion of one sample of random disturbances with mean zero. Figure 
10 shows the effect of superimposing these random disturbances on Vi 
when Vi = 10 volts, = 0 volts, Ri = R* = 600 ohms, Li = L> = 3.0 
henries, and C = 1.0 microfarads. As Figure 10 shows, the Slutsky 12 
effect was quite prominent, especially in the behavior of Q p . It is to 
be noted that the horizontal scale of Figure 9 is six times greater 
than the horizontal scale of Figure 10. 

It is known that the noise recording used was not played into the 
circuit with satisfactory fidelity, however. Two samples of the noise as 
received by the circuit were fitted with normal curves; the x" test for 
goodness of fit gave values for P of 0.15 and 0.25. Further experimenta¬ 
tion with stochastic models is in progress. 

Multiplication and partial derivatives. The problem of multiplying two 
variables is still largely unsolved at the practical level, although theoreti¬ 
cal principles for such multiplication have been worked out. The Aeracom 
is not suited to systems containing partial derivatives. 

Xonlinearities. There are various ways in which nonlinearities may be 
introduced in an analog. First, the photoformer may be employed for 
nonlinear functions where the argument may be either time or any circuit 

12 Eugen Slutsky, “The Summation of Random Causes As the Source of Cyclic 
Processes,” Econometrica, Vol. 5, April, 1937, pp. 105-146. 
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variable. Not only voltages but inductances and capacitances may be 
made to vary nonlinearly by use of the pholoformcr. Secondly, nonlinear 
resistances, inductances, and capacitances may be employed. These 
consist of a chain of linear elements, different segments being operative 
at different levels of current. A third method is to employ exponentials 
introduced by means of a subsidiary I?, L circuit, an example of which 
was presented in the inventory model treated in this paper and explained 
in the Appendix. 

Accuracy . It is not possible to make many general comments regarding 
the accuracy of the Aeraeom. It is clear that analog-type computers do 
not possess the accuracy of digital computers. The individual passive 
elements (inductances, resistances, and capacitances) are accurate within 

Dis+urb- 


i 


Figure 10 

limits of one per cent. The limits of accuracy for various circuits will 
vary, however, depending upon the nature of the circuit. It has been 
estimated that the cumulative error in a complicated analog may be as 
much as five per cent. It should be realized that the degree of accuracy 
obtained depends to a considerable extent upon the care with which the 
engineering work is performed. Again, depending on the nature of the 
problem, it may or may not be possible to devise mathematical methods 
for checking the accuracy of a given solution. Our own experience with 
the problem discussed in this paper indicates that this particular circuit 
reproduced very well. It was set up twice, each time different equipment 
being used. It was not possible to distinguish visually between photo¬ 
graphs of the solutions for the two trials. 


ance 



Figure 9 
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In any event, the degree of accuracy seems satisfactory for many im¬ 
portant economic problems and is certainly adequate to reveal the nature 
of the dynamic effects caused by variation in parameter values. Much 
more serious uncertainties are likely to exist in any statistical data with 
which the economist must work or in the idealizations and approxima¬ 
tions introduced in the construction of an economic model. More general 
statements regarding the accuracy of the computer for dynamic economic 
models cannot be hoped for, short of the acc umula tion of much more 
experience with such models. 

Statistical inference It is hoped that the analog method may eventu¬ 
ally be used in the statistical inference of parameters in stochastic models 
of simultaneous equations. By turning dials and thus varying the struc¬ 
tural parameters, theoretical fluctuations of the dependent variables 
may be compared with historically observed time series. If it is possible 
to define a “best fit” in some sense, the dial settings that yield the best¬ 
fitting theoretical fluctuations are then estimates of the structural param¬ 
eters. Theoretical problems in statistical inference would be encountered 
here: How is “best fit” to be defined? What sort of measurements would 
be required? When is it possible to “zero in” on the best fit by successive 
approximations? Or, alternatively, how might the dials be turned so that 
the relevant domain of the parameter values may be adequately searched? 
Nonetheless, we are hopeful that some answer to these questions can be 
obtained, if only in a rather arbitrary and inexact way. The parameter 
estimates that would be obtained might well be inferior to the maximum- 
likelihood estimates for the same model worked out by modem econo¬ 
metric methods. But the rapidity of the analog method and the facility 
of effecting minor alterations in a model may mean that the Aeracom 
would serve well as a selector of those models that warrant the application 
of involved statistical techniques. It may be found, moreover, that the 
analog method possesses greater versatility than current statistical 
methods with respect to the sort of model that may be studied. The 
potential inclusion of stochastic variables whose variances change 
through time or are related to certain other variables in the model, or 
whose serial correlations may be controlled, and the inclusion of non¬ 
linear elements may well broaden the vistas of modern econometric 
research. 

18 This paragraph should be regarded as only a first hint concerning prospects 
for the analog method in statistical inference. Many problems have been delib¬ 
erately omitted, and doubtless many others have been omitted quite unknow¬ 
ingly. We also wish to acknowledge that there are many points of contact be¬ 
tween the approach considered here and the suggestions contained in Guy H. 
Orcutt, “A New Regression Analyser,” Journal of the Royal Statistical Soaety t 
Vol. Ill, Part I,1948, pp. 64-70. 
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APPENDIX 

The voltage (E 0 — q °/C) + E y is introduced into the inventory leg of the 
circuit as shown in Figure 11. 

The first two terms of the desired voltage are supplied by a battery whose 
output Y\ is made equal to E° — q°/C. The term E % is the voltage impressed across 
Bi by the auxiliary circuit when the switch is closed. 

We can write the equation for the lz loop as 

Rtlt + RsUi — la) — Vi + LJi ™ 0, 
noting that U « 0 at t « 



Figure 11—Inventory circuit. 

If we neglect the mutual impedance term Rz{l\ — It), which may be made 
as small as we please, we can solve the revised differential equation by standard 
methods, obtaining 

1 , S* (V,/fi,)(l - 
or 

I,R, S 7,(1 - 

By making V, equal to (E 1 — E 0 ), the voltage across JR, becomes approximately 
the desired 

Ei - [E* - E°)( 1 - <*-*•>). 

In the circuit studied, the values of Rz , L* , P* , and V* were held constant at 
50 ohms, 1.5 henries, 6 volts, and 90 volts, respectively. The values of the other 
electrical elements are given in the table below for the various cases. The voltage 
Pi was changed each time at fi from an initial 12 volts to 18 volts. The voltage 
Pa was 0. 


Values op Electrical Elements 



Northwestern University 

















A MULTIPLE-REGION THEORY OF INCOME AND TRADE 1 
By Lloyd A. Metzler 

This paper deals with the effects of investment in one region or country 
upon income in all regions of an n-region system, and with the relations 
between these income movements and the pattern of trade among the 
various regions or countries. It includes both a static system of n equa¬ 
tions based upon the usual definition of income and a corresponding 
dynamic system based upon the assumption that the output of a given 
region or country tends to rise when demand exceeds supply and to con¬ 
tract when supply exceeds demand. Under the assumed conditions, it is 
shown that stability of the system may be described in terms of Hicks’s 
"conditions of perfect stability.” The Hicks conditions, in turn, are de¬ 
pendent upon the marginal propensities to spend of the various regions. 
Throughout the discussion of the static problems, the system is assumed 
to be dynamically stable. 


I. INTRODUCTION 

The theory of employment and income that was developed during the 
decade of the thirties was concerned primarily with the economic forces 
governing the level of output in a closed economic system. From the 
outset, however, it was apparent that the new ideas had important appli¬ 
cations to interregional and international problems. In particular, the 
theory of employment added considerably to our understanding of the 
mechanism by which an expansion or contraction of income in one region 
or country is transmitted to other regions or countries. But much of the 
early discussion of such problems was devoted to a highly simplified 
model in which the world was divided into two regions or countries; in 
this model an expansion or contraction of income was assumed to orig¬ 
inate in one of the two regions or countries, and the repercussions upon 
income in the other region or country, and upon the balance of payments 
between the two, were then examined in some detail. 2 The purpose of the 

1 This paper was written in 1945 but was not submitted for publication because 
there seemed to be no widespread interest in the subject. In recent months, how¬ 
ever, it has become apparent that the general principles of regional income move¬ 
ments are applicable to many other fields besides international trade. Most of 
the propositions developed in this paper, for example, are applicable to the 
theory of linear programming mad to input-output studies within a single country. 
See, for instan ce: David Hawkins and Herbert A. Simon, "Note: Some Condi¬ 
tions of Macroeconomic Stability,” Econometbica, VoI. 17, July-October, 1949, 
pp. 245-248; R. M. Goodwin, "The Multiplier as Matrix,” Economic Journal, 
Vol. 59, December, 1949, pp. 537-555; and John S. Chipman, ‘The Multi-Sector 
Multiplier,” appearing in this issue, pp. 355-374. In addition to these published 
papers, I have recently read an unpublished manuscript by H. A. John Green 
dealing with some aspects of the problem discussed in the present paper. In view 
of the renewed interest in the subject, it seems to pe appropriate to present the 
results of my own investigation. 

* See, for example, my own papers, "Underemployment Equilibrium in Inter- 
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present paper is to generalize the earlier discussion by considering a model 
of an economic system composed of n regions or countries, where n 
may be either large or small. Although I shall speak hereafter of “n 
countries,” I assume it is clear that the conclusions apply without 
modification to the regions within a single country or, indeed, to any 
regional classification of the world economy, such as the economy com¬ 
posed of Eastern Europe, Western Europe, Latin America, and similar 
regions. 

The procedure followed in this paper is essentially the same as that 
employed in the earlier discussions of the two-country model. The level 
of output in each of the n countries is assumed, initially, to be in a state 
of balance in the sense that the country’s rate of output of goods and 
services is equal to the demand for such goods and services. A disturbance 
of the economic forces governing income is then assumed to take place 
in one of the countries, and the effects of this disturbance are traced 
throughout the rc-country system. Both movements of real income or 
employment and movements of the international balance of trade are 
taken into account. In order to isolate the effects of employment and 
real income, the assumption is made that all prices, costs, and exchange 
rates remain unaltered. In other words, commodities and services are 
assumed to be produced and sold at constant supply prices. Exchange 
rates are assumed to be kept at fixed levels, either by central bank activ¬ 
ity or by the normal operations of the gold standard. A free market for 
foreign exchange is postulated for each of the n countries, and imports 
are thus supposed to be limited by a country’s income or purchasing 
power, and not by the size of its foreign-exchange reserves. 

In the present world of unbalanced trade, dollar shortages, exchange 
controls, and “hard” or “soft” currencies, this last assumption will 
doubtless strike the reader as highly unrealistic. I should therefore add 
that the model of international trade discussed below is not intended as a 
description of the abnormal conditions prevailing today. Whether the 
model will or will not be a reasonable description of world trade and 
employment in the future is a question that can hardly be answered at 
the present time; the answer obviously depends upon numerous and 
unpredictable political influences as well as upon more narrow economic 


national Trade,” Econometrica, Vol. 10, April, 1942, pp. 97-112, and “The Trans¬ 
fer Problem Reconsidered,” Journal of Political Economy , Vol. 50, June, 1942, 
pp. 397-414. See also F* Machlup, International Trade and the National Income 
Multiplier, Philadelphia: The Blakiston Co., 1943, 237 pp. Maohlup presents an 
economic model involving three countries and has also described models involving 
a larger number. In his more complex models, however, a considerable amount of 
symmetry is assumed with respect to propensities to spend and to import, and for 
this reason his results cannot be regarded as completely general. 
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considerations, such as the fate of exchange controls, import quotas, and 
other governmental measures for controlling world trade. But whatever 
the future development of international trade may be, there are two rea¬ 
sons, it seems to me, why economic models such as the one given in this 
paper are useful. In the first place, there are almost certain to be large 
areas of the world, even in an economic system having extensive trade 
controls, in which payments between one region and another are made 
more or less freely. It is unlikely, for example, that any limi tations other 
than the limitation of purchasing power will ever be placed upon transac¬ 
tions between Kansas and Nebraska or upon payments between the 
North Central States and the New England States in the United States. 
Likewise, payments between members of the sterling area of the British 
Commonwealth now occur quite freely despite the limitations upon pay¬ 
ments outside the area. 8 Thus whatever happens to international trade, 
the model discussed below remains useful as a description of interregional 
trade. The second and less important reason for regarding the model as 
useful is the fact that it can be helpful in interpreting economic events of 
the past. There have been long periods of time—the period under the 
gold standard before the first world war is an example—when inter¬ 
national payments were made without restriction throughout the world. 
There is no doubt that during these periods limited income was the 
principal constraint upon imports, and the assumption made above re¬ 
garding foreign exchange markets is accordingly appropriate for describ¬ 
ing such periods. 

The international theory of income to be presented below is, in at least 
two respects, a short-run theory. It is short-run, in the first place, in the 
same sense that Keynes's General Theory is a short-run theory: it takes 
the rate of current investment in each country either as a given amount 
or as a given function of income in that country, and makes no allow¬ 
ances either for the effects of continuous investment upon a country's 
capacity to produce or for the repercussions of a change in such capacity 
upon the demand for new investment. The theory, in brief, is a static 
theory of income and not a theory of growth; and for this reason it is 
obviously inapplicable over an extended period of economic development. 
The theory given below is short-run, in the second place, in its treatment 
of each country's balance of payments. The procedure followed in this 
regard is simply to investigate the effects of a given disturbance upon 
each country's balance of payments on current account, and not to 

8 This second example is perhaps slightly misleading, inasmuch as all of the 
countries concerned have far-reaching import controls which to a considerable 
extent take the place of exchange controls. It does not seem overly optimistic, 
however, to conjecture that the import controls within the area, if not those 
pertaining to imports from countries outside the area, will be gradually relaxed. 
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inquire about how a given deficit or surplus in this balance is offset. 
Nothing is said, in other words, about the role of capital movements in 
establishing and maintaining equilibrium in the flow of international 
payments and receipts. Thus, quite apart from the problems of growth, 
the position of equilibrium described below must be regarded as tempo¬ 
rary. For, unless capital movements occur more or less automatically in 
response to discrepancies in a country's balance of payments on current 
account, a country with a deficit in its current account will sooner or 
later have to take measures such as cost deflation or currency deprecia¬ 
tion to el i minate the deficit; and these measures, in turn, will affect the 
equilibrium of income. In other words, the equilibrium of income to be 
discussed in this paper can exist over a considerable period of time only 
if international monetary reserves are large or if capital movements are 
of the equilibrating type. 

In demonstrating how an economic disturbance in one country affects 
income and employment throughout the world, any one of a considerable 
number of economic events could be selected as the disturbing force. 
We might, for example, investigate the repercussions of an increase in 
domestic investment in one of the n countries or of an increase in the 
consumption of domestic goods; or we might consider the effects of tech¬ 
nological changes or changes in tastes which tend to shift the demand for 
goods and services in some particular country from domestic goods to 
imports; or we might, following more traditional lines, examine the 
economic consequences of reparations payments or some other form of 
income transfer between countries. The international repercussions of 
all such disturbances, however, have many common features, and it 
would, accordingly, be needlessly repetitious to consider each of them 
separately. Indeed, it seems to me that the important elements of an 
interregional or international theory of employment can, for the most 
part, be demonstrated by considering only one type of disturbance, 
namely, a change in domestic investment in one of the n countries. The 
effects of other, more complex, types of disturbances can then be deter¬ 
mined by regarding these complex disturbances as combinations of 
movements of investment in one or more countries. Thus, for the purpose 
of income analysis, a reparations payment may be regarded as a com¬ 
bination of investment in the receiving country and disinvestment of the 
same amount in the paying country. In view of this possibility of trans¬ 
forming other disturbing forces into combinations of movements in in¬ 
vestment, the international theory of employment presented below is 
developed entirely by considering the adjustment of the world economy 
to a change in investment in one country. The conclusions reached for 
this particular disturbance may readily be applied to other disturbances 
as well. 



MULTIPLE-REGION THEORY OP INCOME AND TRADE 


333 


II. A SYSTEM OF INCOME EQUATIONS 

Neglecting income transfers between countries, the current net income 
of a particular country is simply the market value of that country’s net 
output of goods and services. The word “net” as used in this connection 
implies that two deductions are made from the total value of goods and 
services produced. First, the usual allowance is made for the depreciation 
of capital. Second, and more important for present purposes, the value of 
all imported goods and services employed in production is deducted from 
the market value of such production. This second deduction is necessary 
because a country’s output incorporates not only the services of domestic 
factors of production, but also many materials and services purchased 
abroad; and the latter do not constitute income produced within the 
given country. The concept of income in an open economy is thus a sort 
of value-added-by-manufacture concept, except that the unit of account 
is a country or region rather than an industry. 

Consider, now, a sum of values consisting of the following items: (1) 
all expenditures by the residents of a particular country upon consumers’ 
goods and services, including imported as well as domestic goods and 
services; (2) net investment in plant, equipment, inventories, etc., in¬ 
cluding investment in equipment produced abroad as well as investment 
in things domestically produced; (3) exports of goods and services. In 
what respects does this sum differ from net income as defined in the pre¬ 
ceding paragraph? The sum includes, in the first place, the value of 
imported materials and services employed in domestic production, and 
these obviously must be deducted in computing the net income pro¬ 
duced within the given country. The sum also includes, in the second 
place, imported finished goods which may have been used either for con¬ 
sumption, for net investment, or for re-export; and since these imported 
finished goods obviously do not constitute a part of the particular 
country’s current production, their value must likewise be deducted from 
the total in computing national income. Thus, we find that the total of 
domestic expenditures for consumption and investment plus receipts 
from exports exceeds national income by the value of imports, including 
both imports of finished goods and services and imports of intermediate 
goods and services. In terms of the final uses of goods and services, na¬ 
tional income may accordingly be written as follows: 

national income equals expenditures on consumers’ goods and services 
plus net investment plus exports of goods and services 
less imports of goods and services. 

Three of the items in this summation—consumption, net investment, and 
imports—are dependent upon the level of income and employment at 
home, while the remaining item, exports, depends upon income in all of 
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the countries to which the given country is selling goods and services. 4 
This immediately suggests that for the world economy it might be con¬ 
venient to set up a tabular presentation of income similar to the input- 
output tables developed by Leontief in the study of inter-industry 
relations. 5 Such a table would show how each country’s income is earned 
—in sales at home and sales to other countries—and how income is 
spent —in purchases at home and purchases from other countries. Indi¬ 
vidual countries or regions, in other words, would replace the individual 
industries in the Leontief tables; and imports and exports would replace 
inputs and outputs. 

Let m t (y t ) be the function which shows how total imports of the ith 
country from all other countries in the table are related to national 
income, y t , of the importing country. This total import function will be 
composed of a number of subfunctions showing how imports from each 
of the other countries are related to income in the ith country. Thus, if 
m JX (y t ) represents the imports of the ith country from the jth country, 
stated as a function of income in the ith country, we will have m z (y t ) s* 
mu(y t ) + + • • • , where the summation is extended over all 

countries from which the ith country imports goods or services. Since 
one country’s imports are another country’s exports, the entire pattern 
of world trade may be described in terms of the import functions, m JX {y,). 
The tabular presentation of world income may then be completed by 
inserting functional relations for each country’s expenditures on ad goods 
and services. In setting up such total expenditure functions, there 
is no necessity to distinguish between consumers’ goods and net invest¬ 
ment, since the one affects income in the same way as the other. Suppose 
that both consumers’ goods expenditures and net investment are depend¬ 
ent to some extent upon income at home, and let u,{y l ) represent such 
an expenditure function; u x (y % ), in other words, shows how expenditure 
in the ith country on both consumers’ goods and net investment is related 
to the ith country’s income. Hereafter, the function u % {y % ) will be called 
simply an “expenditure function”; it plays the same role in the present 
theory of employment that is usually attributed to the consumption 

4 If the import content of a country’s exports diffeis from the import content 
of the goods and services produced for home use, total imports will depend not 
only upon income but also on the composition of income; i.e., upon the way output 
is divided between exports and goods or services produced for domestic use. Since 
the demand for the given country’s exports is governed in part by income in other 
countries, and since imports in this instance depend partly upon exports, it follows 
that imports should really be expressed as a function of income in all countries. 
But this is a refinement which cannot be incorporated in the present model without 
complicating it unduly. 

* W. W. Leontief, The Structure of American Economy , 1919-1929, Cambridge, 
Mass.: Harvard University Press, 1941, passim. 
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function. The quantity u,(y,) represents all expenditures of the tth 
country on consumers’ goods and net investment, irrespective of the 
source of goods and services purchased. It includes imported finished 
goods as well as the import-content of domestic production. In order to 
show how expenditure by a given country affects that country’s net 
income, total imports, must therefore be subtracted from the 

expenditure function, 

The foregoing relations are summarized in the accompanying table, 
which presents a hypothetical case of a world economy consisting of three 
countries. The items in a given row of this table provide a classification 
of the components of a country’s national income according to the sources 
from which it was earned, while the items in the corresponding column 



Expenditures 
by Country 1 

(1) 

Expenditures 
by Country 2 

(2) 

Expenditures 
by Country 3 

(3) 

Na¬ 
tional 
Income 
<l) + <2) 
+ (8) 

Receipts from 
Sales by Coun¬ 
try 1 (1) 

ui(yi) - mi(yi) 


miiiyt) 

■ 

yi 

Receipts from 
Sales by Coun¬ 
try 2 (2) 


u 2 (yt) - m 2 (ya) 

mu(yi) 

V* 

Receipts from 
Sales by Coun¬ 
try 3 (3) 

w*i(yi) 

mtiiyt) 

u t (y t ) - 

Vi 

Total Expendi¬ 
tures of Each 
Country 
(1) + (2) + (3) 

Ui(Vi) 

Myi) 

utivt) 



indicate the uses of national income. The sum of the items in row 1 thus 
represents national income of Country 1, while the sum of the items in 
col umn 1 shows the total expenditures of Country 1 on all goods and 
services. In summing column 1, the positive items of imports, 
and will exactly cancel against total imports, which enter 

negatively in row 1, column 1, leaving only the total expendi¬ 
ture, tii ( 2 / 1 ). 

Consider, now, a more general economic system consisting of n coun¬ 
tries. Using the same notation as in the table, we can set up n equations 
which express the fact that, in equilibrium, each country’s output is 
equal to the demand for this output. Thus we have 
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Vi = [ui(yO - mi(y i)] + m 12 (y 2 ) + • • ■ + ^Hn(y n ), 

Vl = W 2 l( 2 /l) + [^(2/2) - ^2(2/2)] + • • • + ™2n(*/n), 

( 1 ) . 

2/n = m n i(yi) + m n2 (y 2 ) + ■ • * 

"i" [^n(//n) Win(l/n)]* 

Since there are n countries in all, these n equations are sufficient, with 
given prices and exchange rates, to determine the level of income in 
each country. 


HI. STABILITY OF THE SYSTEM 

Equations (1) are static equations; they indicate the levels of income 
which the system would achieve if consuming and investing habits re¬ 
mained unchanged over a sufficient period of time. They are accordingly 
useful in solving economic problems such as the ones mentioned earlier. 
Suppose, for example, that the propensity to consume or to invest in 
domestic goods were to increase in Country 1; the demand for goods and 
services would then rise throughout the world economy, and if the 
system were stable a new equilibrium, corresponding to the higher level 
of demand in Country 1, would eventually be established in all countries. 
Equations (1) enable us to show how the new position of equilibrium in 
each of the n countries compares with the old. This problem is nothing 
more than a generalization of the familiar investment multiplier. 

Before discussing the static theory of income, however, there is a 
closely related dynamic problem that it will be useful to discuss first. 
As we shall see, solution of the dynamic problem provides a considerable 
amount of information about the static theory. If income in one or more 
of the n countries is not in a state of equilibrium, so that the current 
level of output differs from the current demand, then the current levels 
of income, 2 / 1 , 2 / 2 , • ■ • , y n , will not satisfy equations (1). In some in¬ 
stances, the level of output or income, y*, may fall short of demand, 
while in other instances output will probably be in excess of current 
demand. Under these circumstances there will be a tendency for the level 
of output in each country to change, as producers try to bring their 
production plans in line with current requirements. The changes in out¬ 
put, in turn, will alter the level of income in each country, thereby bring¬ 
ing about shifts of demand and creating further discrepancies between 
supply and demand. The dynamic problem I wish to discuss is whether 
such a system has a natural tendency to approach a balanced state or 
whether discrepancies between demand and supply tend to produce still 
larger discrepancies. In short, is the system of income equations stable or 
unstable? 

In order to answer this question, some assumptions must be made as to 
what happens in each country when output differs from current demand. 
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Although no simple model can possibly do justice to such a complex 
problem, it seems to me reasonable to suppose that producers as a group 
will react to a discrepancy between output and demand by altering the 
rate of output. I shall therefore assume that output, and hence income, 
increases whenever demand exceeds current output and falls when 
demand is less than current output. Moreover, I shall also assume that 
the speed with which output plans are altered is directly proportional to 
the size of the discrepancy between demand and supply; a big discrepancy, 
in other words, leads to a more rapid response than a small one. Although 
this second assumption is not absolutely essential, it is an assumption 
which will simplify our problem somewhat without altering the results 
in any important respects. Throughout the period of time when income is 
out of equilibrium, discrepancies between demand and supply are as¬ 
sumed to be met by appropriate adjustments of business inventories. 

For any given country, say Country 1, the rate of current net output or 
national income is yi , while the net demand for this output is ui(yi) — 
m 1(7/1) + muiVi) + • • * + miniyn). The preceding assumptions concern¬ 
ing the behavior of producers may therefore be embodied, as a first 
approximation, in the following system of dynamic equations: 

= kiMyi) - miCs/x) + mniyt) + • • • + — 2/J, 

( 2 ) ~c!l = ^■ Ui ^ ^2(2/2) + ^21(2/1) + * • • + rri 2 n(yn) — 2 /d, 


^jp = kn[un(y n ) - m n (y n ) + mmO/i) + * • • 

+ Wn t n-l(2/,t-l) ~ y„\. 

The constants, hi , in these equations are positive numbers which repre¬ 
sent the speeds of adjustment of output in the various countries. 

Equations (2) cannot be solved without knowing the explicit form of 
the expenditure functions and import functions. Since we are primarily 
interested in the stability of the system and not in its explicit solution, 
however, we may consider only a linear approximation to (2). Stability 
of the linear approximation is obviously a necessary condition, although 
not always a sufficient condition, for stability of equations (2). Expanding 
the right-hand side of (2) in a Taylor expansion about the equilibrium 
values 2/1 , y\ , • • • , 2/n , and dropping all except linear terms, we have 

^jr = fci -m'l - 1)0/! - yl) 

+ kimwiyz — yl) + • • * + kimin(y n — 

[Equation# (?) continued on p. 338] 
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(3) ^ = kMyi ~ Vl) 

+ ki(u2 — m2 — l)(?/2 — y%) + • • • + ktmi „(y« — y° n ), 


= k n m'„i(yi - yl) 

+ k n m ni (,yi — yl) + • • • + k n (u n — m n - l)(y» - y° n ), 

where u\ s= (dui/dyi ) y { , my t - s (dmj X /dyi)v\ , etc. Equations (3), being 
linear with constant coefficients, can be solved for any given initial condi¬ 
tions so as to express each of the incomes, y x , as a function of time, as 
follows: 

(4) y % {t) =* y°i + A t ie Xlt + A x ^ 2t + • • * + A %n e^ n \ 

where the A ,y are constants dependent upon the initial value of income at 
time t = 0, and where the Xy are roots of the following equation: 

|&i(l 4■ — wj) + X — kirriji —kimi* 

—kirti i ka( 1 4- wi* — Wj) 4- X 

(5) u - 

— kuTtlni — kninit ••• &n(l 4“ Win — Wn)4“ X 

In order for y»(0 to approach its equilibrium value, y°i, as t increases, 
it is apparent from (4) that the real parts of Xi , X 2 , • • * , X* must all 
be negative. The necessary and sufficient conditions for this to be true 
may conveniently be expressed in terms of the following nth-order de- 

—m'n ••• -min 

1 + mi — ui • • * — mi n 

-m!nZ ■ • • 1 + m'n - Un 

The coefficient m xj of the determinant (6) represents, of course, the mar¬ 
ginal propensity of the jth country to import from the ith country; i.e., 
it shows how the demand in Country j for imports from Country i is 
affected by a small increase in the former country’s income. Similarly, 
the coefficient my represents the marginal propensity of the /th country 
to import from all other countries together, so that my ss mij + wjy + 
* * * + m«y. Throughout this paper, coefficients such as mly are assumed 
to be positive or zero, which means that all of the off-diagonal elements of 
M are negative or zero.® The coefficient, ui , represents the marginal 

6 If one country’s imports from another consisted predominantly of inferior 
commodities, the former’s propensity to import from the latter might conceivably 


terminant: 


(6) M 


1 + mi — n 


— mio. 


-m'ni 
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propensity of the j/th country to spend, including the marginal propensity 
to invest, if any, as well as the marginal propensity to consume, and 
including expenditure on imported finished goods as well as upon domes¬ 
tic goods. Normally u\ will be less than unity, but, if the propensity to 
invest is large, this need not be true. 

I have demonstrated in an earlier paper that, for dynamic systems 
such as (3) in which all off-diagonal coefficients of the «/*• are positive or 
zero, the necessary and sufficient conditions of stability are identical 
with the so-called Hicksian conditions of perfect stability. 7 This means 
that the determinant, M, and any set of its principal minors such as 


>. i / / 

1 + rrii - u iy 


1 -f- — U% —TYlij 

— m!ji 1 + m'j — uj 

1 + rrii — Ui —rriij —m** 

—ray, 1 + ray — —m'jk 

— mli —m r k j 1 + ml — u'k 


etc., must be positive. Hereafter, any determinant satisfying these condi¬ 
tions will be called a “Hicksian determinant.” 8 

Since the speeds of adaptation, fcy, do not appear in the Hicks condi¬ 
tions, it follows that stability of (3) is independent of such speeds. A sys¬ 
tem which is stable for one set of speeds of adaptation will therefore be 
stable for all other possible sets. The fact that producers in one country 
change their production plans more rapidly than producers in another 
country has no effect upon the stability of the system. 

Having established a general set of conditions which must be fulfilled in 
order that the income equations shall be stable, it is possible to go a step 
further and show that these Hicksian conditions depend, in a unique 


be negative. In this event many of the theorems of the present paper would be 
invalid. The presence of negative propensities to import makes the conditions of 
stability considerably more complicated. Compare, for example, my conclusions 
concerning stability with those of John S. Chipman in the paper which follows this 
one. 

7 L. A. Metzler, "Stability of Multiple Markets: The Hicks Conditions,” Econo- 
metrica, Vol. 13, October, 1945, pp. 277-292. 

8 In my earlier paper the conditions of stability were expressed in terms of a 
determinant whose elements all had signs opposite to the signs of the correspond¬ 
ing elements of M. As a result, the formal appearance of the stability conditions 
was not the same as in the present paper. In the terminology of my earlier paper, 
stability of the system required that the principal minors, when arranged as 
above, should be alternately negative and positive, and that the basic determi¬ 
nant itself should have the sign of (—l) n . By changing the sign of each of the ele¬ 
ments of M, the reader can easily verify that these earlier stability conditions are 
identical with the ones given in the present paper. 
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way, upon the propensities to spend in all countries. In particular, two 
propositions will be demonstrated. First, if the marginal propensity to 
spend, including expenditure on investment goods as well as on consum¬ 
ers' goods, is less than unity in every country, the system is necessarily 
Hicksian and therefore stable. Second, if the marginal propensity to spend 
is greater than unity in every country, the system cannot be Hicksian 
and must therefore be unstable. 

To prove these propositions, it is convenient to use a theorem 
developed by Mosak. 9 Mosak's theorem, in slightly modified form, is as 
follows: If an nth-order determinant is Hicksian, and if the off-diagonal 
elements — are all negative, then the cofactor, M t j , of the element 
—m x j is positive for all i and j. The proof of this theorem is a simple 
proof by induction. Expanding Mij about the row containing the ele¬ 
ments —m'ji , —m'j 2 , • • • , — m'jn , we may write 

(7) M%j = > rtijk Af %j,jk , 

k 

where My,# is the cofactor of the element —m' jk in the determinant, 
Mij , and where the summation extends over all values of k from 1 to 
n except k = j . Since , (7) may be written as follows: 

( 8 ) Mu = 

k 

Now M,j is a Hicksian determinant of order n —1. Suppose that Mosak’s 
theorem is true for such an (n — l)th-order determinant. Then Mjj,* 
is positive, and it follows, from (8), that Mij must likewise be positive. 
Thus, if the theorem is true for the cofactors of an (n — l)th-order 
determinant obtained by deleting the jth row and j'th column of M, it is 
also true for the cofactors of the nth-order determinant, M. A similar 
argument applies, of course, to the cofactors of any lower-order Hicksian 
determinants obtained from M by deleting like rows and columns. To 
complete the proof we must show that the theorem is true for a low- 
order principal minor of M, such as a second-order minor. A typical 
second-order minor of M is 

1 + mi — Ui —my 

/ H | / / 

rrtj% 1 H** rrij Wy 

The cofactors of the off-diagonal elements of this minor are mu and 
mji , respectively, and these are both positive. Thus, Mosak's theorem 
is proved; i.e., we have shown that if the nth-order determinant is Hick¬ 
sian, the cofactors of its off-diagonal elements are all positive. 

* Jacob L. Mosak, General-Equilibrium Theory in International Trade , Cowles 
Commission Monograph No. 7, Bloomington, Ind,: The Principia Press, 1944, pp. 
49-31. 
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With the aid of this theorem, the two propositions stated above con¬ 
cerning the relations between marginal propensities to spend and the 
determinant, M, may easily be proved. Consider, first, the case in which 
the marginal propensity to spend is less than unity in each country. 
According to our first proposition, the determinant M is necessarily 
Hicksian and the dynamic system (3) is therefore stable under these 
conditions. The proposition will be proved by induction. Since s 
m'u + m f 2 i + • * * + rn'm , it is clear that the sum of the elements of the 
ith column of M is equal to 1 — u \, where is the marginal propensity 
to spend of the ith country. Thus, if all u\ are less than unity, the sum of 
the elements of each column of M will be positive. Adding all other rows 
of M to the first row, we may write: 

1 - u[ 

-m' 2 i 

-m£i 
-m'ni 

where Mn denotes the cofactor of M obtained by deleting the first row 
and first column. Now it is evident that under our assumed conditions 
M n is an (n — l)th-order determinant having the same essential charac¬ 
teristics as M itself; i.e., the sum of the elements of each column of Mn 
is positive. The first column of M u , for example, contains all of the 
elements of the corresponding column of M except the negative quantity, 
—mu, and similarly for all other columns. It follows that if the sum of 
the elements of a given column of M is positive, the same will be true a 
fortiori of the sum of the elements in the corresponding column of Jlfn. 
Any theorems concerning M which are based upon this characteristic 
will therefore be equally applicable to Mn- And a similar argument 
applies to lower-order principal minors of M, such as Mu, 22 , Mu, 22 , 83 , 
etc. 

Suppose, now, that our theorem is true for the (n — l)th-order deter¬ 
minant, Mu; i.e., suppose that Mu is Hicksian. It can then be shown that 
the nth-order determinant, M, is also Hicksian. Expanding (9) on the 
first row and first column, in a Cauchy expansion, we find : 10 

(10) M m (1 - u[)Mn + IE m'nil - u k )M 11Jk . 

k 3 

If Mu is a Hicksian determinant it must be positive, and Mu,//, Mu,**, 
etc., must likewise be positive. Moreover, by Mosak’s theorem, Mn,# is 
positive. Since the mj 1 are positive or zero, and since 1 — u[ and 1 — Uk 

10 See A. C. Aitken, Determinants and Matrices , New York: Interscience Pub¬ 
lishers, Inc., 1944, pp. 74-75. 





342 


LLOYD A. METZLER 


axe positive by hypothesis, it follows immediately from (10) that, if 
Mu is a Hi cksian determinant, M is positive and is therefore Hicksian. 

It has now been demonstrated that if all u' k are less than unity, and 
if Mu is Hicksian, then M is likewise Hicksian. By a similar argument it 
can be shown that, if Mu,2 a is Hicksian and if the u* are less than unity, 
Mn is necessarily Hicksian. To complete the proof that M is always a 
TTif'Vsifl.n determinant when the marginal propensity to spend, w* , is less 
than unity in every country, it is sufficient to show that the theorem is 
true for any low-order principal minor of M. Consider, for example, the 
following second-order minor: 

1 + rrii — Ui —m i} 

— wiji 1 + “■ Uj 

Since ^ and my ^ m f i} , it is easy to show by expanding the above 
determinant that it is necessarily positive whenever and u\ are both 
less than unity. Moreover, it may be seen by inspection that, under the 
prescribed conditions, the principal minors are positive. The second-order 
minor of M is therefore Hicksian, and our proof that M is a Hicksian 
determinant is complete. 

If M is a Hicksian determinant, it follows from the results of my earlier 
paper that the dynamic system represented by equations (3) is a stable 
system. This conclusion will perhaps not surprise anyone, since it is 
simply a generalization of the theory of income stability of a single, 
closed economic system. It is well known that the multiplier in such a 
one-country system cannot have a finite value unless the country's 
marginal propensity to spend is less than unity. I have now established 
an analagous condition—sufficient but not necessary—for the case of an 
71 -country economy. 

Consider, now, an extreme case in which the marginal propensity to 
spend is greater than unity in every country. I have suggested above that 
in this event the determinant M cannot be Hicksian and the dynamic 
system (3) must therefore be unstable. The proof of this proposition 
consists of showing that if all Uh exceed unity the assumption that M 
is Hicksian involves a contradiction. If ikf is Hicksian, the principal 
minor Mn is, of course, also Hicksian, which means that Mn,jk and Mn 
axe both positive. But if the marginal propensity to spend is greater than 
unity in all countries, I — v! h is negative for all values of k. From (10) 
it follows that M must be negative. This contradicts the assumption that 
M is a Hicksian determinant and proves, in fact, that M cannot be 
Hicksian. It shows, in other words, that if the determinant is Hicksian so 
far as its principal minors are concerned, and if all marginal propensities 
to spend exceed unity, the determinant itself is negative and is therefore 
non-Hickman. Employing again the results of my previous paper, it is 
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clear that under such conditions the dynamic system (3) must necessarily 
be unstable. 

I have now examined the stability of income for two different situa¬ 
tions. The first, which might be called the normal situation, is the case 
in which the marginal propensity to spend is less than unity in every 
country. The second, which goes to the opposite extreme, is the case in 
which every country has a marginal propensity to spend exceeding unity. 
In the first situation the system was found to be Hicksian, and therefore 
stable, while in the second it was found to be non-Hicksian and therefore 
unstable. Between these two extremes may be found a large number of 
intermediate situations in which the propensity to spend is less than 
unity in some countries and greater than unity in others. The basic 
determinant, M , of these intermediate systems may or may not be Hick¬ 
sian, which means that the systems may or may not be dynamically 
stable. Broadly speaking, we may say that M will be Hicksian and the 
system will be stable if the countries with low propensities to spend 
dominate, while in the converse case M will be non-Hicksian and the 
system unstable. In any event, the discussion that follows in Sections 
IV and V below concerning the international repercussions of added 
investment in one of the n countries is based upon the explicit assump¬ 
tion that the income equations form a dynamically stable system. In 
other words, the assumption is made that an increase of investment in 
one of the countries leads ultimately to a new equilibrium of income in 
all countries, and does not set off a continuous process of expansion cul¬ 
minating in a runaway inflation. This means that, while the propensity 
to spend may exceed unity in some countries, it cannot do so in all 
countries; at least one of the countries must have a propensity to spend 
of less than unity, and the low-propensity countries must be sufficiently 
important so that the basic determinant, M, is a Hicksian determinant. 

IV. INVESTMENT AND INCOME 

Having examined the conditions of stability of our income equations, 
we are now in a position to investigate some problems of comparative 
statics. Suppose that national income is initially in equilibrium in all 
countries and that this equilibrium is disturbed by an increase of invest¬ 
ment in one of the countries, say in Country 1. If the increase of invest¬ 
ment is sustained over a sufficient period of time, and if the income 
equations are dynamically stable, a new equilibrium corresponding to 
the higher rate of investment will eventually be established throughout 
the system. The income of every country will probably be affected to 
some extent by the expansion of investment in Country 1; and, as na¬ 
tional incomes are altered, each country’s exports and imports, or its 
balance of payments on current account, will likewise be changed. The 
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present section is concerned with the changes in income brought about by 
the higher level of investment in Country 1. 

Let ai represent autonomous or noninduced investment in Country L 
The first equation of the static system (1), including the additional in¬ 
vestment, then becomes: 

(11) yi = Ui(yi) — TWlO/l) + 7 ^ 12 ( 2 / 2 ) + • • • + 772in(2/n) + . 

Assuming no change in autonomous investment in the other countries, 
the remaining n — 1 equations of (1) are unaltered. Equation (11) and 
the last n — 1 equations of (1) thus form a closed system of n equations 
in which the income of each country may be regarded as a function of 
ai . In order to see how the increase of investment in Country 1 affects 
each country, we may differentiate (11) and the last n — 1 equations of 
(1) with respect to ai, and solve the resulting linear equations for 
dyi/dai and dykfda 1 . It will then be found that 

dyi Mn dy k Mik 

dai M ' dai M ' 

where, as before, M is the determinant of marginal propensities given by 
(6). Now, we know from the conditions of stability and from Mosak's 
theorem that Mu , Mu , and M must all be positive. Both dyi/dai and 
dy k /dai must therefore be positive, which shows that an increase in 
investment in one of the n countries increases the level of income in 
every country in the system. There is, of course, nothing startling or pro¬ 
found about this conclusion; indeed, it is a conclusion which could have 
been reached intuitively without any mathematics at all. 11 It is therefore 
important only insofar as it leads to less obvious relations. 

The expression, Mu/M, which shows how income in the first country 
is affected by an increase of investment in that country, is a generalized 
form of investment multiplier. I wish to show, now, how this generalized 
multiplier is related to two simpler multipliers that one encounters fre¬ 
quently in the theory of employment. The first of these simple multi¬ 
pliers is the ordinary investment multiplier of a closed economic system, 
i.e., the multiplier which ignores foreign-trade leakages; the second is the 

11 Any economist who gives the matter any thought will probably feel that to 
develop the rather complicated theorems of Section III concerning Hicksian deter¬ 
minants and conditions of stability simply in order to prove that an increase in 
investment in one country causes income to rise in all countries is like using a 
bulldozer to move an ant hill. His intuitive feeling may be so strong, in fact, that he 
will prefer to reverse the procedure of the present paper and use what he “knows” 
about the economic system to prove the theorems concerning determinants in 
Section HI1 While the mathematician will doubtless object to this procedure as 
completely lacking in rigor, I must confess that I have considerable confidence in 
it, particularly since it was substantially such a trend of thought which first led me 
to suspect the truth of the mathematical propositions of Section III above. 
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so-called foreign trade multiplier, which makes allowance for foreign- 
trade leakages but does not take into account the effects of income move¬ 
ments in other countries upon the demand for a given country’s exports. 
If, as before, u\ denotes the marginal propensity to spend of the first 
country, and mi denotes that country’s marginal propensity to import, 
the ordinary investment multiplier, which assumes that all demand is 
for home goods, is simply 1/(1 — u[). The foreign trade multiplier, on 
the other hand, is 1/(1 — u[ + m[). What is the relation of these two 
simple multipliers to the generalized multiplier given by (12)? Using 
the stability conditions and Mosak’s theorem, it may be shown that, in 
the normal case in which the marginal propensity to spend is less than 
unity in every country, the value of the generalized multiplier lies be¬ 
tween the ordinary multiplier and the foreign trade multiplier. To prove 
this proposition, notice first that by adding all other rows to the first 
row of M , expanding on the elements of this new row, and dividing both 
numerator and denominator by Mu , we may write: 

dyi m Mu 
doL\ M 

(13) 1 

35 (1 - tO + [(1 - «J)Afi*/Mal + • • • + t(l - tt'jAfm/Mu] * 

Since Mu/Mn is positive for any value of k, and since all of the u[ are 
assumed to be less than unity, it is clear that the expression in (13) is 
less than the ordinary investment multiplier, which in this instance has 
a value of 1/(1 — u[). 

The second limit to dyjdai may be found by expanding M on its 
first column and again dividing both numerator and denominator of the 
resulting expression for dyi/dai by M u . It will then be found that 

/ 1a n dyi ___ 1 ___ 

da i 1 — + mi — [maiMsi/H/ii] — • • • — ' 


Again, since Mhi/M n is positive, the value of dyi/dai given by (14) is 
clearly greater than the foreign trade multiplier, 1/(1 — ui + mi). Thus, 
I have shown that in the normal case in which all marginal propensities 
to spend are less than unity, the generalized investment multiplier has 
the following limits: 


(15) 


1 

1 — «i + mi 



1 


1 - 


tii 


These limits derive their importance from the fact that they represent 
two forms of the multiplier which have played prominent roles in the 
historical development of the theory of employment. 

If one or more of the other countries—i.e., Countries 2,3, • • • , n —has 
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a marginal propensity to spend greater than unity, one of the limits 
given by (15) may not hold. In particular, while the generalized multi¬ 
plier is always greater than the foreign trade multiplier, as (14) shows, 
it may in special cases also be greater than the ordinary investment 
multiplier. Consider, for example, the following system: 

(16) yi * 0.42/i + 0.52/2 + , y* = 0.2yi + 0.7y %. 

For this system, dyi/dai = 3.75, while 1/(1 — u[) = 2.5. Thus, when 
the marginal propensity to spend of one or more of the “other” countries 
exceeds unity, the true investment multiplier for a given country may be 
larger than the ordinary investment multiplier. In most cases, however, 
it seems probable that the true multiplier will lie between the two simple 
multipliers, as indicated in (15). 

It may be useful at this point to give a brief intuitive explanation of 
the relations between the three multipliers. The foreign trade multiplier 
is the smallest of the three because it assumes that a country’s exports 
are given and independent of its imports. In a period of rising domestic 
income, in other words, the foreign trade multiplier tacitly assume^ that 
increased expenditures on imports represent net leakages from the coun¬ 
try’s circular flow of income; no allowance is made for the fact that as 
imports rise the level of income in other countries also rises, and the de¬ 
mand for the particular country’s exports therefore rises, to some extent, 
along with its imports. The generalized multiplier takes account of this 
secondary rise in the country’s exports, and it is therefore larger than the 
foreign trade multiplier. The ordinary investment multiplier, on the 
other hand, makes no allowance either for the leakages from the circular 
flow of income arising from increased imports or for the return of some of 
these leakages in the form of increased exports; it assumes, instead, that 
every increase in expenditure represents an equivalent increase in domes¬ 
tic income. Now, since the secondary rise in exports is normally smaller 
than the increase in imports with which it is associated, it follows that 
foreign trade usually exerts a retarding effect upon a rise in income origi¬ 
nating in domestic investment. In short, the effect of foreign trade is to 
spread the stimulating effects of investment in one country over the 
entire economic system, thereby diluting to some extent the stimulus 
to income in the country originating the expansion. And, because it 
ignores this diluting effect, the ordinary investment multiplier overstates 
the rise in income at home to be expected from a given increase in domes¬ 
tic investment. 

V. INVESTMENT AND THE PATTERN OP TRADE 

So much for the effects of investment upon income and employment. 
I turn now to the related problem of the pattern of trade. As income 
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expands throughout the system, each country’s exports and imports 
will rise, and it is almost inevitable under such conditions that the 
balance of trade of most if not all of the countries will be affected. In the 
new position of equilibrium, some countries will have more favorable 
balances while others will have less favorable balances than in the old. 
What can be said, in a general way, about the new network of trade 
compared with the old? 

With respect to bilateral balances between individual pairs of coun¬ 
tries, there is very little that a general theory such as the one outlined 
in this paper can predict. The outcome depends entirely upon the 
particular values of the propensities to spend and to import, and may 
show wide variation from one economic system to another. With respect 
to each country’s balance of trade as a whole, on the other hand, certain 
broad generalizations are possible. In particular, we can specify the 
conditions under which a general expansion originating in Country 1 
is likely to lead to an improvement or to a deterioration in a given 
country’s balance of trade with the rest of the world. Since there is no 
difficulty in forecasting how a given expansion will initially affect the 
balance of international payments, the problem before us is essentially 
a problem of comparing the initial, or primary, effects with the secondary 
repercussions. We want to know, in particular, whether the secondary 
repercussions are likely to reinforce or to offset the primary effects. Con¬ 
sider, for example, the balance of payments of some country other than 
Country 1, say Country k. As investment and income expand in Country 
1 , the initial effect will probably be an increase in exports from Country 
k to the expanding country, thereby giving the latter a temporary surplus 
in its balance of payments. A similar initial effect may be anticipated, 
of course, in all of the other countries dealing with Country 1. But, as the 
other countries’ exports to Country 1 rise, their incomes will also rise, 
and the increase in incomes, in turn, will increase the demand for im¬ 
ports in these countries. The secondary income movements thus tend to 
offset the initial changes in balances of payments of the other countries. 12 
There is no obvious reason, however, why the offsetting movement in 
each country’s balance of payments should always be exactly equal to the 
initial disturbance. In the new equilibrium some countries will probably 
have more favorable balances of payments while others will have less 
favorable ones. What are the circumstances that distinguish the “sur¬ 
plus” countries from the “deficit” countries? 

1S It was no doubt this offsetting tendency that Nurske had in mind when he 
said that the theory of employment provides both an explanation of the adjusting 
process of the balance of payments and a theory of the transmission of business 
cycles from one country to another. (Ragner Nurske, *‘Domestic and International 
Equilibrium,” in The New Economics > S. E. Harris, ed., New York: Alfred A. Knopf, 
Inc., 1947, p.264.) 
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The question may be answered by considering the interrelations be¬ 
tween balances of payments and incomes. Although the balance of trade 
of a given countxy depends upon the incomes of all countries in the 
system, there is a convenient way of relating each country’s balance of 
trade to the income of that country alone. Thus, from the definition of 
nati onal income given in (1) above, it follows that the excess of a coun¬ 
try’s exports over its imports is equal to the excess of its national income 
over its total expenditure on both consumers’ goods and net investment. 
This is no more than a te chni cal way of stating the common-sense propo¬ 
sition that a country with an export surplus is producing more than it 
uses itself, while a country with an import surplus is using more than it 
produces. But it is a technique, as we shall see, which saves a good deal of 
tedious algebra. Consider, for example, the balance of payments of 
Country h. If bt denotes this balance, then it is clear from (1) that 


(17) 
whence 

(18) 


bh — yk — u k (y k ), 


dbk 

dai 


(1 - u k ) 


dyn 

dak 


Since dy k /dai is positive, (18) shows that the direction of change of 
Country fc’s balance of payments depends upon that country’s marginal 
propensity to spend. If its propensity to spend is less than unity, as will 
normally be the case, the balance of payments of Country k will be im¬ 
proved by the expansion in Country 1 even after allowing for the 
secondary rise of imports. But if the country’s propensity to spend is 
greater than unity, (18) shows that its balance of payments on current 
account will be worsened by the expansion in Country 1. In this instance, 
the secondary rise of Country fc’s imports will be more than sufficient to 
offset the initial rise of its exports. 

Now suppose that the marginal propensity to spend of each of the 
countries 2, 3, • • • , n is less than unity. Under such conditions, the 
expansion of income in Country 1 improves the trade balances of all 
other countries in the system; and from this it follows that the trade 
balance of the country initiating the expansion must be less favorable 
than before the expansion began. In short, an expansion of income 
originating in one country normally moves the balance of trade against 
that country and in favor of all other countries in the system; as long as 
marginal propensities to spend are all less than unity, this proposition 
holds true regardless of the relative sizes of the marginal propensities to 
import. For this reason we cannot say that, if the other countries’ pro¬ 
pensities to import from Country 1 are high, the induced expansion of 
their imports is likely to over-balance the initial rise of their exports, 
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leaving them with less favorable trade balances than before the expan¬ 
sion began. The outcome depends not upon the relative magnitudes of 
import propensities, but upon the absolute size of each of the propensities 
to spend. If the marg i n al propensities to spend are less than unity, the 
result will be an improvement in the balances of payments of all coun¬ 
tries except Country 1, irrespective of the size of import propensities. 

If marginal propensities to spend in some of the countries exceed unity, 
on the other hand, it is possible that some or all of the conclusions of the 
preceding paragraph will have to be reversed. Consider first an extreme 
case. Suppose that the propensities to spend exceed unity in all of the 
countries 2, 3, • • • , n. Under these circumstances it is clear from (18) 
that the balance of trade of each of these countries would become less 
favorable as a result of expansion in Country 1; the secondary rise of 
imports in each of the countries would overbalance the primary increase 
in exports. But if Countries 2, 3, • • • , n all have less favorable balances 
of payments, Country 1 must necessarily have a more favorable balance. 
After allowing for all repercussions, in other words, expansion of income 
in Country 1 increases that country's exports more than its imports are 
increased. Public works, encouragement of private investment, and other 
measures to expand the employment of resources in Country 1 would not, 
under the circumstances, create a balance-of-payments problem for the 
expanding country. Each time Country 1 increased its imports it could 
count upon an even larger secondary increase in its exports. 

It is conceivable that this conclusion would be valid even under less 
extreme circumstances. Suppose, for example, that some of the countries 
2, 3, • * • , n had propensities to spend greater than unity while others 
had spending propensities less than unity. From (18) it is clear that some 
of these countries would then suffer a worsening of their balances of 
payments when Country 1 started an expansion, while others would find 
their balances of payments improved. And if the sum of all the adverse 
and favorable changes together were adverse, then Country 1 would 
obviously have a more favorable balance of payments than in the initial 
equilibrium. On the other hand, if the sum of changes in the balances of 
payments of Countries 2, 3, - • * , n were favorable, then the movement 
of Country l’s balance would necessarily be adverse. Thus, when some 
of the spending propensities of Countries 2, 3, * • • , n exceed unity, while 
others are less than unity, it is impossible without additional information 
to predict the effect of expansion on the balance of payments of the coun¬ 
try initiating the expansion. The outcome depends upon a balancing of 
forces, i.e., upon a balancing of the influence of the stable countries 
against the influence of the unstable ones. 

Thus far we have regarded the balance of payments of Country 1 as a 
sort of residual; we have described its movement only after seeing what 
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happened to the balances of payments of the other countries in the 
system. Although this procedure is satisfactory for some purposes, it 
does not allow us to say much about the magnitude of the movement in 
Country l’s balance of payments. It is therefore useful to examine this 
balance directly. From (11) and (1) the balance of payments of Country 
1 may be written as follows: 

(19) bi - Vi - Wi(t/i) - «i • 

In words, this says that Country l’s balance of payments on current 
account is the difference between its income and its total expenditure on 
goods and services, including in the latter autonomous expenditures, oti , 
as well as ui(yi). Differentiating hi with respect to ai, we find: 


( 20 ) 


d&i 

dai 


(1 — Wi) 


dy i 
dm 


- 1 . 


In evaluating (20) we may begin with what I have called the normal 
case, namely, the case in which all marginal propensities to spend are 
less than unity. In this case we know from Section IV above that dyi/dai 
is less than the ordinary investment multiplier; i.e., it is less than 
1/(1 — Mi). From this fact we can derive the following limits for the 
movement of the balance of payments on current account of Country 1: 


( 21 ) 


- 1 < ^ < 0 . 
aai 


The limits given by (21) show that in the normal case an increase of in¬ 
vestment in Country 1 moves the balance of payments on current ac¬ 
count against the expanding country; and the amount of the unfavorable 
movement is normally less than the increase of investment. A one billion 
dollar public works program consisting exclusively of expenditure on 
domestic goods and services, for example, could not under normal cir¬ 
cumstances create a foreign-trade deficit in the expanding country 
greater than the amount of public works. 

If the marginal propensity to spend in the expanding country were 
greater than unity, however, the limits given by (21) would no longer 
apply. It is apparent from (20) that under such a condition dbi/dai would 
be less, algebraically, than —1. The unfavorable movement of Country 
l’s balance of payment on current account would thus be greater than 
the amount of autonomous investment. An economy characterized by 
such a high propensity to spend would, of course, be highly unstable, and 
its instability, in turn, would lead to frequent and severe balance-of- 
payments problems vis-a-vis the rest of the world. 

If the instability is in the rest of the world rather than in Country 1, 
there may be no balance-of-payments problem at all in the country initi- 
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ating the expansion. In other words, if a larger number of the “other 
countries” have marginal propensities to spend greater than unity, while 
Country 1 has a propensity to spend less than unity, (20) shows that the 
change in the balance of payments of Country 1 may be favorable rather 
than unfavorable. This would be true whenever dyjdai were greater 
than 1/(1 — Ui). In such a situation the secondary rise in exports of the 
expanding country would exceed the rise in imports; the secondary 
effects, in other words, would more than offset the primary effects. But 
such an outcome could be expected only under the rather unusual 
circumstances of high propensities to spend in a considerable number of 
the other countries. 

VI. TWO-COUNTRY AND MULTIPLE-COUNTRY MODELS COMPARED 

The classical theory of international trade, including the theory of 
comparative advantage as well as the closely-related theory of the inter¬ 
national price mechanism, was developed almost entirely in terms of two 
countries. Most of the important problems in international economics 
during the nineteenth century were discussed as though the world econ¬ 
omy were divided into two regions, one region being the home country— 
usually England—and the other region being the “rest of the world.” 
During the interwar period of the present century, this classical pro¬ 
cedure came under heavy attack, particularly by the late Professor 
Graham, who argued with considerable cogency and force that the classi¬ 
cal procedure involved a persistent bias. 13 Graham insisted that the tradi¬ 
tional, two-country theory greatly exaggerated the role of international 
demand and neglected the role of shifts in output in determining the 
terms of international exchange. He argued, specifically, that if one 
considers a complex world economy in which a large number of countries 
are trading in a considerable number of commodities, the process of 
adjustment to a disturbing event in international trade is fundamentally 
similar to the process of adjustment within a single country. In Graham’s 
view, then, the fact that resources, particularly labor, are more or less 
immobile between countries does not require, as the classical economists 
had supposed, a theory of international prices, separate and distinct from 
the theory of prices within a single country. 

In concluding the present paper, which has dealt with an international 
theory of income rather than a theory of prices, there is no need to 

13 F. D. Graham, 4 The Theory of International Values Re-examined,” Quarterly 
Journal of Economics, Vol. 38, November, 1923, pp. 54-66, and 4 The Theory of 
International Values,” ibid., Vol. 46, August, 1932, pp. 581-616. The ideas con¬ 
tained in these two articles were considerably elaborated in book form. (See F. D 
Graham, The Theory of International Values, Princeton: Princeton University 
Press, 1948,349 pp.) 
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discuss at length the controversy between Graham and the classical 
economists. My purpose in raising the issue is not to try to settle it but 
to raise a similar issue with respect to the international theory of income. 
If it is true, as Graham argues, that the traditional two-country model of 
international price theory involves a persistent and significant bias, is it 
also true that an analogous two-country model of international income 
theory involves a similar bias? To put the question another way, is a 
theory of international income that is founded upon the simplifying 
assumption that the world economy consists of two regions likely to 
involve any fundamental errors? The two-country income model, as I 
indicated earlier, has been discussed by a number of economists, and it 
should be possible to answer the question raised above by comparing 
the results of the two-country analysis with those of the generalized 
theory presented here. Since I am most familiar with my own version 
of the two-country model, I shall employ it to make the comparison. 14 

On the whole, the comparison does not reveal any basic flaws in the 
two-country model. 15 There are no processes of income adjustment in the 
n-country model which are not also revealed by the simple two-country 
model, and in the main the conclusions reached by employing the latter 
are the same as those reached by employing the former. In my earlier 
paper, using a terminology slightly different from that used here, I con¬ 
sidered altogether three different cases of the two-country model. The 
first, or “normal,” case was one in which the marginal propensity to 
spend was less than unity in both countries. The analogue of this case for 
the n-country model is the situation in which the propensity to spend 
is less than unity in each of the n countries. Under these circumstances 
both models reveal that an autonomous increase of investment in one 
country creates a deficit in that country’s balance of payments on current 
account and that the amount of the deficit is less than the autonomous 
investment. This conclusion of the two-country model, in other words, is 
in no way vitiated by the complex interactions of trade among a large 
number of countries. The second case, in the two-country model, was one 
in which the propensity to spend of the country initiating the expansion, 
say Country 1, was less than unity, while the propensity to spend of the 
second country was greater than unity. The analogous situation, in the 
n-country model, is that in which the propensity to spend is less than 
unity in Country 1 but greater than unity in all other countries. Again, 
both the two-country and the n-country models lead to the same conclu¬ 
sion: autonomous investment in Country 1 actually improves the balance 
of trade of that country; the induced rise of Country l’s exports exceeds 
the rise of its imports. The third and final case, in the two-country model, 

14 Metzler, ‘Underemployment Equilibrium in International Trade/’ op. cit. 

n Of. Machlup, op. cit., p. 197. 
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was a situation in which the propensity to spend in Country 1 was greater 
than unity, while the propensity to spend in Country 2 was less than 
unity; and the analogue of this situation, in the n-country model, is the 
situation in which Country 1 has a propensity to spend greater than 
unity, while all other countries have propensities less than unity. In this 
case also, as in the two preceding ones, the results of the two-country 
model are consistent with those of the n-country model. Either model 
supports the conclusion that, under the assumed conditions with respect 
to the propensities to spend, an increase in autonomous investment in 
Country 1 leads to an unfavorable movement in that country’s balance of 
trade, the amount of the unfavorable movement being greater than the 
amount of autonomous investment. 

Considering the large measure of agreement between the two-country 
and the n-country models, the reader may wonder what purpose is 
served by studying the generalized theory at all. If the simple theory and 
the general one both lead to the same results, why bother with the latter? 
To this question a number of answers may be given. The first and most 
obvious one is that hindsight is better than foresight. While we might 
have felt intuitively that the two-country model is satisfactory for most 
purposes, I doubt whether we could have been sure of this without a 
careful study of the more general system. A second reason for studying 
the general theory is that there are certain situations in the n-country 
model for which no analogue exists in the two-country model. This is 
true, for example, if the marginal propensity to spend is less than unity 
in Country 1 and in some but not all of the remaining countries. In 
situations such as this the effects of expansion can be described only by 
the general, n-country model. A third reason for preferring the n-country 
model to the two-country model is that the former provides a good deal 
more information than the latter about the dynamic stability of our 
income equations. Although I have used the stability conditions de¬ 
veloped above primarily in studying the characteristics of the static 
equations, these stability conditions are also interesting and useful in 
other connections as well. It is useful, for example, to know that, if the 
propensity to spend is less than unity in all regions or subregions of the 
system, the stability of the income equations does not depend in any way 
upon how the world economy happens to be divided into national units. 
As a second example, it could easily be shown from Section III above and 
from my earlier paper on the stability of multiple markets that any cycli¬ 
cal solutions of the dynamic system are likely to be overshadowed by 
noncyclical solutions. This means, I believe, that the answer to the 
riddle of the business cycle is not to be found in horizontal transactions 
between one region and another, such as those depicted in our n-country 
system. 
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Perhaps the most important reason of all for studying the n-country 
model is that such a model will probably prove to be the most satis¬ 
factory theoretical foundation for an empirical study of the international 
aspects of income and employment. Although our study of the n-country 
model has not taken us very far, it has, I fear, taken us about as far as we 
can expect to go without introducing actual numbers in place of our 
hypothetical propensities to import and to spend. Unfortunately, the 
limits that we can expect to place upon the movements of our variables 
from a study of the theory alone are far too broad to be of much practical 
assistance in the formulation of economic policy. To a country consider¬ 
ing the feasibility of a public works program, for example, it is little 
comfort to know that the unfavorable movement in its balance of trade 
engendered by such a program will normally be less than the amount of 
the public works. The country needs to know, in addition, what the 
approximate magnitude of its trade deficit will be and what the reper¬ 
cussions will be on incomes and trade balances in other countries. In 
order to answer questions such as these, it is obvious that the theory 
described above must be transformed into an empirical system; and for 
this purpose the n-country system is clearly the appropriate one. Even¬ 
tually, then, an import-export matrix, similar in many respects to Leon- 
tief’s input-output matrix for a single country, must be developed for the 
world economy. Many of the facts needed for such a table are already 
at hand. Seasonably accurate figures are available, for example, regard¬ 
ing the network of world trade. If these trade figures are to be trans¬ 
formed into propensities to import and to spend, however, they must be 
supplemented by statistics of national income for each of the countries. 
Lack of such income statistics has been responsible, more than anything 
else, for our inability to provide the empirical counterpart of the inter¬ 
national theory of income set out above. With the improvement in 
statistics throughout the world since the end of the war, it is to be hoped 
that this gap in our knowledge will soon be filled. 


The University of Chicago 



THE MULTI-SECTOR MULTIPLIER 1 


By John S. Chtpman 

The concept of the multiplier is extended to an economy composed 
of a number of sectors, such as countries, regions, industries, classes, and 
functional groups, or individuals, firms, and governments. The economy 
should be divided to such an extent as to maximize the stability of the 
parameters. If all the participating groups have the same marginal pro¬ 
pensity to spend, the conventional multiplier formula is obtained. Some 
properties of such a system are described—in paiticular, the conditions 
for dynamic stability; the effect of changes in relative prices is also intro¬ 
duced. 


I. INTRODUCTION 

It is the purpose of this paper to formulate a multiplier applicable to a 
multi-sector economy, or to a number of related economies, and to 
indicate briefly its uses in economic theory. 2 

Aggregative analysis, despite its great advantages, suffers from the 
weakness that it treats heterogeneous magnitudes as homogeneous 
variables. Aggregative behavior functions may conceal widely varying 
individual behavior functions throughout the economy. It is therefore 
necessary for many purposes to divide the economy into its interrelated 
parts. 

1 Revision of a paper presented December 28,1949, under the title “The Multi- 
Pait Multiplier,” before the Econometric Society, New York City. The argument 
of Section I has been reformulated and Section VI has been added. 

This paper was completed while the author was Bissing Fellow at The Johns 
Hopkins University. Acknowledgment for financial assistance is also due to the 
Lessing Rosenthal Fund for Economic Research at The Johns Hopkins University. 

I am indebted for many helpful comments to Piofessor Fritz Machlup, whose 
work on the multiplier [13] provided the initial stimulus that led to the inception 
of this article, and also to Messrs. Stanley Kurta and Edgar 0. Edwards. Grateful 
acknowledgment is due to Professor A. H. Clifford of the Department of Mathe¬ 
matics at The Johns Hopkins University, without whose mathematical assistance 
Sections IV and V could not have been written. Much of the mathematics in Sec¬ 
tion V is due entirely to him; I provided the theorems and he furnished the proofs. 

* The multi-sector multiplier is a logical extension to more than two countries 
of the foreign-trade multiplier as developed by Machlup [ 13 ], Metzler [ 14 ], and 
Lange [9, pp. 232-237]. An extension to more than two countries was developed in 
Machlup’s work [ 13 , Chapter VI and Appendix B], but with very limited assump¬ 
tions with regard to the similarity of the different countries’ spending patterns. 
The multi-country multiplier was first formulated in a note by Samuelson [ 18 * pp. 
223-224], which came to my attention after the present paper was first written. 
The suggestion that multiplier analysis be used to analyze the relation between 
groups other than countries or regions was first made, it appears, by Lange [ 9 , 
pp. 232-233]. The stability conditions derived in Section V below are an extension 
of those formulated by Metzler [ 14 , pp. 102-104]. Since this paper was presented, a 
similar article has appeared by Goodwin [6], which I discuss elsewhere [3]. 
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Differences in the marginal propensities to spend of different economic 
organisms are of two sorts: nonrandom and random. To the extent that 
differences among economic organisms* marginal propensities to spend 
are nonrandom, these organisms maybe described as heterogeneous; they 
may be called homogeneous to the extent that these differences are purely 
random. The disaggregation of a heterogeneous group or sector into a 
number of homogeneous groups will tend to increase the stability of the 
parameters (the marginal propensities to spend). On the other hand, the 
disaggregation of a homogeneous group into smaller groups will not in¬ 
crease the stability of the parameters; in fact, such disaggregation, be¬ 
yond a certain point, will reduce the stability of the parameters, owing 
to the law of large numbers. Diminishing returns to subdivision set in 
when the disaggregation is carried out beyond the point where differences 
among organisms* marginal propensities to spend partake more and more 
of a random nature. 8 There will therefore be an optimum degree of sub- 

* Thus, it is clearly an advantage, from this standpoint, to distinguish among 
individuals belonging to different classes or income-groups, or residing in different 
regions, and among firms belonging to different industries. 

In addition to differences in the properties of organisms, differences in the prop¬ 
erties of commodities will also influence the optimum degree to which the economy 
should be divided. The greater the extent to which the disaggregation is carried 
out, the larger will be the number of sectors towards which each sector will have a 
separate marginal propensity to spend. If commodities or groups of commodities 
are complementary with one another, a sector’s marginal propensity to buy any of 
these commodities will tend to be relatively stable; on the other hand, a sector's 
marginal propensity to buy individual commodities or groups of commodities will 
tend to be unstable if they are relatively substitutable for one another. Thus, the 
marginal propensity to buy food or to buy housing is more stable than the marginal 
propensity to buy a particular kind of food or a particular kind of housing. There is 
a further sense, therefore, in which sectors may be said to be homogeneous or 
heterogeneous: a group of organisms is relatively homogeneous or heterogeneous in 
this sense if the products of these organisms are relatively substitutable for one 
another or relatively complementary with one another from the point of view of 
other sectors. If a group of organisms is heterogeneous with respect to these 
organisms' marginal propensities to spend, it is quite possible for the products of 
these organisms to be substitutable for one another; if this is so, the division of 
this heterogeneous group into homogeneous groups will reduce the stability of 
other groups’ marginal propensities to spend. For instance, the division of the meat 
industry into the beef industry and the pork industry will reduce the stability 
of consumers' marginal propensities to spend, since the marginal propensities to 
buy beef and to buy pork will be less stable, taken separately, than the marginal 
propensity to buy meat. Whenever substitutability is present, there will be a 
tendency for the components of a sector's marginal propensity to spend to fluctu¬ 
ate in opposite directions. There is therefore a zone within which it may not be 
possible to increase the stability of some parameters without decreasing the stabil¬ 
ity of others. Hence, a certain amount of disaggregation of sectors producing sub¬ 
stitutable commodities and aggregation of sectors with different marginal pro¬ 
pensities to spend may be unavoidable. 
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division into homogeneous groups which maximizes the stability of the 
parameters. For empirical purposes, however, other considerations, such 
as the efficient statistical estimation of the parameters and the diffi¬ 
culties and expense of numerical computation, must enter into the opti¬ 
mum degree of division. 

In spite of the possibility of considerable variability of the parameters 
associated with too minute a subdivision of the economy, there will 
still be sufficient stability to warrant a purely conceptual treatment of 
a multi-sector economy divided into individuals and firms. Furthermore, 
to the extent that the variability of the parameters arises out of the fact 
that spending-income functions are nonlinear, little generality is lost 
in the theoretical formulation by treating these functions as linear, 
while the mathematical treatment is thereby kept as simple as possible. 4 
Thus, in Section VII, we are justified in incorporating relative price 
changes into the analysis. 

The most obvious application of the multi-sector multiplier is its use 
in the analysis of interregional and international income movements. 
The economy may also be divided into classes or income groups, urban 
and rural areas, and government and private sectors. 6 The latter sub¬ 
divisions may also be made in interregional and international analysis: 
each region or country may be divided into a number of sectors, such as 
business, government, banking system, capitalists, workers, farmers, 
etc. Theoretically, any such combination is possible, though for empirical 
purposes calculation of the multi-sector multiplier may become unneces¬ 
sarily laborious; empirical evaluation of the parameters also presents 
serious difficulties, especially in interregional multiplier analysis. 6 

Each of the n parts of an economy will have a marginal propensity 
to spend internally (“intraspend”) and marginal propensities to spend 
in the other n — 1 sectors (“extraspend”). If the economy is divided into 
individuals and firms, these may all be considered as having zero mar¬ 
ginal propensities to intraspend. Firms 1 “incomes” should be con¬ 
sidered, for these purposes, as their total receipts; only individuals’ 
incomes should be aggregated into national income. 7 Individuals’ mar¬ 
ginal propensities to extraspend are their marginal propensities to buy 
the goods and services of other individuals and firms. Firms’ marginal 

4 Of. Samuelson [19, Chapter X]. 

* For models of multiplier relationships between capitalists and workers, and 
between the government and private sectors of the economy, see Chipman 31; 
cf. also Lange [9, pp. 232-237]. 

* In the absence of statistics on interregional trade, some approximation to the 
values of the parameters may possibly be obtained by means of adaptations of 
Professor Sargant Florence’s “location factor” (cf. Vining [21, 22]). 

7 Retained profits may be regarded as paid to a special group entitled “earners 
of retained profits.” 
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propensities to extraspend will be equal to the slopes of their input-out¬ 
put functions, that is, to the derivative with respect to the value of their 
output, of their imports of materials from other firms, and of their im¬ 
ports of services from workers and capitalists (wages and profits). The 
resemblance of this case to Professor Leontief’s input-output model 
[10,11, 12] is close; the Leontief model may be considered as a special 
case of the multi-sector multiplier in which the sectors are industries 
(workers and capitalists being considered as “industries”) whose mar¬ 
ginal propensities to extraspend are equal to their average propensities to 
extraspend (i.e., input-output functions are homogeneous as well as 
linear). 

In Section II the static formulation of the multiplier is developed, 
according to which it is possible to determine the increment in any sec¬ 
tor’s receipts that will ultimately result from an autonomous expenditure 
in any sector or, alternatively, from an autonomous expenditure dis¬ 
tributed over several sectors. Likewise, it is possible to determine the 
ultimate change in income that will result from any autonomous change 
in the distribution of income. In Section III the dynamic multiplier is 
formulated by the introduction of a uniform spending-income lag for 
each sector, and it is shown that the static multiplier is a special cose of 
the dynamic multiplier. It is proved in Section IV that, if all the partici¬ 
pating sectors have equal marginal propensities to spend, the multiplier 
for their total receipts reduces to the well-known aggregative multiplier 
formula. 

In Section V the correspondence between the static and dynamic 
systems is analyzed. It is found that stability of the system (convergence 
of the dynamic system to the equilibrium of the static system) requires 
that the determinant of the static system of equations be positive. 
Dynamic stability requires also that the mean value of all participating 
sectors’ marginal propensities to intraspend must be less than unity in 
absolute value and that, if all marginal propensities to extraspend are 
nonnegative, each marginal propensity to intraspend must be less than 
unity in absolute value. If all autonomous expenditure throughout the 
economy is nonnegative and if all marginal propensities to extraspend 
are nonnegative, it is shown that the multiplier, if stable, converges to 
the minimum value of one half for the whole economy. However, it is 
quite possible to have a stable negative multiplier when autonomous 
expenditures are all nonnegative, provided there are some negative 
marginal propensities to extraspend, even though each sector’s aggregative 
marginal “propensity to spend is positive; such negative marginal propen¬ 
sities to extraspend may exist if some commodities are inferior goods and 
if governments attempt to stabilize national income by varying their 
expenditures inversely with their revenues. It is also possible for the 
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dynamic system to be unstable while the determinant of the corre¬ 
sponding static system is positive. Hence, the “correspondence principle” 
enunciated by Professor Samuelson does not always hold. 

Necessary and sufficient conditions exist for the convergence of the 
dynamic system to equilibrium. These are stated in Section VL Finally, 
in Section VII, changes in relative prices are brought into the analysis. 
It is assumed that the price or price index of a sector’s products is a 
function of its income and that reactions to price changes take place 
after a uniform time lag. The effect of this refinement is to add a price- 
adjustment factor to each marginal propensity to spend. 

II. THE STATIC MULTIPLIER 

Let an economy be divided into n sectors, 1, 2, • • • , n. Designating 
Y % for the income of sector i, and E % for expenditure in sector i, we may 
write X = dEj/dY t for sector i’s marginal propensity to spend in 
sector j. Let dYi , dY z , • • • , dY n be the ultimate increments in income 
in sectors 1, 2, • • • , n, respectively, resulting from the autonomous 
increments in expenditure dEi , dE 2 , • • • , dE n . Then for each sector 
the final increment in income consists of ( 1 ) the autonomous increment 
in expenditure dE x , (2) the internally induced increment in expenditure 
JE'x dY % , and (3) the externally induced increments in expenditure 
X)jLi jE[ dYj (j 7* i). Thus, 

dYi = dEi + 1 E 1 dYi + dY 2 +•••■+■ JEi dY n , 

( 1 ) dY 2 = dE 2 + lEzdYi + JE 2 dY 2 + • • • + n E 2 dY n , 


dY n = dE n + iE n dYi + 2 E n dY 2 + • • • + nE n dY n . 


These equations may be rewritten 

(1 — iEi)dYi — 2 EidY 2 — • • • — n EidY n = dEi , 
, 0 , - X dYi + (1 - X )dYz - X dYn - dE 2 , 


XndYt - XndYz -+ (I — nEn)dYn =* dEn , 

or, in matrix form, 

( 3 ) (/ - M)dY - dE, 

where I is the identity matrix, M is the matrix 


~X 

2 E\ 

X" 

1 El 

zE 2 

X* 

_i B» 

X n 

n E' n _ 


( 4 ) 
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and where dY and dE are the column vectors 




~dYi‘ 


dEi 

(5) 

dY = 

dYi 

II 

3 

dEo 



i 

• bn* 


e 

• K| 

i 


From (3) it follows that the multiplier may be written 
(6) dY = (7 - M)~ l dE. 


Writing A for the determinant oil — M, and dAi for the determinant 
of the matrix formed by substituting dE in the ith column of I — M, 
we have the equation lowing the income generated in the ith sector of 
the economy: 

(7) dYi = dAi/ A. 

The total income generated by dE in the whole economy is given by* 


( 8 ) 


E dYi - 

*-l 


E dAi 

i-i 


Let dA be an autonomous disturbance in expenditure in the whole 
economy, where dE { = edA. Then we may factor dA out of dAi so that 
dAi/dA = A<, where A»- is formed by replacing the column vector dE 
oi dAi by e, where e is the column vector 


19) 


e» 


Then the multiplier for the ith sector of the economy is 


( 10 ) 


dYi Ai 
dA " A’ 


and for the economy as a whole, 


( 11 ) 


dA 



* Firms and governments, of course, must not be included in the summation for 
national income. 
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Two kinds of autonomous disturbances in expenditure may be distin¬ 
guished: ( 1 ) autonomous net change in expenditure in the economy, and 
( 2 ) autonomous transfer of expenditure from one sector or group of 
sectors of the economy to another. In the first case, dA = dEi , 
and 22“-i e< = 1 . In the second case, dA = XXi dEi (for all dEi > 0 ), 
and 2 2-i e«- = 0 . In the special case in which ei = 1 and all the other 
e<’s are zero, (7) and (10) become (for sector 1) 


( 12 ) 


dYi = _1_ } 

dEl 1 - iE[ - t, (Ci/Ci) X 


where Ci is the cofactor of the ith element in the first column of I — M. 
Other special cases are derived by giving various forms to the vector e. 
Thus, the effect on sector l’s income of expenditure in sector 2 is given by 
setting 62 = 1 and all the other e^’s = 0 ; the effect on 1 ’s income of an 
export from 1 to 2 is given by setting e± = 1 , e% = — 1 , and all the other 
ei’a = 0 ; similarly, the effect of an export from 2 to 3 on l’s income is 
given by setting = 1 , e% = — 1 , and all the other e^s = 0 . If the sectors 
are regions, the effect on l’s income of an autonomous expenditure in 1 
that is partly devoted to expenditure on imported materials and profits 
accruing to the others — 1 r^nons is evaluated by assigning the appropri¬ 
ate values to the ef\ s, where * = 1- The effect of any autonomous 
redistribution of income on income as a whole is evaluated by sub¬ 
stituting the appropriate values for the e»’s in ( 11 ), where e * = 0 * 


HI. THE DYNAMIC MULTI P LIE R 

We now assume that there is a uniform time lag of all sectors’ 
expenditures behind their incomes . 9 Consequently, the change in any 
sector’s income at time t will be a function of all sectors’ incomes in the 
previous period t — 1. The system of equations (1) may then be trans¬ 
formed into the system of difference equations: 

dYM « dEi + 1 Ei dYi(t - 1) + JE[ dYi(t - 1) + • • • 

+ XdY n (f - 1), 

dY&) =dE 2 + 1 E% dYi(t - 1) + dY 2 (t - 1) + y • 

(13) +XdY n (t- 1 ), 


dYn(t) = dEn + 1 E» dYi(t - 1 ) + JEn dY % {t ~ 1 ) + * ‘ ’ 

+ n E' n dY n (t- 1), 


8 The meaning of this assumption is discussed in Ghipman [3], where a device is 
introduced to take account of unequal time lags. 
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or, in matrix form, 

(14) IdY(t) - MdYit - 1) = dE, 

where dY(t) and dY(l — 1) are the column vectors (dF,(i)} and {dF< 
(t — 1)} (i = 1, 2, ••• , n). The dynamic multiplier may therefore 
be written 

(15) dY = (J - M*)(I - M)~HE. 

The stationary part of the solution of (14) is given by the equilibrium 
condition 

(16) dY(f ) - dY(t - 1) - dY. 

This reduces (14) to 

(17) IdY ~ MdY = dE, 

which is the same as (3) and whose solution is therefore (7). The dynamic 
part of the solution is given by the characteristic equation of (14): 

(18) IdY(t) - MdY(t - 1) = 0. 

Let X be the operator such that XdF(< — 1) = dY(t). Then (18) becomes 

(19) (A - M)dY(t - 1) = 0 [dF(f - 1) ^ 0], 
which can be true only if A — Af is singular. Consequently, 



X — 1 E 1 

-X 


~nE[ 

11 

* 

1 

G 

O 

<N 

— i£?2 

X — 

... 

-X 


-iE' n 

- S Sn 

... 

X - nEn 


which is the characteristic polynomial of the system of equations (13). 
In its explicit form, (20) is written 

(21) X" - AX" -1 + AX’*' 5 - • • • + (-l)- 1 ^ + (-1)"D» = 0, 

where A is the determinant of M and A is the sum of the nl/i\(n — i) 1 
£th-order minors symmetric about the principal diagonal of Af. Equa¬ 
tions (13) therefore contract into the nth-order difference equation for 
sector t: 


( 22 ) 


dYi(t) - A dYi(t - 1) + A dYi(t - 2) - • • • 

+ (-lYDJYiit - n) = dA if 
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and for all n sectors taken together: 


(23) 


E dY,(t) - Di E dYi{t - 1) + Dt E dF,(* - 2) - 

+ (-1 ) B D»E<*r.tt - n) 

t-1 


EdA<, 


where 10 


(24) 1 -D! + D t -+ (-l)“i) B - A. 

The general solution of (22) is therefore 


(25) dY 1 =*^ + '£ktAl 

A i-i 

and of (23), 


(26) 


ZdY< 



+ E E 

t-1 J-l 


where the k/s are constants 11 and the A/s are the roots of (20). 

If | Ay i < 1 O’ == 2, • • • , n), then (25) and (26) converge to (7) and 

(8), respectively, as t —» °o. If all the Ay’s are zero, (25) and (26) are 
equivalent to (7) and (8), respectively; likewise, if A is the null operator, 
(22) and (23) also reduce to (7) and (8), respectively, by virtue of the 
expansion (24). This will be the case when reactions are instantaneous. 12 
Thus the static multiplier is a special case of the dynamic multiplier. 


IV. THE CONVENTIONAL MULTIPLIER 

In this section we shall prove the following theorem. 

Theorem 1: When all sectors* total marginal propensities to spend are 
equal to one another , the multi-sector multiplier reduces to the well-known 
conventional multiplier formula. 

Proop: Let each sector’s total marginal propensity to spend, tEj 
(that is, each column sum of M), be equal to c. Then 

(27) (1,1 ,--*, l)Jfef = (c, c, • • • , c) 

10 If the equilibrium condition dY% — dY t (t — r), r «■» 0,1, is satisfied, 

(22) clearly reduces to (7), owing to the expansion (24). likewise, (23) reduces to 

( 8 ). 

11 For the evaluation of these arbitrary constants, see Chipman [8J. 

14 It will also be true in the trivial case in which Af * 0, so that dYi ** dEi and 
- S|-i • 



364 


JOHN S. CHIPMAN 


and 

(28) (1, 1, • ■ • , 1)M* - (c, c, • • • , c)M = (c\ c 2 , • • • , c 2 ). 

Thus it is seen, that 

(29) (1,1, • • • , 1)M‘ - (c‘, c‘, • • • , c*). 

Now from (15), (9), and the definition of dA, it follows that the multi¬ 
plier vector may be written 

(30) k = dY/dA = (Z — M‘)(I - ilf) -1 e 
so that 

(31) (Z - M')e = (Z - M)fc. 

Since each column sum of I — M is equal to 1 — c, and since, from 
(29), each column sum of Z — M* is equal to 1 — c‘, the column sums of 
the vectors (31) are 

(32) (1 - c 1 ) E e< - (1 - c) ± k< 

i -i «-i 


so that 


(33) 


f'dY, 

tIdA 







i- Ei®; 

l 


Thus, if — 0, fct 0, so that any autonomous redistribu¬ 
tion of income leaves aggregate income unchanged. If = 1, 

then = (1 — cV(l ~ o), which is the familiar multiplier for¬ 

mula. The theorem is therefore proved. 


V. THE CORRESPONDENCE BETWEEN THE STATIC AND DYNAMIC 
MtJLTIPLERS 13 

In this section we shall examine the relationship between the static 
and dynamic multi-sector multipliers and formulate necessary conditions 
for the stability of the latter in terms of certain properties of the former. 

Stability requires that the roots of (20) lie within the unit circle of the 
complex plane: the absolute value of the modulus of every root must 
therefore be less than unity. We may relate the values of the roots to 
properties of the matrix M by means of the property that the ith-order 

18 1 am greatly indebted to Professor A. H. Clifford for mathematical assistance 
in this section. 
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trace of a matrix is equal to the sum of the products of its latent roots 
taken i at a time. 14 Two of these traces, the first-order trace (or simply, 
the trace) and the nth-order trace (the determinant of M), provide us 
with necessary stability conditions. 

Condition 1 : A necessary condition for stability is that the trace of I — M 
be positive and less than twice the number of sectors . 

This follows from the fact that 

(34) tr M = Di = £ = £ X,-, 

•-1 t-i 

so that stability requires that 

(35) — n < tr M < n; 

that is to say, the sum of all the sectors’ marginal propensities to intra¬ 
spend, being equal to the sum of the roots, must be less in absolute value 
than the number of sectors. The average marginal propensity to intra¬ 
spend must therefore be less than 1 and greater than — 1. 

Condition 2: A necessary condition for stability is that the determinant 
of I — M be positive. 

This follows from the fact that the determinant of M is equal to the 
product of its latent roots. This is demonstrated in the following theorem. 

Theorem 2 : If the real characteristic roots of M are less than unity, the 
determinant of I — M is positive. 

Proof: The determinant of / — M may be reduced to the triangular 
form 



1 - Xi 

0 

0 

0 


—% 

1 - Xs 

0 

0 

(36) 1 1 - P~ l MP | = 

—mai 

—m® 

1 - X 8 • • • 

0 


~m n i 

-m n j 

— Mni • • • 

l-x, 


and is therefore expressible as 

(37) A - II (1 - hi), 

<*■1 

which is obviously positive if every X< < 1. If there are any complex 
characteristic roots, each complex root X has its conjugate complex root 
X. Hence, each complex 1 — X must be multiplied by its conjugate 
1 — X, the product being positive, for 

(38) (1 - X)(l - X) = 11 - X 1* > 0. 

« Cf. Aitken H. p. 88]. 
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Complex roots can therefore not make A negative. The theorem is there¬ 
fore proved. 

The conditions — n < tr M < n and A > 0 are both necessary condi¬ 
tions for stability, but they are not sufficient conditions. 16 If either the 
determinant or the trace of I — M is negative, we know that the system 
is monotonically unstable. It is still possible, however, for the system to 
be unstable while the two stability conditions hold. For instance, we 
know that whenever M has negative or complex characteristic roots and 
an even number of roots greater than unity, A > 0. Thus, there may be 
either monotonic or oscillatory instability without our two conditions 
reflecting them. 

We shall now prove that when there is no autonomous transfer of 
expenditure from one sector of an economy to another, and when no 
marginal propensity to extraspend is negative, the multiplier for the 
whole economy must be positive. Let each dEi ^ 0 and at least one 
dEi > 0; or, alternatively, let each dEi < 0 and at least one dEi < 0. 
Then the vector e may be of any conceivable form provided it has no 
elements of opposite sign and — 1. Then, if the total multiplier 

Si-i dEi is to be positive, the column sums of (I — My 1 

must all be positive; for, if any column sum of (/ — M)~ l (say the 
fcth) is not positive, there will exist avectore (namely, the one in which e* =» 
1 and all the other e* *s are zero) which will make the multiplier nonpositive. 
Since stability requires that A > 0, the condition that the column sums 
of (I — My 1 all be positive requires, under stable conditions, that the 
column sums of adj (7 — M) all be positive. The following theorem, 
which is due in its entirety to Professor Clifford, proves that the column 
sums of adj (I — M) are positive if marginal propensities to extraspend 
are not negative and the economy is stable. 

Theorem 3: Let A be an n X n matrix satisfying the following two condi¬ 
tions: (a) the off-diagonal elements of A are ^ 0; (b) A has no real charac¬ 
teristic root ^ 1. Then the column sums of adj (I — A) are all positive . 

Proof: Let B(t) =* I — tA, where t is a real variable. Then J?(0) = 
I, B(l) - I — A, and, by Condition (b), 

(39) det B(t) > 0 (0 < t < 1). 

For, were det B(fi) = 0, 1/h would be a characteristic root of A . 

Let ci(t), (%(£), • • • , Cn(t) be the column sums of adj B(t). They are 
polynomials in $ all having the value 1 when t = 0. We are to show 
that they are all positive when t = 1. If they are not, then let k be the 

11 When « « 2, they are also sufficient conditions for monotonic stability; for, 
if one root exceeds unity, A < 0, whereas if both exceed unity, tr M > 2. This has 
been shown by Metzler [ 14 , p. 102, equation (7)1, under the implicit assumption 
that the propensities are positive. 
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smallest positive root of c,(f) less than or equal to 1 , or define ^ = 1 if 
c t {t) has no real root in the interval ( 0 , 1 ). Let U be the least of the real 
numbers U. , k , • • • , t n . Then at least one c,(i) vanishes for t = to, 
while the remaining ones are positive at t = / 0 . 

Now observe that 

(40) MO, c*(0, • •• , c„(0] - a, 1. • • • , 1) adj 15(0; 
hence, 

(41) MO, <h(t), • • • , c»(0] 5(0 = [det 5(0, det 5(0, • • • , det 5(0]. 
Written out, we have 

(42) 23 ®»(0 h»/(0 = det 5(0 (j — 1 , 2 , • • • , n), 
1—1 

where &„■ = 5,, — ta,j. 

For simplicity, let us suppose that ci(0 is one of the c,(0 which vanish 
at t = to . Hence, 

(43) Ci(<o) = 0, c,(<») ^0 (» - 2, 3, • • • , n). 

Consider the first equation in (42): 

(44) Ci(0 (1 — foil) - Cs(0fon - • • • - Cn(0fom = det 5(0. 

Set $ = to in this, and note that to is positive, c,(U) £ 0 for i 5 * 1, and 
o.i ^ 0 for i 5 ^ 1 by Condition (a). Hence, c.( 4 )^oOii ^ 0 for i ^ 1 . But 
ci(2o) = 0. Hence the left-hand member is < 0, while by (39) the right- 
hand member is >0. We arrive thereby at a contradiction. The theorem 
is therefore proved. 

This theorem shows us that negative marginal propensities to intra- 
spend cannot make the multiplier negative. It may be verified by a 
simple example that negative marginal propensities to extraspend may 
bring about negative column sums of adj (7 — M) and consequently a 
negative multiplier. Negative marginal propensities to extraspend will 
be characteristic of an economy some of whose sectors sure in the habit of 
buying inferior goods from other sectors, and in which governments 
react to changes in their revenues by changing their expenditures in the 
opposite direction (in order, say, to stabilize national income). Let 



so that 

~m]- toM-lt, A = 0.01, 
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and 


(/-»- = [_* -Jo]' 

Then the column sums of (7 — M)~ l are respectively —10 and 0, so that 
the multiplier for the whole economy is — 10ei. This example shows 
that the negative marginal propensity to extraspend is accompanied 
by a greater than unit marginal propensity to intraspend. Thus, the 
multiplier may be stable and negative even though the aggregate 
mar ginal propensity to spend is positive in each part of the economy. 
The multiplier is positive provided only that marginal propensities to 
extraspend are positive. 

It is therefore possible to have a normal static multiplier corresponding 
to instability and an abnormal static multiplier compatible with stability. 
Consequently, Professor Samuelson’s “correspondence principle” does 
not always apply. 1 * 

We shall now develop a further stability condition. First we shall 
prove the following theorem: 

Theorem 4: The order of a nonsingular matrix is equal to the sum of the 
products of its ith-row sum and the ith-column sum of its inverse. 

Proof: Let r< be the ith-row sum of an n X n matrix A, and let c\ be 
the ith-column sum of AT \ Then 

(45) (I, I, • • • , 1)A -1 = (, • • • ,c«), 
so that 

(46) (1,1. ' • • , 1) = (fi'i, e », • • • , c' n )A. 

Taking the row sums of both sides of (46), we obtain 

(47) n = ciri + c*rj + * * • + c' n r n , 
which was to be proved. 

Applying this theorem to the matrix (7— M), we obtain from (46) the 
following equations: 

1 = ci(l — 1 E 1 ) + Cs(— iFs) + + c»(— 

1 =■ Ci(—*£?i) + Cs(l — 2 $j) + • • • + cl(—*£T»), 

1 = c((— nEi) + cj( — JEt) + • • • + cj»(l — »£?»). 

18 The correspondence principle, as defined by Samuelson [18, p. 225], states, 
“Systems which are well-behaved dynamically tend to be well-behaved from a 
purely comparative statical viewpoint; likewise those which are unstable give rise 
to anomalous comparative statical conclusions.” 
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Let all marginal propensities to extraspend be ^ 0; then each c'i > 0. 
Hence, the larger the marginal propensities to extraspend, the smaller the 
fi’s, the larger the c^'s, and the larger the multiplier. Large marginal 
propensities to extraspend cannot make the multiplier less unstable than 
small ones. Consequently, any necessary conditions for stability that 
apply when marginal propensities to extraspend are zero must also 
apply when they are positive. Let us assume, therefore, that all of the 
off-diagonal elements of M are zero. Then it can easily be shown that, 
as is to be expected, 


(I - M*)V - Mr 1 


ri - x « 

i - Wi 


(49) 


0 


1 - i Et* 

i - X 


0 

0 


0 


0 


1 - 

i - X. 


that is, each sector's closed system multiplier is entered in the principal 
diagonal. Now, each of these closed system multipliers approaches the 
minimum stable value of consequently, the multiplier for the whole 
economy approaches the same value as a minimum. Therefore, as long 
as marginal propensities to extraspend are not negative and the economy 
is stable, the multiplier must not only be positive but it must exceed the 
value £. 

Equation (49) also tells us that stability requires that each be less 
than unity in absolute value. Now, if marginal propensities to extraspend 
are positive, the multiplier will be larger, and this stability condition 
will be reinforced. Thus, we arrive at the important proposition that not 
only must the average marginal propensity to intraspend, tr M/n, be less 
than unity, but, 'provided every marginal propensity to extraspend is 
nonnegative , every marginal propensity to intraspend micst he less than 
unity . In mathematical terms, this means that if the characteristic roots 
of a matrix are less than unity, and if the off-diagonal elements of the 
matrix are nonnegative, then each diagonal term must be less than 
unity. In terms of the matrix 7 — M, if each off-diagonal term is non¬ 
positive, each diagonal term must be positive. 

17 As iE[ approaches — 1, lim*—« (1 — 1 — <#'*) approaches the value J; 

since stability requires that % E f t > — 1, £ is the minimum value. If negative 
marginal propensities to intraspend are ruled out, the minimum value, of the 
multiplier is 1. 
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We may therefore draw from this section the following conclusions: 

(1) A necessary condition for stability is that the sum of the marginal 
propensities to intraspend must be less in absolute value than the number 
of sectors. 

(2) A necessary condition for stability of the static multiplier is that 
its determinant be positive. 

(3) If no autonomous expenditures are of opposite sign and if there are 
no negative marginal propensities to extraspend, the multi-sector multi¬ 
plier must exceed $ in value. 

(4) If there are no negative marginal propensities to extraspend, a 
necessary condition for stability is that each marginal propensity to 
intraspend be less than unity. 

VI. THE NECESSARY AND SUFFICIENT CONDITIONS FOR STABILITY 

The necessary and sufficient conditions for the stability of the system 
of difference equations (13) are that the roots of the characteristic poly¬ 
nomial (21) lie within the unit circle of the complex plane. 18 We shall 
set forth, in the present section, the necessary and sufficient conditions, 
which may be called the Schur conditions, that the roots of a polynomial 
lie within the unit circle. First, it will be convenient to summarize the 
development of necessary and sufficient stability conditions in the mathe¬ 
matical literature. 19 

The stability of a system described by a system of differential equa¬ 
tions requires that the roots of its characteristic polynomial have all 
their real parts negative. 20 The necessary and sufficient conditions that 
the roots of a polynomial lie in the negative half of the complex plane 
were first developed by Routh [15, Chapters II and III; 16, Chapter VI, 
paragraphs 290-307]. Later they were derived independently by Hur- 
witz [8] in a more convenient form involving determinants. More recently 

18 We shall not consider here the peculiar case, *which I discuss elsewhere [3], 
in which roots that are not within the unit circle may be annihilated by zero 
coefficients. In this rare and unlikely case, the necessary and sufficient conditions 
that the characteristic roots be less than unity in absolute value are not necessary 
conditions for stability; the further condition—the non vanishing of the coefficients 
of the roots—must then be added in order to make the stability conditions neces¬ 
sary and sufficient. 

18 1 am indebted to Professor Aurel Wintner, Professor of Mathematics at The 
Johns Hopkins University, for the references, given below, to the articles of 
Hurwitz, Cohn, and Herglotz. 

20 The solution of a system of differential equations is in terms of functions of 
the form e* 1 , where w is a complex root of the form n -f- vi. By Taylor’s theorem, 
^ ( C08 v* + * sin vt); convergence therefore re quires that ju < 0, In the case of 
difference equations the solution is in terms of functions of the form X*, where X » 
c®, | X -| « and arg X » p. Hence, the condition jti < 0 is the same as the condition 

I X 1 < 1. 



THE MULTI-SECTOR MULTIPLIER 


371 


Frazer and Duncan [5], unaware of Hurwitz* work, reformulated the 
Routh conditions in the Hurwitz form. 21 

The necessary and sufficient conditions that the roots of a polynomial 
lie within the unit circle of the complex plane were first derived by 
Schur [20] and developed by Cohn [4], It was subsequently shown by 
Herglotz [7] that the Cohn conditions are equivalent to the Hurwitz 
conditions. The one may be transformed into the other by means of a 
transformation given by Schur [20, p. 288]. The same transformation 
was in recent years used by Samuelson [17] (who was unaware of the 
work of Schur, Cohn, and Herglotz) to derive, from the Routh-Hurwitz 
conditions, the necessary and sufficient conditions that the roots of a 
polynomial lie within the unit circle. 

The Schur conditions are as follows [4, p. 125]: The necessary and 
sufficient conditions that the roots of the polynomial 

(50) /(\) = ao\ n +■ a{K n 1 + • • • + a»_i\ + a n ==* 0 

lie within the unit circle of the complex plane are that the n determinants 

do 0 • • • 0 a n a»-i • • • a»-i+i 

ai o&o • • • 0 0 a n * • • On-t +2 

t , tft-i a 1-2 — ao SO 0 ••• a n 

loJL; o % = 

an. 0 • • * 0 ao a\ • * ■ at-i 

a«-i &n • * • 0 0 ao • * • a*-2 

Ort-t+2 • • • a n 0 0 • • • ao 

where i ~ 1, 2, • • • , n, aU be positive definite These conditions may 
readily be applied to the characteristic polynomial (20) by making the 
substitution Oi = (—1 )*Di , where ao = 1. 

Since the Schur conditions do not require any transformations but 
may be derived directly from the coefficients of the characteristic poly- 

21 A statement of the Hurwitz conditions may be found in Samuelson [19, pp. 
433-434]. 

22 In the original formulation the coefficients of the polynomial are taken as 
complex; hence, the two bottom partitioned matrices of 8> are, in the complex 
case, not the transposes of the diagonally opposite partitioned matrices (as shown 
above), but the transposes of their complex conjugates. This more general case 
obviously does not concern us here. 

It should be noted that Oo in (50) is taken to be positive. 
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normal, they are in a more convenient form than the Samuelson condi¬ 
tions. 

VII. CHANGES IN RELATIVE PRICES 

Up till now we have implicitly assumed that there are no changes in 
relative prices. We may now relax that assumption. The expenditure of 
sector i in sector j may be considered as a function not only of i’a income 
but also of the prices (or price indices) of all sectors of the economy.** 
Denoting autonomous expenditure in j by Ej, k’s spending in j by tEj , 
and the price of j’s product (or price index of its products) as a function 
of j’s income (receipts) by Pi(Yj), we may write fork’s income equation: 

Y j =E j + EAYi, Pi(Fi), • • • , p n (Y n )} 

(52) + iEj\Yi, Jh(Yi), • • • , p„(F„)] +■•• 

+ vEj[Yn , Pl(Yl), • • • ,P„(F„)]. 

Thus, 

dYj = dEj + 

(xE iTi +t,kE jpi dYi + (*E iTi +t,kE j ,y^dY i 

(53) / » \ 

+ • * • + y vEl Tn + j£kE Jpn p' n J dYn. 

That is to say, as j’s income rises, j’s price will rise, so that all sectors’ 
expenditures in every other sector will change. 

If changes in expenditure lag equally behind changes in income and 
changes in prices (i.e., kE,(jt) = kEj{Yj{t - 1), p 1 (t - 1), • • • , p n (t - 1)]) 
and if changes in prices follow changes in income instantaneously (i.e., 
Pi{t) = pAYj (<)])> then it is clear that (53) becomes 

dYj(t) = dEj + (ej Ti + gtE^pi) dY 1 (t - 1) 

(54) + (^Ej Ti + g „E itt pi) dY,(t - 1) + • • • 

+ (n B iy% + g *E*„p'») dYjj, - 1). 

Thus we see that when income-induced price changes are taken into 
account, i’s marginal propensity to spend in j becomes 

(55) JEj =* iEj 7 + 2 kEj pi . 

* b -1 * 

** In order to remove money illusion, one of these prices may be taken as 
numeraire and set equal to unity* 
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We form the matrices 

(56) L = (iE jyi ) 

and 

(57) *-(£,»*,) 
and the column vector 

r j -i 
Vi 
/ 

P2 

(58) p' - 


LPnJ 

where the i subscript refers to columns and the j subscript to rows. The 
matrix M then becomes 

(59) M - L + K V '. 

The preceding analysis holds generally for the adjusted matrix M. 

The Johns Hopkins University 
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IDENTIFIABILITY OF A LINEAR RELATION BETWEEN 
VARIABLES WHICH ARE SUBJECT TO ERROR 1 

By Olay Reiebs^l 

The problem of the identifiability of a linear relation between variables 
subject to error is examined in two different two-variable models in which 
the errors are independent of the ‘ ‘true ’ ’ variables. In one model the errors 
are specified to be jointly normally distributed, and in the other to be 
stochastically independent. In both cases necessary and sufficient condi¬ 
tions for identifiability are found. A summary of previous results is in¬ 
cluded. 


1. INTRODTJCTION 

Let Xu , Xu , • • • ,xu(t - 1,2, • • • , T) be observed variables and let 
2 lit be the “true” value of x it . The error v it will be defined by 

(1.1) Va s Xit 2/*i (i 55 1,2," • ■ jJc)t * 1,2, • • • , IT). 

We shall denote the vector [x Jt , x 2t , • • ■ ,x* ( j by x t , with similar inter¬ 
pretations of y t and v t . The subscript i may denote a point of time, but it 
may also denote any other ordering of the observations. 

We shall assume that there exists a linear relation between the vari¬ 
ables yu , 

k 

(15) 2 + ao — 0, 

which can be written in vector notation as 

(1.20 ccy' t +a « = 0. 

We shall consider different models, each of which contains specifica¬ 
tions (1.1) and (1.2) and additional specifications. When all parameters 
and all distributions in the model are specified, we shall talk about a 
structure? A structure is thus a particular realization of the model, and 
the model is the set of all structures compatible with the given specifica¬ 
tions. 

The variables x, t are observed variables. The variables y» and are 
not observed and are called latent variables. 

A structure generates one and only one distribution P(x) of the ob¬ 
served variables. On the other hand, there may be several structures 
generating the same distribution P(x). If two or more structures generate 

1 This paper will be included in Cowles Commission Papers, New Series, No. 39. 
* The terms defined here and in the rest of this introductory section are those 
used in publications of the Cowles Commission for Research in Economics. See, 
for instance, [2] and [12]. 
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the same joint probability distribution of the observed variables, the 
structures are said to be equivalent. If a parameter has the same value in 
all equivalent structures it is said to be identifiable. In other words, a 
parameter is identifiable if it can be uniquely determined from a 
knowledge of the joint probability distribution of the observed variables. 
If a parameter is not identifiable, no consistent estimate of the parameter 
will exist. Conversely, if an estimate of a parameter has been proved to 
be consistent, the parameter must be identifiable. 

Equation (1.2) remains the same if ax , • • • , and ao are all multi¬ 
plied by the same constant. In order to make the coefficients deter¬ 
minate, we must have a normalization rule for these coefficients. In the 
following we shall tacitly assume that such a rule has been imposed. 

More generally, we might consider models where equation (1.2) is 
replaced by a set of equations. Closely related to such models are the 
models considered in psychological factor analysis. 

2. SURVEY OF PREVIOUS RESULTS 

In this section I shall give a survey of some previous studies, formu¬ 
lated in modem terminology. 

I shall not be concerned with the multiequational case or with factor 
analysis, except that I want to point out that discussions of identifiability 
in factor analysis date as far back] as 1919, when G. H. Thomson [23] 
demonstrated by numerical examples the nonidentifiability of structures 
in a certain model of factor analysis. 8 

Gini [9] considered the particular case in which fc = 2 . He specifies that 
Vi and Vi are random variables which have zero correlations with x\ and 

, and that Vi and v 2 are uncorrelated. (Two variables will be said to be 
“uncorrelated” or to have “zero correlation” if their covariance is equal 
to zero.) Gini shows that the parameter P = —a 2 /ctt is identifiable if 
we know the variance of Vi or the variance of v 2 or the ratio between the 
two variances. He also shows that we get a bias in one direction if we 
replace the coefficient P by fe and a bias in the opposite direction if we 
replace P by 1/fti, where pvz and Pn are coefficients in the least-squares 
linear regression of Xi on xi = + ft 0 , and the least-squares 

linear regression of x^ On a*: x 2 = pziXi + foo * 

From Gini’s results it follows immediately that p lies between the 
limits Pu and 1 /ft*. In this form the result was stated by Frisch [4, 
p. 60] . 4 Frisch assumes that similar limits exist in the case of a linear 

* References to other discussions of identifiability in factor analysis models are 
found in [21]. 

4 It should be noted that Gini and Frisch do not consider a hypothetical uni¬ 
verse but a sample; however, their considerations can immediately be translated 
into statements about a universe, or about a sample, the size of which tends to 
infinity. 
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relation between n variables which are all subject to error, 5 and he partly 
bases his confluence analysis on this assumption. This analysis gives 
methods which can be used whether a is identifiable or not, but if a is 
identifiable we can, of course, do something better than use the limits 
mentioned. 

Koopmans [11, p. 70] considered a model given by specifications (1.1), 

(1.2), and the following specifications, (2.1)-(2.5). 

(2.1) The vector variable [y t v t ] is independent of 

the vector variable \y t ' v t *] when t t'. 

(2.2) The distribution of \y t v t ] is independent of t. 

Let \y v] be a vector variable which has the same distribution as each of 
the variables \y t Vt]. 

(2.3) y is independent of v. 

(2.4) The variables Vi , v 2 , • • •, v* are independent. 

(2.5) The variables y and v are jointly normally distributed. 

Koopmans points out that a is not identifiable in this model. 

On the other hand, he indicates that a is identifiable in the case k = 2 
if the vector y, instead of being normally distributed, can take only two 
values. 

Wald [27] considered the case where k = 2 and where the variables 
x u can be divided into two groups a?u , • • • , Zi n and rri, m+ i, , xi, 2 m 

such that the limit inferior of (l/m)| {yu + • • • + 2/im) — (z/i.m+i + • * • + 
2/i, 2 m) | , when m tends to infinity, is positive. He also specifies that 
the distributions of v u and v 2t are independent of t, that cov(v»^<e0 = 0 
when 1 7 * If, i = 1 or 2, and that cov(viv 2 ) = 0. Under these specifications, 
Wald shows that we can find a consistent estimate for the parameter 
ai/ai and other parameters of the model. This implies that these param¬ 
eters are identifiable. 

The author of the present paper proved several theorems [19] which 
give methods to determine the vector a, or limits for this vector, in terms 
of the parameters of the probability distribution of the observed vari¬ 
ables. Both kinds of theorems give as immediate corollaries statements 
about the identifiability of a. 

In [19, Section 4] he considered the following model. The variables 
y t and v t represent stationary sets of time series. We suppose that y t and 
Vt+u are uncorrelated and that v t and v t+u are uncorrelated, where u 0. 
Let Mu be the square fc-rowed matrix !>,/.«], where faj.u = cov(x it Xj,t+u). 

* This assumption was later verified by Koopmans [11, p. 1011. 
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In this model a is identifiable if M u is of rank k — 1, i.e., if at least one 
of the adjoint of M u is different from zero. This statement follows 
as a corollary from [19, Theorem 4]. Other results concerning the identi- 
fiability of a follow from [19, Sections 2, 3, and 12]. 

In [19, Section 11], the author considered a model where there is an 
extra set of observed variables Xk +\, x*+ 2 , • • • ,xh, such that x, and 
v, are uncorrelated when i — 1, 2, • • • , fe, and j = k + 1, k + 2, • • • , 
h. Let m, = coviXtX,). Then we have 

k 

(2.6) £ «< ■= 0 0= & + 1, • • *, h). 

l—l 

If the rank of the matrix of this system of equations is k — 1, it is evi¬ 
dent that the vector a is identifiable. 

In a later paper [20] the author has called the set of variables Xk+ i, 
XkJrt, ••• , Than instrumental set of variables. He gives several examples 
of sets of variables which may possibly be used as instrumental sets of 
variables. 

In the meantime, the idea of using instrumental variables was intro¬ 
duced independently by Geary [6], In another paper [6] Geary considers 
a model given by specifications (1.1), (1.2), and (2.1)-(2.4). Let k(ci, 
Ct , • • • ,Ck) denote a semi-invariant of the joint distribution of x \, x 2 , 
• • • , Xk which is of degree Ci in the variable x< (i = 1,2, • • • , k). Geary 
shows that the parameters ax, a 2 , • • • , a* satisfy the fallowing equa¬ 
tion, 

k 

(2.7) £ <*, *(cx, • • • , Ci_i, Ci + 1, c<+i, • • • , Ct) *= 0, 

1—1 

for each set of nonnegative integers c \, Ca, • • * , c* where at least two of 
the c’s are positive. If the matrix of this system of equations is of rank 
ft — 1, the vector a is identifiable. 

Neyman and Scott [18, Section 8] considered the problem of finding 
consistent estimates of the parameters in the case where there is more 
than one observation for fixed i and t 

It should be noted that this survey is restricted to papers which directly 
or indirectly give new results concerning the identifiability of structures 
in a model where there is only one linear relation between the true 
variables. Some of the papers mentioned also consider problems of esti¬ 
mation and sampling distributions, and some of them consider models 
with several equations. Other papers giving contributions to these prob¬ 
lems have been published by Geary [7, 8], Tintner [24,25,26], Housner 
and Brennan [10], Neyman [17], Scott [22], Nair and Sbrivastava [16], 
Nair and Banerjee [15], Lindley [14], and Bartlett [1]. In [17] Neyman 
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derives a consistent estimate of the parameter /3 in the case considered 
in Section 3 of the present paper. 

3. CONDITIONS FOR THE IDENTTFIABILITT OF A LINEAR RELATION BETWEEN 
TWO VARIABLES WHEN THE JOINT DISTRIBUTION OF THE ERRORS 

IS NORMAL 

In the rest of this paper we shall suppose that specifications (2.1) 
and (2.2) are satisfied, in other words, that each set of observations 
\y t v t ] can be considered as a random drawing from a probability distribu¬ 
tion of the variables y and v. We shall furthermore restrict ourselves to 
the case when k = 2. Equations (1.1) and (1.2) now may be written in 
the form 

(3.1) x % = yi+ Vi, (i = 1, 2) 

(3.2) yt =» 0yi + ft. 

In order not to exclude the case a 2 = 0, we shall consider 0 = oo and ft = 
oo as admissible values of 0 and ft . 

We shall introduce three further specifications: 

(3.3) The set of variables v is independent of the set of variables y. 

(3.4) The joint distribution of the errors Vi and v* is normal. 

(3.5) &(vi) «■ ®fe) - 0. 

The model defined by specifications (3.1)-(3.5) will be called Model A. 

We shall use the letter for the characteristic function of a distribu¬ 
tion. Characteristic functions for different distributions will be distin¬ 
guished by putting the variables of the distribution as subscripts of the 
letter for instance, = ^(e** 1 * 1 * 1 * 2 * 2 ). The logarithm of a 

characteristic function <t> will be denoted by 
Let Xu = var(vO, X 22 = var(t’ 2 ), and Xu = cov(viv 2 ). Then 

(3.6) <t>viv 2 (ti, fe) — exp {— |(Xu<i + 2Xu tik + ^ 22 tl)} 
because of specifications (3.4) and (3.5). Using (3.2) we obtain 

(3.7) f fe) ** expffti^l^yj (fi -h fts)« 

From (3.6), (3.7), and specifications (3.1) and (3.3) we obtain 

(3.8) <f>xi* 2 (fi, £ 2 ) = exp { fait* — + 2\ukU + X^i) }<f > yx (£i + /%)- 

Suppose now that there exist two different structures, 

8 « {ft ft , Xu j Xu , X22, ipvi(t)} 
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and 

S* - {/S* /So* , Xu , X?s, X s * 2j <(f)}, 

which generate the same probability distribution P(x) of the observed 
variables. Then we have 


(3.9) 


exp {jSoife — 2 (^ 11^1 H~ 2 Xi 2 <ife + ^ 22 ^ 2 )} <t>v 1 (£1 4“ $fe) 

= exp {j8oife — “l" + X^^) + £*$ 2 ). 


Suppose next that /S s* /3*. Then we can always find values of h and 
U such that 


(3.10) <1 + PU = 2 , *i + 0% - 0, 


where z is arbitrary. We get the solutions 

P*z , _ f 

Substituting these expressions in (3.9), we get 

*».(*) - ex P {»j^° 2 - 2 0 8 1 t(x “ ” Xii)/3 *‘ 

(3.11) 


+ 2(Xf 2 — Xia)^* + X? 2 — X 2 J 


hence, yx is either normally distributed or a constant. 6 In the following 
a constant will be regarded as a normally distributed variable with vari¬ 
ance zero. 

If # is finite, it follows that y 2 is also normally distributed. If p = 00 , 
equation (3.2) can be written with yx expressed in terms of y 2 , and we 
find, in the same way as before, that if 0 is not identifiable, y 2 must 
be normally distributed. 

Conversely, if both y% and y 2 are normally distributed, it is easy to 
show that 0 is not identifiable [12, Section 1.2]. Hence, we have 

Theorem; 1 : A necessary and sufficient condition for fi to be identifiable 
in Model A is (hat at least one of the variables yi and y 2 is not normally 
distributed . 

We can alternatively express the condition in terms of the joint distri¬ 
bution of the observed variables: 

Theorem 1': A necessary and sufficient condition for fi to be identifiable 
in Model A is that the joint distribution of xx and X 2 is not normal . 

We shall next consider the identifiability of the rest of the structure 

•This proof represents a simplification, due to J. Neyman [17], of my original 
proof. 
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in the case when fi is identifiable. For any two equivalent models, (3.9) 
now holds good with fi* = 0. 

Let us set, as before, z = ti + 0fc and substitute in (3.9) ti = z — fit* . 
Taking logarithms on both sides, we obtain 

(3 12) ~ ^* (a) = ~ M i{z ~ ^ + * (Xu “ X * l)(z ~ 13(1)2 

+ (Xia — X* 2 ) (2 — (34)4 + — X«)t* . 

Since this is an identity in s and 4 , the coefficients of 4 , z4 , and tl must 
be zero. This gives 

(3.13) fit - & , 

(3.14) X 12 — \*2 = 0(X u — Xu), 

(3.15) X 22 X 22 — 0(Xi2 — X 12 ). 

Equation (3.13) shows that (3o is always identifiable when /? is identi¬ 
fiable. Inserting (3.13)—(3.15) in (3.12), we obtain 

(3.16) <( 2 ) = e- i(x “- x * 1, ' , ^ l (2). 

If the three variables x, y, and z are such that <£*(£) = <t> y (t)<i> z (t), we 
shall say [13] that the distribution of x is divisible by the distribution of 
y and divisible by the distribution of z. Now, if the distribution of y t 
is divisible by some normal distribution, the right-hand side of (3.16) 
must be a characteristic function when XJl > Xu and the difference 
Xu — X u is sufficiently small. Determining #£( 2 ), Xf 2 , and X* 2 from 
equations (3.16), (3.14), and (3.15), respectively, we obtain a structure 
S* equivalent to S in which the value of fi is the same as in S. 

If Xu and X 22 are both positive, we may choose a value X?i such that 
Xu > Xii > 0 and X 22 — 0 2 (X U — Xji) > 0 and again get a structure S* 
equivalent to S such that fi has the same value in both structures. Also 
taking into account the case in which fi = «>, we may state: 

Theorem 2: When fi is identifiable , a necessary and sufficient condition 
for the rest of the structure to be identifiable is that both of the following con¬ 
ditions are satisfied: (i) neither the distribution of yi nor the distribution 
of 2/2 is divisible by a normal distribution; (fi) either Vi = 0 or Vi = 0. 

4. CONDITIONS FOR THE IDENTIFIABILITT OF A LINEAR RELATION BETWEEN 

TWO VARIABLES WHEN THE ERRORS ARE INDEPENDENT 7 

In this section we shall consider a model, called Model B, which is 
defined by specifications (3.1)-(3.3), (3.5), and the following specifica¬ 
tion: 

7 Part of the results of this section were published previously ( Biometrics , Vol. 

5, March, 1949, pp. 88-89) as an abstract of a paper presented December 29,1948, 
at Cleveland, Ohio. 
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(4.1) Vi and v 2 are independent. 

If €(wi) and &(vi) do not exist, specification (3.5) may be replaced by 
the specification 

(3.5') median of t>i = median of v 2 = 0. 

If xi and are independent, then any value of 0 is possible, together 
with the assumption that j/i and ya are constants. Latins case, therefore, 
0 is not identifiable. 

From now on we shall consider the case where y-i and ya are not inde¬ 
pendent. Then 0 is finite and different from zero. 

Instead of equation (3.8), we now obtain 

(4.2) ^*!*j(ii, k ) = exp{/3oi4} 4> Vl (ti + |8fe)^*,(2i)&> t (fe), 
which can also be written 

(4.3) ta) = 0aita + 'I'viih + 0Ut) + ^.,(fi) + 

It should be noted that the ^’s need not be finite for all values of h 
and k . However, any characteristic function is continuous and equal 
to one at the origin and must therefore be different from zero in the 
vicinity of the origin. Hence, the ^’s in equation (4.3) are finite when h 
and ta are sufficiently near to zero. 

We shall now define the difference operators 

AnKfi, /*) = + hi, ta) — 4/{U , ta), 

A1 

fe) « ^(fi, U + h&) — $(tx, fe). 

As 

We shall apply the difference operator Ai A* to equation (4.3). We then 

hi ht 

obtain 

(4*4) Ai , i%) - A A + $fe). 

Ai As Ai flkt 

Suppose now that there exist two different equivalent structures 8 and 
S*, where 0 y* 0*. Then we have 

(4.5) A A&^fj + 0t s ) - A + 0%). 

Ai 0A* Aj f3+h% 

Setting ta equal to zero and replacing h by ti + 0% , we obtain 

(4.6) A A^fe + 0%) = A A + 0%). 

Ai £Aa Aj j£J*Aa 

Combining (4.5) and (4.6) we obtain 
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(4.7) A A * n (4 + £4) = A A + /3%). 

For any z, equations (3.10) will be satisfied by finite values of k and 4 , 
and when z tends to zero, 4 and 4 will also tend to zero. We therefore 
conclude that the function A A &»(z) is constant, at least when z, h, 

*1 f »2 

and As are sufficiently close to zero. But then the function \[> n (z) must be 
a second degree polynomial, at least in the vicinity of the origin; hence 
j/i is normally distributed. 

As before, we therefore have the result that fi is identifiable if yi is not 
normally distributed. But the condition will be different from the condition 
in Model A if we express it in terms of the observed variables. Let be 
the semi-invariants of the joint distribution of x x and x s . The condition 
for the identifiability of (3 in Model B may now be formulated thus: 

Theorem 3: If there exists a nonzero (finite or infinite) with r ^ 1, 
s ^ 1, and either r or shut not both equal to 1, then fi is identifiable in 
Model B. 

When certain semi-invariants exist and are different from zero, fi may 
be expressed in terms of such semi-invariants by one of the equations 

(4.8) k t , = (3^+1,_i (r ^ 1, s > 2), 

which are obtained when we put h — 2m. equation (2.7). 

We shall next examine the identifiability of fi in the case where the 
distribution of yi is normal. Let and k 2 be the first two semi-invariants 
of the distribution of yi . Equation (4.2) now takes the form 


(4.9) 


<l>xix j(fl, fe) 



J (4 + fitif + Ao*sj 


$»i (4)$»*(fe) • 


Let us again consider two equivalent structures S and S*. We then ob¬ 
tain from (4.9) 

exp /«ki(<i + j fits) — Tj- (4 + fik) 2 + A) ifel 0*i(fe)tf»j(fe) 

(4.10) 1 . . 1 . 

= exp j u*(4 + fi%) — (ii + + Ao ittj <i>*i(h)<i>vt(k) 

Since this is an identity in 4 and 4 , we immediately obtain 


( 4 . 11 ) 


fi*z - fi*4 - 
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Setting = 0 in (4.10), we obtain 

(4.12) K«) = exp |i(«c* - ki)< - ** y** i 2 | <(«). 

Setting «i = 0 in (4.10), we obtain 

(4.13) *,,(# = exp - Kl /J + 0? - /S 0 )< - §(jS* 2 /c 2 * - 0 2 «*X 2 }<£(*)• 

When | 0* | > ] 0 |, it follows from (4.11) that 0* 2 k* > 0*k 8 . When 
| 0* | < | p |, it follows that k* > k 2 . In the first case the distribution of 
v 2 , which we shall denote by P(v 2 ), is divisible by a normal distribution* 
In the second case P(v 1 ) is divisible by a normal distribution. Hence, 
when j8 is not identifiable, either P(vi) or P(v 2 ) is divisible by a normal 
distribution. 

Suppose, conversely, that a structure S is given where the distribution 
of ih , say, is divisible by a normal distribution with variance 6 . We shall 
show that there exists an equivalent structure S* with ^ Let us 
choose k* such that k 2 + 6 ^ k* > k 2 , and let 2 be a normally distri¬ 
buted variable with variance k* — k 2 < 0. Let 

(4.14) fcVfl = *.,(<) exp {i(K ~ K?)t + §(4 - « 2 )i 2 }, 

where k* is chosen such that specification (3.5) or (3.5') is satisfied. Let 
p* be determined by equation (4.11) and let and 0? be determined 
by the equation 

(4.15a) <£(*) = *.,(0 exp{i(0* 2 /£ - fa)? - Opt - p 0 )t\ 

such that specification (3.5) or (3.5') is satisfied. Since (4.11), (4.14), and 
(4.15a) are satisfied, (4.10) must also hold. Hence, the structure 

S* = {/3*, a* k* , k* , 

is equivalent to S, and p* ^ 0. Hence, p is not identifiable, and we may 
state: 

Theorem 4: When yi is normally distributed , a necessary and sufficient 
condition for the identifidbility of p is dial neither the distribution of Vi nor 
the distributism of v 2 is divisible by a normal distribution . 

We shall summarize below in two tables our results concerning the 
identifiability of p. In Table I we shall give the conditions in terms of the 
latent variables and parameters. In Table II we shall give the results in 
terms of the probability distribution of the observed variables. 

We shall use the following notations: 5* is the largest variance of any 
normal divisor of P(x % ), where % = 1, 2; D = - k u . 

The statements contained in Table II ca n be proved as follows. Using 
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equation (4.3) and the fact that = \p ZlZ2 (ti , 0) and $„(£) = 

^* 1 * 2 (0, fe), we obtain 

^*1*2 (h >fe) ^*2(^2) 

(4.15b) 

= + «0 - \M*i) “ 


Table I 


Case 

Conclusion on 0 

0 — 0 or so 

0 not identifiable 


2 /i not normally distributed 

0 identifiable 

^ 0 and finite 

l/i normally dis- 

Neither P(t>i) nor 
P(v 2 ) divisible 
by a normal dis¬ 
tribution 

0 identifiable 


tributed 

Either P(v t ) or 
PM divisible 
^ by a normal dis¬ 
tribution 

0 not identifiable 


Table II 


Form op the Function 


Conclusion on 0 


Not of the form chh 

0 identifiable 

Equal to zero 

0 not identifiable 

Of the form ctih, where 

C T* 5 0 

D « 0 

0 identifiable 

Z> > 0 

0 not identifiable 



When the left-hand side of (4.15b) is identically equal to zero, xi and X 2 
are independent, and we have seen that ft is not identifiable in this case. 
In the following we shall consider the case where the left-hand side of 
(4.15b) is not identically equal to zero. When y x is normally distributed, 
$ Vl (t) is a second-degree polynomial. Substituting a second-degree poly¬ 
nomial in the right-hand side of (4.15b), we see that it is of the form 
ckk . Suppose, conversely, that ^ tfl (f 1 + ftk) — “ ^vi(0fc) “ 

cfc/ 2 . Applying the operator Ai to this equation we obtain A A ^ Vl {f) = 

hi *1 PH 

ch.ti, which shows that is a second-degree polynomial. Hence, yi 
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is normally distributed when and only when each side of (4.15b) is of the 
form dik. 

Let us now consider the case where yi is normally distributed. E v x 
is divisible by some normal distribution, we have <£*,(£) = = 

where <t> Wl (t) is the characteristic function of a normal 
distribution. It follows that P(x 0 is divisible by a normal distribution 
whose variance is larger than the variance of y x . 

Suppose, conversely, that P(x i) is divisible by a normal distribution 
P(w») whose variance is larger than var(yi). Then P(w%) is the product 
of P(Vi) and another normal distribution P(wi). It follows that P(vi) 
must be divisible by P(wi), i.e., it is divisible by a normal distribution. 

When neither P(v i) nor Pfa) is divisible by a normal distribution, it 
follows that Si = var(j/i) and & = var ( 2 / 2 ). Since mi = coviya/i) and 
yi and yi are linearly dependent, it follows that D = 0. 

When either P(v 0 or P(v s ) is divisible by a normal distribution, we have 
either Si > var(i/i) or S 2 > var(y 2 ); hence, D > 0. This completes 
the proof of the statements contained in Table II. 

We shall next consider the identifiability of the rest of the structure in 
the case where /? is identifiable. Writing equation (4.3) for two equivalent 
structures with the same j3 and subtracting the two equations, we get 

<(4 + Pk) - thtik + Pk) + tfxOW - 
(4.1.6) . . 

+ #?,(*) ~ *.,(*) + (0o* - Po)iU = 0. 

Applying the operator Ai to this equation, we obtain 

hi 

(4.17) A**(fx + Pk) ~ A^(«i + Pk) + A<(fi) - A*„(fc) = 0. 

*1 Al *1 

Putting fe = 0 in the last equation, thereafter replacing t\ by h + , 

and subtracting the resulting equation from (4.17), we obtain 

(4.18) A A [fJi(fc) - - 0. 

hi fit* 

In the derivation of this equation we have supposed that the functions 
are finite. This assumption must hold at least in the vicinity of the 
origin. From (4.18) we conclude that 

1&(0 - ^ n 09 = c x t + Co 

at least in the vicinity of the origin. Since the characteristic function of 
any distribution is equal to one at the origin, we always have iKO) = 0. 
It follows that Co = 0. Because of specification (3.5) or (3.5')j Ci must be 
equal to zero, and we have 

(4.19) 


= M). 
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Combining (4.19) and (4.17), we obtain 
(4.20) £(0 - MO- 

Finally, we obtain from (4.16), (4.19), and (4.20), together with specifi¬ 
cation (3.5) or (3.5'), 


(4.21) 

^*,(<) = (t) 

and 


(4.22) 

P* — Po . 


Equations (4.19)-(4.21) are not necessarily valid over the whole range of 
the variable t, but hold at least in the vicinity of the origin. Hence, 
we conclude that when p is identifiable in Model B, then p 0 is identifiable 
and the characteristic functions 4> Vl (t), <t> V2 (t), and <t> Vl (t) are identifiable 
at least in the vicinity of the origin. 

If the characteristic functions have discrete zeros only, the character¬ 
istic functions will be identifiable over the whole range of the variable t 
since they are continuous. In this case the whole structure will be identi¬ 
fiable when P is identifiable. 

Finally, we shall give an example in which /3 is identifiable, but where 
is not identifiable. Let <tn(t) and fa(t) be the two characteristic 
functions given as examples in Cramer’s textbook [3, 1945, Section 10.3, 
p. 94], Let <l> 9l (t) = = <k(t) and let = <h[t/(l + | p |)]. In 

the structure 


S “ {& A > <£*i(0> }> 

1 3 is identifiable since y% is not normally distributed. But there exists 
another equivalent structure, 

S* = {ft ft, £(0,^(0, ^,(01, 
where <&$) - faWi. 1 + | P |)]. From the equation 

<£*i*s(k , U) — 

it follows that <t> XlXI {h ,h) — 0 in both structures when | U. | > 1 or 
| h I > 1. Since | {h + Pk)K 1 + | P | ) I < IMh + PU) and^fe + 
pt 2 ) are identical when h ^ 1 and fe ^ 1. This proves that S and S* are 
equivalent. 


University of Osh , Norway 
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NOTICE OF THE CHICAGO MEETING 
December 27-30, 1950 

The American winter meeting of the Econometric Society will be held 
in Chicago, Illinois, Wednesday, December 27, to Saturday, December 
30,1950. Sessions of primary interest to economists and those which are 
sponsored jointly with the American Economic Association and American 
Farm Economic Association will be held at the Palmer House throughout 
the period. Sessions which are of interest to statisticians will be held 
during the first three days of the period at the Congress Hotel, in con¬ 
junction with the meetings of the American Statistical Association and 
Institute of Mathematical Statistics. 

Sessions are being planned on the following topics by the program 
committee of the Econometric Society or co-sponsoring organization: 
Theory of Comparative Advantage and Patterns of World Trade, Utility 
Analysis of Decisions Involving Risk, Business Expectations and 
Business Planning, History of Mathematical Economics, Current Input- 
Output Studies, Welfare Economics, Problems of Incorrect and Incom¬ 
plete Specification, Econometric Methods in Agricultural Research, 
Collection and Use of Survey Data, Demand Analysis, Multivariate 
Analysis, and Recent Advances in the Theory of Decision Functions. A 
number of sessions for contributed papers will also be provided. 

Further information as to the program and as to hotel reservations 
will be contained in an announcement to be mailed to American members 
in November. 


CURRENT ACTIVITIES IN ECONOMETRICS 

Descriptions of the methods by which its major statistical series are 
prepared have recently been issued in a concise bulletin by the U. S. 
Labor Department’s Bureau of Labor Statistics. This is the first time 
that the Bureau has undertaken an over-all job of outlining method¬ 
ology, although it has been customary to give details on the construction 
of many of these series in reports dealing with the findings themselves. 

In all, thirteen descriptions are included in the bulletin. They cover 
industrial employment; labor turn-over; earnings and hours in industry; 
union scales of wages and hours; occupational wages—both the sampling 
procedures and the conduct of surveys; strike statistics; productivity; 
industrial injuries; housing volume; expenditures for new construction; 
monthly and weekly wholesale prices; and the consumers’ price index. 

To insure maximum usefulness, the individual technical notes were 
keyed to a relatively standardized outline. In general, the plan followed 



has been to give a brief historical statement on each series and to define 
it, to cite its limitations, to describe the method of collection and the 
sources, and to explain the actual calculation procedures utilized and the 
statistical formulas employed. 

The thirteen technical notes first appeared in the Monthly Labor 
Review between September, 1949, and April, 1950. They were later 
brought together in the Bureau's 72-page Bulletin No. 993, “Techniques 
of Preparing Major BLS Statistical Series.” Copies may be obtained at 
a cost of 40 cents each from the Superintendent of Documents, U. S. 
Government Printing Office, Washington 25, D. C. 
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STATISTICS ON MEMBERS AND SUBSCRIBERS 


Membership Statistics 

Membership as of June 30, 1949. 866 

Members elected, July 1,1949-September 30, 1950 . 478 

Members reinstated. 5 1,349 

Less: Deaths. 5 

Resignations. 34 

Suspension for nonpayment of dues. 16 55 

Active membership as of September 30, 1950. 1,294 


Number op Econometric Society Members per Million op 
Population, by Countries 


Norway. 9.59 

Trieste. 8.57 

Iceland. 8.40 

Curasao. 7.47 

United States. 5.42 

Switzerland. 5.16 

Tasmania. 4.07 

The Netherlands. 3.98 

Denmark. 3.21 

Sweden. 2.73 

Costa Rica. 2.68 

Peru. 2.53 

Canada. 2.42 

New Zealand. 1.76 

France. 1.68 

Great Britain. 1.63 

Panama.. 1.58 

Belgium. 1.55 

Argentina.99 

Australia. 95 

Czechoslovakia.83 

Union of South Africa.77 

Chile.74 

Ireland.68 

Hungary.67 

Israel.60 


Austria.59 

Italy.53 

Finland.51 

Venezuela.46 

Uruguay.45 

Spain.43 

Japan.41 

Brazil.35 

Ecuador.31 

Germany.30 

Guatemala.28 

Portugal.28 

Bolivia.26 

Cuba.21 

Egypt.17 

Mexico.15 

Poland.15 

Bulgaria.14 

Colombia.10 

Burma.06 

Republic of the Philippines .. .05 

Turkey.05 

India.04 

Java.02 

Other Countries.1 
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Gro-wth and Distribution op Membership in the Econometric 
Society and op Subscribers to Econometrica 



•Data as of September 30 of each year. 





394 


ECONOMETRICA 


Geographical Distribution op Members and Subscribers 



Mem¬ 

bers 

Sub¬ 

scribers 

Total 


Mem¬ 

bers 

Sub¬ 

scribers 

United States. 

778 

342 

1,120 

Ireland. 

2 

2 

Great, Britain. 

70 

4S 

118 

Trieste. 

3 

1 

France. 

68 

21 

89 

British W. Indies.. 

0 

3 

Italy. 

24 

32 

56 

Bulgaria. 

1 

2 

Canada. 

29 

25 

54 

Costa Rica. 

2 

1 

The Netherlands... 

38 

15 

53 

Cuba. 

1 

2 

Japan. 

■i 

16 

46 

Israel. 

1 

2 

India 

13 

31 

44 

Java. 

1 

2 


20 

18 

38 

Pakistan. 


3 

Norway. 


4 

34 

Republic of the 



Switzerland. 

22 

12 

34 

Philippines. 

1 

2 

Sweden. 

18 

13 

31 

Yugoslavia. 


3 

Brazil___ 

16 

12 

28 

Burma. 

1 

1 


13 

10 

23 

Ecuador. 

1 

1 

Argentina. 

16 

mn 

22 

Iceland. 

1 

1 

Czechoslovakia. 

■m 

12 

22 

Peru. 

1 

1 

Spain.*_ 

11 

10 

21 

Puerto Rico. 


2 

Australia. 

. 7 

12 

19 

Tasmania. 

1 

1 

Union of South 




Turkey. 

1 

1 

Africa. 

9 

§kT|V 

19 

Uruguay. 

1 

1 

China. 

1 

16 

17 

Algeria. 


1 

Denmark. 

13 

4 

17 

Bolivia. 

1 


Poland. 

6 

12 

17 

Colombia. 

1 


Hungary. 

6 

■ffi 

16 

Curasao. 

1 


Portugal. 

2 

7 

9 

Gold Coast. 


1 

Austria. 

4 

4 

8 

Guatemala. 

1 


Chile. 

4 

4 

8 

Lebanon. 


1 

New Zealand. 

3 

5 

8 

Malaya. 


1 

Mexico. 

3 

4 

7 

Nigeria. 


1 

U.S.S.R. 


7 

7 

Panama. 

1 

Ceylon. 


6 

6 

Rumania.i 


1 

Finland. 

2 

4 

6 

Salvador.j 


1 

Egypt. 

3 

2 

5 

Syria... 


1 

Venezuela... 

2 

3 

5 




Greece. 


4 

4 

Total. 

1,294 

781 







Total 


4 

4 

3 

3 

3 

3 

3 

3 

3 

3 

3 

2 


2,075 


<M <M <N 


























































LIST OF MEMBERS OF THE ECONOMETRIC SOCIETY 

As of September 30, 1950 

Abat, Dr. Julius, Dean of the Faculty of Law, Elizabeth University, Pecs, 
Hungary; res., % Mrs. Aranka Skopatz, St. Martin im Innkreis 103, Oberds- 
terreich, Austria. 

Acerboni, Dr. Argentino, Larroque 232, Banfield, F. C. N., Gral, Roca, Ar¬ 
gentina. 

Achinstein, Dr. Asher, Senior Specialist, Legislative Reference Service, Li¬ 
brary of Congress, Washington, D. C.; res., 108 Battery Lane, Bethesda, 
Maryland. 

Ackley, Dr. Gardner, Associate Professor of Economics, University of Michi¬ 
gan; res., 850 Heather Way, Ann Arbor, Michigan. 

Adams, Mr. Robert W., Associate Economist, Standard Oil Company of New 
Jersey; res., 179 Washington Avenue, Garden City, Long Island, New York. 

Adamson, Dr. R. King, Associate Professor, Wayne University; res., 27476 
Sunny dale, Detroit 23, Michigan. 

Adati, Mr. Kaztjhisa, Assistant, Kobe University, No. 1-3 Kusudani-tyo, 
Hyogo-ku, Kobe, Japan. 

Adler, Dr. Max K., Senior Research Worker, Research Department, Odhams 
Press, Ltd.; res., 8 Bedford Court, 165 Green Lanes, London N.16, England. 

Aheabn, Dr. Daniel J., Jr., Vice-President of The Econometric Institute, Inc.; 
res., 583 W. 215th Street, New York 34, New York. 

AiTcmsoN, Miss Beatrice, Transport Economist, Bureau of Transport Eco¬ 
nomics and Statistics, Interstate Commerce Commission, Washington 25, 
D. C.; res., 1929 S Street, N.W., Washington 9, D. C. 

Akerman, Prof. Johan, Professor of Economics, University of Lund, Lund, 
Sweden. 

Alchian, Prof. Armen, Assistant Professor of Economics, University of Cali¬ 
fornia, Los Angeles, California. 

Alder, Dr. Arthur, Professor at the University of Berne; res., Schlseflistrasse 
2, Berne, Switzerland. 

Alexander, Dr. Sidney S., Room 210 P.B., International Monetary Fund, 1818 
H Street, N.W., Washington 6, D. C. 

Allaib, Prof. Maurice, 15 rue des G&te-Ceps, Saint-Cloud, (S.-O.), France. 

Allen, Prof. R. G. D., Professor of Statistics, London School of Economics, 
Houghton Street, Aldwych, London W.C.2, England. 

Allen, Mr. Stephen G., Jr., Research Assistant, Department of Statistics, 
Stanford University, Stanford, California. 

Alt, Dr. Franz L., Assistant Chief, Computation Laboratory, National Bureau 
of Standards, Washington 25, D. C.; res., 8718 Reading Road, Silver Spring, 
Maryland. 

Altman, Prof. George T., Attorney at Law and Certified Public Accountant; 
Professor of Tax Law, University of Southern California; res., 612 S. Flower 
Street, Los Angeles 17, California. 

Altschul, Dr. Eugen, Department of Economics, University of Kansas City, 
Kansas City, Missouri. 

Alv arez , Prof. V. A., Plaza de la Moncloa Residencia de Profesores, No. 4, 
Ciudad Universataria, Madrid, Spain. 

Ames, Prof. Edward, Assistant Professor in Economics, Amherst College; res., 
99 Northampton Road, Amherst, Massachusetts. 
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Ammon, Mr. A. J., Vice-President and Comptroller, American Book-Knicker- 
bocker Press, Inc., 75 Varick Street, New York 13, New York; res., 44 Exeter 
Road, Short Hills, New Jersey. 

Amoroso, Prof. Ltjigi, Via delle Tre Madonne No. 14, Roma, Italy. 

Amundsen, Mrs. Herdis, Aktuarkandidat, Saetervegen 14, NordstrandshSgda, 
Oslo, Norway. 

Andersen, Mr. Helge, Director of Research, The Danish Gallup Institute, 29 
Dr. Tvaergade, Kobenhavn K; res., 6 Kantorparken, Kobenhavn N.V., Den¬ 
mark. 

Anderson, Prof. Montgomery D., Professor of Economics and Business Sta¬ 
tistics, College of Business Administration, University of Florida, Gaines¬ 
ville, Florida. 

Anderson, Dr. Oskar N., Professor of Statistics, University of Munich; Seminar 
fiir Statistik und Versicherungswissenschaft, Universitat Munchen, Lud- 
wigstrasse 17, (13b) Manchen 22, U. S. Occupation Zone, Germany. 

Anderson, Dr. R. L., Institute of Statistics, North Carolina State College, 
Raleigh, North Carolina. 

Anderson, Dr. Theodore W., Jr., Associate Professor, Department of Mathe¬ 
matical Statistics, Columbia University, New York 27, New York. 

Andrews, Mr. William H., 214 E. Fifth Street, Bloomington, Indiana. 

Andritsakis, Mr. N. L., Economist, World Bank, 5015-16th Street, N.W., Wash¬ 
ington, D. C. 

Angell, Prof. James W., Professor of Economics, Columbia University, New 
York 27, New York. 

Angelopoulos, Prof. Angelos, Editor of the Economic Review Nea Oikonomia ; 
res., 8 rte de Malagnou, Gendve, Switzerland. 

Antonelu, Prof. Etienne, 8 boulevard Ledru-Rollin, Montpellier (Herault), 
France. 

Aoyama, Prof. Hideo, Faculty of Economics, Kyoto University, Kyoto, Japan. 

Apel, Dr. Hans, Associate Professor of Economics; res., 19 Pleasant Street, 
Middlebury, Vermont. 

Ares, Mr. Ricardo Daniel, Public Official, Caseros N° 1670, Florida (FCN- 
GBM), Provincia de Buenos Aires, Argentina. 

Arias B., Ing. George, 10 avenida norte 19A, Guatemala City, Guatemala. 

Armstrong, Mr. Robert H., 12 E. 41st Street, New York 17, New York. 

Arnold, Mr. James A., Jr., 20 Nassau Street, Princeton, New Jersey. 

Arrow, Dr. Kenneth J., Associate Professor of Economics and Statistics, Stan¬ 
ford University, Stanford, California. 

Athol, Mr. Robert Charles, Economist, The U. S. Debenture Corporation, 
Ltd.; res., 35 King’s Court North, King’s Road, Cholsea, London S.W.3, 
England. 

Auble, Dr. Arthur G., Assistant Professor of Business Statistics, School of 
Commerce, Northwestern University, Evanston, Illinois. 


Bachelor, Mr. Robert W., A. M. Kidder and Company, 1 Wall Street, New York 
5, New York; res., 7 Jane Avenue, Hartsdale, New York. 

Bachet, Mr. Noel, 10 rue de la Source, Paris XVI, France. 

Baggh, Prof. Goesta, Socialvetenskaplige Bibliotek, Odengatan 61, Stockholm, 
Sweden. 

Baker, Dr. George A., Associate Professor of Mathematics and Assistant Sta¬ 
tistician in the Experiment Station, University of California, Davis, Cali¬ 
fornia. 
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Baser, Prof. Henry G., Professor of Economics, Atlanta Division, University of 
Georgia; res., 24 Ivy Street, S.E., Atlanta 3, Georgia. 

Baser, Mr. J. G., President, Baker Manufacturing Company, Evansville, Wis¬ 
consin. 

Baser, Mr. Jacob, Vice-President, The Econometric Institute, 222 W. 23rd Street, 
New York, New York. 

Balderston, Mrs. Judith B., 35 Appleton Street, Cambridge, Massachusetts. 

Baldwin, Father Armand-Jean, Associate Professor and Chairman of the De¬ 
partment of Economics, St. Vincent College, Latrobe, Pennsylvania. 

Baldwin, Dr. Raymond W., Professor of Finance, School of Business, Univer¬ 
sity of Houston; res., 1920 Calumet, Houston, Texas. 

Barankin, Dr. Edward William, Assistant Professor of Mathematics and Re¬ 
search Associate in Statistics, Statistical Laboratory, University of California, 
Berkeley 4, California. 

Baranow, Dr. Lotty V., Nymphenburgestr. 36 III, (13b) Mfinchen 2, Germany. 

Barberi, Dr. Benedetto, Director General, Istituto Centrale di Statistics, 
Via Balbo, Roma, Italy. 

Bar£, Mr. Charles Joseph, Administrateur-Del4gu4 du Conseil Economique 
Wallon a Li4ge; res., boulevard Frdre-Orban 8, Li4ge, Belgium. 

Barger, Prof. Harold, Associate Professor of Economics, Columbia University, 
New York 27, New York. 

Barna, Dr. T., Economic Commission for Europe, United Nations, Geneve, 
Switzerland. 

Barnard, Mr. Chester I., President, The Rockefeller Foundation, 49 W. 49th 
Street, New York 29, New York. 

Barnes, Dr. Horace, Economist and Statistician; res., Redcroft, Hollins Lane, 
Accrington, Lancashire, England. 

Barnes, Dr. Leo, Chief Economist, Prentice-Hall Inc., New York 11; res., 801 
West End Avenue, New York 25, New York. 

Barral-Souto, Dr. Jos£, Professor of Statistics, University of Buenos Aires, 
Buenos Aires, Argentina. 

Barriol, Prof. Alfred, President honoraire de la Soci4t4 de Statistique de 
Paris; Professeur et Secretaire General honoraire de lTnstitut de Statistique 
de PUniversite de Paris; res., 27 rue Mogador, Paris IX, France. 

Bassie, Prof. V. Lewis, Director, Bureau of Economic and Business Research 
and Professor of Economics, University of Illinois, Urbana, Illinois; res., 
1209 W. University, Champaign, Illinois. 

Baum, Dr. Emanuel L., Assistant Professor of Agricultural Economics, State 
College of Washington, Pullman, Washington. 

Baumol, Mr. William J., Department of Economics and Social Institutions, 
Princeton University, Princeton, New Jersey. 

Bazol, Miss Judith Rachel, Graduate Student, Department of Agricultural 
Economics, University of Illinois, Urbana, Illinois. 

Beach, Dr. Ea-rl Francis, Bronfman Professor of Commerce, McGill University, 
Purvis Hall, 1020 Pine Avenue West, Montreal 2, P.Q., Canada. 

Beacham, Mr. Robert Harold Sydney, 17 Rosemary Avenue, Enfield, Middle¬ 
sex, England. 

Beattie, Mr. J. Robert, Chief of Research Department, Bank of Canada, Ot¬ 
tawa, Ontario, Canada. 

Been, Mr. R. O., Room 2923S, U. S. Bureau of Agricultural Economics, Washing¬ 
ton 25, D. C.; res., 6011 Broad Branch Road, N.W., Washington 15, D. C. 

Bbgemann, Mr. C. A., % Nationale Handelsbank N.V., Lapangan Setasion, 
Djakarta, Java. 
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Bblz, Prof. M. H., Associate Professor of Mathematical Statistics, University 
of Melbourne, Carlton N.3, Victoria, Australia. 

Bennion, Dr. Edward G., Lecturer in Economics, Graduate School of Business, 
Columbia University, New York 27; Head of the General Economics Division, 
Standard Oil Company, Room 2836, 30 Rockefeller Plaza, New York 20, New 
York; res., Wesskum Wood Road, Riverside, Greenwich, Connecticut. 

Benson, Mr. C. Beverley, Consulting Engineer, 44 Ilighridge Road, Hartsdale, 
New York. 

Bjdnson, Mr. Charles S., Instructor in Economics, Bowdoin College; res., 11 
Belmont Street, Brunswick, Maine. 

Bentley, Dr. A. F., Paoli, Indiana. 

Bentzel, Mr. Ragnab, Karlsrogatan 85A, Uppsala, Sweden. 

Bergman, Mr. Herman, Statistician, Industrial Planning Division, Air Materiel 
Command, U. S. Air Force, Room 244, Skyway Lodge, Osborn, Ohio. 

Bergson, Prof. Abram, Associate Professor, Columbia University; res., 35 Clare¬ 
mont Avenue, New York 27, New York. 

Bbenardelli,Mr. H., Department of Economics, University of Otago, Dunedin, 
New Zealand. 

Berner, Mr. Robert F., Lecturer in Business Statistics and Acting Chairman 
of the Department of Statistics and Insurance, School of Business Administra¬ 
tion, University of Buffalo, Buffalo 14, New York; res., 75 Pasadena Place, 
Williamsville 21, New York. 

Bessaignet, Mr. Pierre Octave Henri, 68 Montague Street, Brooklyn 2, New 
York. 

Besso, Ing. M. A., 23 Chemin du Point du Jour, Petit Saconnex, Geneve, Switzer¬ 
land. 

Bickerdike, Mr. C. F., 16 Hawthorn Road, Wallington, Surrey, England. 

Bignardi, Dr. Francesco, Professors di Statistics Social© nella Scuola di Sta¬ 
tistics deU’University di Palermo, Piazza Marina 46, Palermo, Italy. 

Bilimovic, Dr. Alexander, Apt. 3,1857 O'Farrell Street, San Francisco, Cali¬ 
fornia. 

Bilkey, Dr. Warren J,, Instructor in Economics, University of Connecticut, 
Storrs, Connecticut. 

Billbter, Dr. Ernest P., Scientific Assistant, Statistical Office of Zurich, Tur- 
nerstrasse 23, Basle, Switzerland. 

BfLf, Dr. J., Charles University, TTjezd 454, Praha II, Czechoslovakia. 

Binkley, Prof. Howard Lee, Assistant Professor of Economics, Hanover Col¬ 
lege, Hanover, Indiana. 

Bishop, Lt. Comdr. George Wesley, Jr., USNR, USNAAS, El Centro, Cali¬ 
fornia. 

Bishop, Prof. Philip W., Assistant Professor and Research Associate in Eco¬ 
nomics, Yale University; res., 326 Willow Street, New Haven 11, Connecticut 

Bissell, Prof. Richard M., Jr., 1311-35th Street, N.W., Washington 7, D. C. 

Bjbrve, Mr. Petter Jakob, Director, Statistisk Sentraibyra, Dronningensgt 16, 
Oslo, Norway. 

Black, Dr. Duncan, Senior Lecturer in Economics, The University, Glasgow, 
Scotland. 

Blackburn, Mr. Maurice G., Chief Statistical Officer, Southwestern Electricity 
Board; res., 4 Kelston Road, Keysham, Bristol, England. 

Blackwell, Dr. David, Professor of Mathematics, Stanford University, Stan¬ 
ford, California. 
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Blake, Dr. Archie, Mathematical Consultant, Mechanical Research Corpora¬ 
tion of Chicago; res., 794 George Avenue, Aurora, Illinois. 

Blakstad, Mr. Eqil, Director, De No Fa, Fredrikstad, Norway. 

Blanco Loizblieb, Prof. Enrique, Nervion 4, Madrid, Spain. 

Blasco, Dr. JosaS, French 162, Banfield FCCR, Buenos Aires, Argentina. 

Buss, Db. Chester I., Biometrician, Connecticut Agricultural Experiment 
Station; Lecturer in Biometry, Yale University, Box 1106, New Haven 4, 
Connecticut. 

Blokland, Mr. S., Economist, N.V. Nederlandsche Spoorwegen; res., Gerard 
Doustraat 7, Utrecht, The Netherlands. 

Blough, Dr. Rot, Council of Economic Advisors, Room 374, Executive Office 
Building, Washington 25, D. C. 

Blum, Prof. Lester, Assistant Professor of Economics, Colgate University, 
Hamilton, New York. 

Blum, Prof. Wilbur Harris, Assistant Professor of Mathematics, Waynesbury 
College, Pennsylvania; res., 209 Waitman Street, Morgantown, West Vir¬ 
ginia. 

Bober, Prof. M. M., Professor of Economics, Lawrence College, Appleton, Wis¬ 
consin. 

Boddie, Mr. John B., Statistician, International Economics Division, U. S. 
Department of Commerce, Washington 25, D. C.; res., 4215 Leland Street, 
Chevy Chase 15, Maryland. 

Bogart, Prof. Ernest L., 25 W. Tenth Street, New York 11, New York. 

Boger, Prof. Lawrence L., Assistant Professor, Department of Agricultural 
Economics, Michigan State College, East Lansing, Michigan. 

Bogman, Dr. James H. Beals, Vice-President, The Econometric Institute, New 
York 21; res., 315 E. 30th Street, New York 16, New York. 

Boiteux, M!r. Marcel, Inggnieur A P Electricity de France, Service Commercial 
National, 23 rue de Vienne, Paris VHI, France. 

B0ler, Mr. Hans Falch, Cand. oecon, Eilert Sundtsgate 57, Oslo, Norway. 

Bolza, Dr. H., Postamt 7, Wftrzburg, Germany. 

Bompaire, Dr. Francois, 23 bis rue de Constantinople, Paris VIII, France. 

Bonitzer, Mb. Jacques, Ing5nieur des Ponts et Chaus4es,5 boulevard de la Liberty 
Lille (Nord), France. 

Borch, Mr, Kar l Hbnrik, Field Science Officer for the Middle East, UNESCO, 
8 Shari el Salamlek, Garden City, Cairo, Egypt. 

Bobbin, Prof. Arbigo, University di Torino, Piazza Arbarello 8, Torino, Italy. 

Bobbl, Prof. Emile, Faculty des Sciences, University de Paris, Paris, France. 

Borbnstein, Mr. Israel, Student, 1346 Grant Avenue, Bronx, New York. 

Borts, Prof. George Herbert, Assistant Professor of Economics, Brown Uni¬ 
versity, Providence, Rhode Island. 

Boschan, Mbs. Charlotte, Analyst, Index Number Institute; res., 104 W. 40th 
Street, New York 18, New York. 

Boschan, Dr. Paul, Chief Analyst, The Econometric Institute, 500 Fifth Avenue; 
res., 104 W. 40th Street, New York 18, New York. 

Bossb, Dr. Lothar Che., Member of the Austrian Institute of Economic Re¬ 
search; res., Franz-Josefs Kai 35/14, Vienna I, Austria. 

Boulding, Prof. Kenneth, Professor of Economics, University of Michigan, Ann 
Arbor, Michigan. 

Bouniatxan, Dr. Mentor, Director of the Office of the Armenian Refugees in 
France; res., 6 City Martignac, Paris VII, France. 
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Bray, Mr. Frank Sewell, Fellow, Department of Applied Economics, University 
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Brown, Prop. Theodore Henry, Harvard Business School, Soldiers Field, Boston 
63, Massachusetts. 
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Tobin, J. 

Tout, H. 

Treasury, Clerk of Sta¬ 
tionery 

Turvey, R. 

Univ. of Birmingham, 
Lib. 

Univ. of Bristol , Lib. 

Univ. of Cambridge, Mar¬ 
shall Lib. 

Univ. Col. of Hull, Lib. 

Univ. Col. of London, 
Lib . 

Univ. Col. of North 
Wales, Lib. 

Univ. Col. of Notting¬ 
ham, Lib. 

Univ. Col. of Southhamp¬ 
ton, Lib. 

Univ. of Durham 

Univ. of Leeds, Lib. 

Univ. of Liverpool, Lib. 

Univ. of London, Senate 
House Lib. 

Univ. of Manchester, 
Dept, of Economics 


Univ. of Sheffield, Lib. 
Victoria Univ. of Man¬ 
chester, Lib. 

War Cabinet, Clerk of 
Stationery 
Womersley, J. R. 
Worswick, G. D. N. 

Greece 

Anotation Simvoulion 
Anasynkrotiseos 
Benaris, A. 

Trapeza Hellandos 
Zolotos , X. 

Hungary 

K&das, K. 

Konyvtar, F. 
Kozgazdasagtudomanyi 
Intezet 
Laky, D. 

Magyar Oazdasagkotats 
Intezet (2) 

M. Kozgazdasagtud Eg- 
yetem Konyvtara (8) 
Nehezipari Miniszterium 
Nem&iy, W. A. 

Ndtel, R. 

Pecsi Tud. Egy. Koz- 
gazd. 

P. P. Tud. Egy. Gazd. Es. 
Kozig. 

Szentkirdlyi, N. 

Univ. of Debrecen 
Varga, S. I. 

Iceland 

Nybyggingarrad Reykja¬ 
vik 

Thorsteinsson, T. 

Ireland 

Geary, R« C. 

Qmens Univ., Lib. 
Thornton, E. H. 

Trinity Col., Univ. of 
Dublin 

Italy 

Amoroso, L. 

Annali della Facolta di 
Economia e Commercio 
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Banco, d’Italia 
Banco di Sicilia, Dire- 
zione 

Barberi, B. 

Bib. di Facolta Economic 
e Commercio, Genova 
Bib. della Facolta di 
Economia e Commercio, 
Torino 

Bib. del Ministerio delle 
Finanze 

Bib. let. Univ. Economia 
Bib. Ministero Agricul¬ 
ture e Foreste 
Bignardi, F. 

Bordin, A. 

Brambilla, F. 

Bresciani-Turroni, C. 

Bussi, C. 

Camero di Commercio Uf- 
ficio Studi 

Cattolica del S. Cuorc 
Confederazione Generate 
dell' Industrie Italiana 
Del Vecchio, G. 

Demaria, G. 
di Fenizio, F. 

Editrice L'Industrie Soc. 
R. L. 

Einaudi, L. 

Fortunati, P. R. 
Gasparini, I. 

Gini, C- 
Gorlich, C. 

1st. di Economia Inter¬ 
nationale 

1st. per la Ricostruzione 
Industrials 

1st. de Scienze Econo- 
mi8che 

1st. de Statistica delV 
Universtid 

Laboratorio di Statistica 
Lib. A. Lubrano 
Lib. V. Muglia 
McClelland, D. H. 
Montecatini , Ufficio Studi 
Olivetti , C. 

Papi, U. 

Parenti, G. 

Signorelli Lib . 

Snia Viscose 


Societa Edison 
Societa Italiana di Demo- 
grafia e Statistica 
Tagliacarne, G. 

Torino Laboratorio di 
Economia Politica 
Travaglini, V. 

Trentini, A. 

Tronconi, A. 

Ugg6, A. 

U. S. Information Lib., 
American Embassy 
Univ. di Bari 
Univ. di Napoli 
Univ. di Pisa 
Vianelli, S. 

Vinci, F. 

Zaccagnini, E. 

The Netherlands 

Bib. der Technische Hoo- 
geschool 
Blokland, S. 

Brouwers, G. 

Centraal Bureau Voor de 
Statistiek, Maand- 
schrift von het 
Centraal Planbureau 
Dalmulder, J. J. J. 
Dekker en Nordemann (8) 
de Langen, W. J. 
de Wolff, P. 
de Wolff, S. 

Dijk, K. 

Economische Hoogeschool 
Economische Voorlicht- 
ingsdienst 
Ekker, M. H. 

Emanuel, H. 

Ferro, H. 

Goudswaard, G. 

Handels Economic Lib. 
Hartog, J. A. 

Ignatius, J. G. W. 
Inst. International de 
Statistigue 
Klaassen, L. H. 
Eleerekoper, S. 
Koopmans, J. G. 

Koyck, L. M. 

Kuiken, L. C. 

Ligthart, Th. 


Limperg, T. 

Links, J. A. 

Lisman, J. H. C. 

Loeb, G. F. 
Mathematisch Centrum 
Mutsaers, W. C. M. 
N. V. Martinus Nijhoff 
« 

Posthuma, S. 

Rijken Van Olst, H. 
Sandee, J. 

Schouten, D. B. J. 
Statistica 
Stuvel, G. 

Tinbergen, J. 

Univ. of Groningen 
Valk, W. L. 
van Der Meer, A. P. 
van Der Meer, B. 
van de Woestijne, W. J. 
van Egmond, G. 
van Weel, J. R. 
von Der Nahmer, R. K. 
Vreede, H. Th. 

Witteveen, H. J. 
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Amundsen, H. 

Bjerve, P. J. 

Blakstad, E. 

Btfler, H. F. 

Coward, D. 
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Frisch, R. 
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Jahn, G. 

Jensen, O. H. 
Lange-Nielsen, Fr. 
Momyr, H. 

Mork, R. 

Munthe, P. 

N0lke, A. 

Norges Handels hfyskole 
Oppegaard, K. F. 

Ore , T. K. 

Palmstrom, H. 

Qvale, P. 

Reiers0l, O. 
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Rossen, S. 

Skj0rshammer, O. E. 
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Str0mme Svendsen, A. 
Sundsten, F. R. 
Taranger, A. 
Thorbjornsen, C. 

Tveite, P. S. 

Univ.-Bib., Oslo 
Univ. Okonomisk Lsevaer - 
else 

Wedervang, F. 
Wedervang, I. 

Poland 

Akademia Nauk Polity cz- 
nych 

Bib. Szkoly Glownej 
Handlowej j Warszawa 
Bib. Szkoly Glownej 
Handlowej , Oddzial 
Centralny Urzad Plano - 
wania 

Colloquium Mathemati- 
cum 

Hagemeyer, W. 

Inst. Gospodarstwa Na- 
rodowego 
Lange, O. 

Lipinski, E. 

National School Publica¬ 
tions 

Panstwowe Zaklady Wy- 
davinictw Szkolnych 
Skrzywan, W. 

Szkola Glowna^Plano- 
wania 
Szulc, S . 

Trzaska , Evert and\Mi- 
chalski 

Univ. Poznan 
Zagorski, J. 

Portugal 

Bib. do Inst. Nacional co 
Trabalho e Previdencia 
Centro de Estudos de Ma- 
tematicas Aplicadas a 
Economia 
da Silva, F. If. 
Guerreiro, A. D. 

Inst. Nacional de Esta- 
tistica, Bib. 

Matias, A. C. 

Murtiera, B. J. 


Santos , A. M. 

Vinhas Santos , A. 

Rumania 

Inst. Central de Statistica 
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Alvarez, V. A. 

Banco de Espafta 
Blaneo Loizelier, E. 
Castaneda, J. 

Comitb Central de la 
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Congreso de Oleicultura, 
XIII 

Escuela Especial de Inge- 
nieros Industriales 
Figueroa Martinez, E. 
De 

Hemerteca National 
Inst. National de Esta- 
distica 

Insula Libreria de Cien- 
das y Letras 
Mantilla, R. P. S. 
Minister de Hadenda 
Revista de Economia Po- 
litica 

Sierra, F. De La 
Tena Artigas, J. 

Torras Huguet, F. 
Torres Martinez, M. de 
Vegas Perez, A. 
Vergara Doncel, J. 
Zumalacarregui Prat, J. 
M. 

Sweden 

A. B. Lindstedts Univ., 
Bokhandel 

A. B. Lundequistaska, 
Bokhandel 
Akerman, J. 

Aktiebolaget Investor 
Aktiebolaget Nordiska 
Bagge, G. 

Bentzel, R. 

CramSr, H. 

Dalenius, T. 

Gumperts, N. J. 
Hagstroem, K. G. 
Hansen , B. 


Havermark, G. 

High School of Commerce 
Industriens Utredningsin - 
stitut 

Konjuncturinstitutet 
Lindahl, E. 

Malmquist, S. 

M&rn, L. M. 

National Ekonomiska 
NyblSn, G. 

Ohlin, B. 

Quensel, C. E. 

Ruist, E. 

Sandelius, M. 

SjSberg, A. 

Skandinavisk Aktuarie- 
tidskrift 

Statistiska Centralbyran 
Bib. 

Thorelli, H., Jr. 

Univ. of Lund , Lib. 
Wold, H. O. A. 

Switzerland 

Alder, A. 

Angelopoulos, A. 

Bank for International 
Settlements , Lib. 

Barna, T. 

Besso, M. A. 

Bickel , W. 

Billeter, E. P. 

Bureau FkdtoraX de Sta- 
tistique 
Burtle, J. L. 

Dtitschler, H. D. 
Furlan, L. V. 
Handelshochschule 
Hersch, L. 

Inst, far Wirtschaftsfor- 
schung 

International Labor Of¬ 
fice (*) 

Jansen, M. A. 

J6hr, W. A. 

Kosti<5, L. M. 

Kuil, W. 

Kyklos 
Linder, A. 

Masnata, A. 

Myrdal, G. 

Niehans, J. 
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Norregaard Rasmussen, 

P. 

Royot, G. 

Staehle, H. 

United Nations (£) 

Wagner , V . F. 

Waldesbuehl , Th. 
Woodbury, R. M. 

Zwinggi, E. 

Yugoslavia 

Jugosovenska Knjiga {£) 
Pretsednistvo Vlade FN - 
BJ 

NORTH AMERICA 

Bbitish«Wbst Indies 

Caribbean Commission, 
Central Secretariat 
Chairman of the Develop¬ 
ment and Welfare Or¬ 
ganizations 

Univ. Col. of the West 
Indies 

Canada 

Beach, E. P. 

Beattie, J. R. 

Brown, T. M. 

Buck, H. 

Bureau of Economics and 
Statistics 

Canadian Journal of Eco¬ 
nomics and Political 
Science 

Carleton Col., Lib. 
Chinese Embassy 
Coats, R. H. 

Dalhousie Univ., Lib. 
Daly, D. 

Dehem, R. 

Dept, of Finance, Lib. 
Dept, of Reconstruction, 
Economic Research Lib. 
Elliott, G. A. 

FactdU des Sciences So- 
dales. Bib. 

Garda de Miranda- 
Netto, A. 

Goldberg, 8. A. 

Gordon, H. S. 


Graham, C. R. 

Higgins, H. B. 

Holmes, A. D. 

Hood, W. C. 

International Civil Avia¬ 
tion Organization 
Isbister, C. M. 

Jones, D. 

Keeping, E. S. 

Keyfitz, N. 

King, Y . T. 

Kortekaas, B. 

Lajda, M. 

Littler, H. G. 

Lougheed, W. F . 

McGill Univ., School of 
Commerce Lib. 

Malach, V. W. 

Marshall, H. 

May, S. J. 

Merritt, W. H. 

Morrison, L. M. 

Morse, N. H. 

Province House Lib. 
Queen 9 s Univ., Lib. 

Royal Military Col. 
Superior School of Com¬ 
merce, Lib. 

Sutherland, R. J. 

Taier, W. J. 

Timlin, M. F. 

Univ. of Alberta, Lib. 
Univ. of British Colum¬ 
bia, Lib. 

Univ. of Manitoba, Main 
Lib. 

Univ. of Montreal 
Univ. of Saskatchewan , 
Lib. 

Univ. of Toronto, Lib . 
Urquhart, M. C. 

Costa Rica 

Inter-American Inst. of 
Agricultural Science 
Raventos, J. R* 

Zuniga, R. A. 

Cuba 

Banca National de Cuba 
Carrillo, E. 

Gutierrez Gamoneda, R. 


Curacao 

Sommermeyer, W. H. 

Guatemala 
Arias B., G. 

Mexico 

Banco de Mexico 
Chavero, A. 

National Financier a sa 
Depto. de Estudios Fi- 
nancieros 
Radvanyi, L. 

Saenz , J. 

Schoenbaum, E. 

Velarde, A. B. 

Panama 

Lasso de la Vega, J. N. 

Puerto Rico 

Dept, of Finance 

Univ . of Puerto Rico , Lib. 

Salvador 
Inst, de Esta, Bib. 

United States of 
America 

ALABAMA 

Alabama Polytechnic 
Inst. 

Greenhut, M. L. 
Henderson, J. S. 

Human Resources Re¬ 
search Inst. 

Univ. of Alabama , Lib. 

ARIZONA 

Univ. of Arizona, Lib. 

ARKANSAS 

Kane, J. E. 

Univ. of Arkansas , Lib. 

CALIFORNIA 

Alchian, A. 

Allen, S. G. 

Altman, G. T. 

American Economic Re¬ 
view 
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Arrow, K. J. 

Baker, G. A. 

Barankin, E. W. 
Bilimovic, A. 

Bishop, G.W., Jr. 
Blackwell, D. 

Break, G. F. 

Bressler, R. G., Jr. 
California Inst, of Tech¬ 
nology, Mathematics 
Lib. 

Ciriacy-Wantrup, S. von 
Clodius, R. L. 

Conley, G. N. 

Cooper, G. 

Crum, W. L. 

Dockson, R. R. 
Dorfman, R. 

Enke, S. 

Evans, G. C. 

Fdb&n, T. 

Fellner, W. 

Fisher, W. D. 

Flood, M. M. 

Foytik, J. 

Fuller, V. 

Qiannini Foundation, 
Lib. 

Girshick, M. A. 

Grant, E. L. 

Hastier, J. 

Hirsch, W. Z. 

Hitch, C. J. 

Hoffman, W. C. 

Hoos, S. 

Kaplan, N. 

Kelly, E. J. 

Konijn, 5. S. 

Kuznets, G. 

Lamboume, R. W. 
Landauer, C. 

Lee, I. M. 

Letiche, J. M. 

Los Angeles Public Lib. 
Loyola Univ. of Los An¬ 
geles 

Lynip, B. F., Jr. 
McGann, P. W. 

Macy, R. M. 

Mickey, M.R ., Jr. 

Moore, F. T. 

Myers, V. S. 


Neyman, J. 

Occidental Col., Lib. 

O'Regan, W. 

Pacific Gas and Electric 
Co., Lib. 

Pan American World Air¬ 
ways, Inc. 

Pomona Col., Lib. 

RAND Corp. 

Reder, M. 

Reiter, S. 

Rubin, H. 

San Jose State Col., Lib. 

Schneider, J. T. 

Scott, E. L. 

Shephard, R. W. 

Shirven, M. N. 

Slater, D. W. 

Stanford Univ., Lib. 

Tapp, F. N. 

Thompson, C. D. 

Timoshenko, V. P. 

U. S. Naval Ordnance 
Testing Station (J8) 

Univ. of California, Col. 
of Agriculture, Lib. 

Univ. of Calif omia, Dept, 
of Economics 

Univ. of California, Dept, 
of Mathematics Statis¬ 
tical Laboratory 

Univ. of California, Inst, 
of Industrial Relations 

Univ. of California, Lib. 

Univ. of California at 
Los Angeles, Lib. 

Univ. of California, 
Santa Barbara Col. 

Univ . of California, 
Teaching Inst, of Eco¬ 
nomics 

Univ. of San Francisco, 
Lib. 

Univ. of Santa Clara , 
Varst Lib. 

Univ. of Southern Cali¬ 
fornia, Lib . 

Uri, G. W. 

Vandermeulen, A. J. 

Vandermeulen, D. C. 

Weston, J. F. 

Working, H. 


COLORADO 

Brittan, M. R. 

Colorado Col., Cobum 
Lib. 

Garnsey, M. E. 

Hawkins, D. 

Kao, H. Y. 

Leavens, D. H. 

May, A. B. 

Univ. of Colorado, Lib. 
Univ. of Denver, Lib. (£} 

CONNECTICUT 

Bennion, E. G. 

Bilkey, W. J. 

Bishop, P. W. 

Bliss, C. I. 

Bolton, H. L. 

Brown, W. H. 

Clark, J. M. 

Hall, F. P. 

Holdren, R. R. 

Link, R. G. 

Meeker, R. 

Miller, J. P. 

Nutter, G. W. 

Ore, O. 

Rhomberg, R. R. 
Ruggles, R. 

Tennant, R. B. 

Trinity Col., Lib. 

Univ. of Bridgeport, Lib. 
Univ. of Connecticut, Lib. 
Waugh, A. E. 

Wesleyan Univ., Lib. 
Whitney, A. G. 

Whitney, E. 

Yale Univ., Lib. 

DELAWARE 

Gould, J. S. 

Kaskey, G. 

Univ. of Delaware, Lib. 
DISTRICT OF COLUMBIA 

Aitchison, B. 

Alexander, S. S. 
Andritsakis, N. L. 

Been, R. O. 

Bissell, R. M., Jr. 
Blough, R. 

British Embassy Annex 
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Bureau of Foreign and 
Domestic Commerce 
Burk, M. 

Canadian Joint Staff 
Caplan, B. 

Catholic Univ. of Amer¬ 
ica, Mullen Lib. 

Chang, T. C. 

Chartener, W. H. 

Clague, E. 

Colm, G. 

Curtiss, R. H. 
de Abrisqueta, F. 
de Moraes, 0. A. 
de Vries, B. 

Dickens, A. E. 

Douglas, P. H. 

Echegaray, M. 

Evans, W. D. 

Ezekiel, M. 

Fort, D. M. 

Fraser, A. 

Frechtling, J. A. 

Friend, I. 

Garfield, F. R. 

Garritsen, M. M. 

Garvin, W. J. 

Georgetown Univ., Riggs 
Memorial Lib. 

George Washington Univ., 
Lib. 

Germond, H. H. 

Gilford, L. 

Goldsmith, R. W. 

Gunn, G. T. 

Hanchett, P. E. 
Herbruger, Ambassador 
Herzog, Col. 

Hinshaw, R. 

Hirschman, A. O. 

Holley, J. L. 

Howard Univ., Lib. 
Johns Hopkins Univ., 
General Research Office 
Johnson, E. H. 

Joint Bank Fund, Lib . 
Jutila, K. T. 

Kafka, A. 

Kaitz, H. B. 

Keyserling, L. H. 

Knox, N. B. 


Kolesnikoff, V. 

Kosloff, I. R. 

Ledorer, W. 

Liebenberg, M. 

Lieu, D. K. 

Logistics Research Proj¬ 
ect 

Lorenzo, C. M. 

Lusher, D. W. 

Magnell, A. T. 

Marshall, A. W. 

Murray, J. 

Myers, R. J. 

Myrick, D. 

Naidel, S. 

National Bureau of Stan¬ 
dards, Lib. 

Olson, E. C, 

Osborne, E. L. 

Pabst, W. R. 

Polak, J. J. 

Powell, E. 

Pribram, K. 

Rhodes, J. S. 

Riley, D. C. 

Rojko, A. S. 

Rouzitsky, P. M. 

Ryan, W. F. 

Sacchetti, TJ. 

Sasuly, M. 

Schiff, E. 

Shepherd, C. M. 
Shepherd, G. C., Jr. 
Smith, J. H. 

Somary, F. 

Spiegel, H. W. 

Stapp, P. 

Stettner, W. F. 

Sucharda, B. 

Sweeney, T. D, 

Thalberg, H. J. 
Thompson, J. M. 

Thorp, W. L. 

Tolley, H. R. 

Truesdell, L. E. 

U. S. Bureau of the 
Budget, Lib . 

U. S. Dept, of Agricul¬ 
ture, Lib. 

U. S. Dept, of Commerce, 
Lib. 


U. S. Dept, of Commerce , 
Office of Business Eco¬ 
nomics 

U. S. Dept, of Defense , 
Lib. 

U. S. Dept, of Labor , 
Commissioner of Labor 
Statistics 

U. S. Dept, of State, Lib. 
U. S. Federal Reserve 
System, Lib. 

U. S. Federal Security 
Agency 

U. S. Treasury, Lib. 

U. S. Weather Bureau, 
Lib. 

Waugh, F. V. 

Weida, F. M. 

Weiss, F. J. 

Wermel, M. T. 

Whitman, R. H. 

Wickens, A. J. 

Wilcox, S. W. 

Williams, F. M. 

Wood, M. K. 

Woytinsky, W. 

Yang, W. Y. 

Zolldan, L. W. A., Jr. 

FLORIDA 

Anderson, M. D. 
Coleman, J. B. 

Corson, W. R. 

John B. Stetson Univ., 
Sampson Lib. 

Karp, J. R. 

Masek, J. 

Morse, R. L. D. 

Phipps, C. G. 

Univ. of Florida, Lib. 
Univ. of Miami 

GEORGIA 

Baker, H. G. 

Emory Univ., School of 
Business Lib. 

Georgia Inst, of Technol¬ 
ogy, Lib . 

Swanson, E. W. 

Univ. of Georgia, Lib. 
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HAWAII 

Univ. of Hawaii, Lib. 
IDAHO 

Univ. of Idaho, Lib. 
ILLINOIS 

Auble, A. G. 

Bassie, Y. L. 

Bazol, J. R. 

Blake, A. 

Bowen, H. R. 

Brady, D. S. 

Bray, J. 

Brown, G. H. 

Brozen, Y. 

Brunner, K. 

Buttrick, J. A. 

Capron, W. M. 

Cardwell, R. L. 
Chipman, J. S. 

Cordell, W. 

Cornell, F. G. 

Cowles, A. 

Cowles Commission for 
Research in Economics 
(S) 

Davis, H. T. 

Debreu, G. 

Deif, N. A. 

Docekal, H. 

Eakin, F. 

Ekeblad, F. A- 
Farwell, L* C. 

Faucett, P. M., Jr. 
Ferber, R. 

Flanders, D. P. 

Fox, K . 

Friedman, M. 
Gerstenhaber, M. 

Gould, B. M. 

Gurland, J. 

Hagen, E. E. 

Haworth, F. B. 

Hayek, F. A. 

Herfindahl, O. C. 
Hildreth, C. G. 

Hogan, L. L. 

HoU, C. 

Hurwicz, L. 


Illinois Institute of Tech¬ 
nology, Lib. 

Jaffa, W. 

John Crerar Lib. 
Johnson, L. R. 

Jones, H. L. 

Jordan, G. L. 
Kantabutra, B. 

Kellogg, L. 

Kinter, C. Y. 

Kodera, T. 

Koivisto, W. A. 
Koopmans, T. C. 
Kraemer, H. F. 

Krupp, S. R. 

Langum, J. K. 

Lee, C. W. 

Lerner, A. P. 

Leveugle, J. 

Lorie, J. H. 

Loyola Univ., Lewis 
Towers Lib. 

McQuitty, L. L. 

Madow, W. G. 

Margolis, J. 

Marquardt, M. 
Marschak, J. 
Masserman, J. 
Mathematical Biophysics 
Maverick, L. A. 

Menger, K. 

Metzler, L. A. 

Miller, J. W. 

Modigliani, F. 
Neiswanger, W. A. 
Nerlove, S. H. 

Newmark, J. T. 
Northwestern Univ., Com¬ 
merce Lib . 

Northwestern Univ., Lib . 
Papandreou, A. G. 
Peterson, V. K. 

Picken, R. F. 

Polemis, B. W. 

Polemis, Z. N. 

Reid, M. G. 

Roberts, J. 

Robin, M. A. 

Roosevelt Col. Lib . 

Ross, K. D. 

Sauerlender, 0. H . 
Sawyer, J. A. 


Schultz, T. W. 

Simpson, W. B. 

Sommer, L. 

Stewart, P. B., 2nd. 
Stillman, C. W. 

Strotz, R. H. 

Sverdrup, E. 

Swanson, E.R . 

Tebbutt, A. R. 

Thomson, P. 

Tolley, G. S. 
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Tuzar, J. 

Univ. of Chicago, Lib. 
Univ. of Chicago, School 
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Wallis, W. A. 

Weintraub, R. E. 

Welker, E. L. 

West, V. I. 

Wolfe, L. R. 

Wolfson, R. J. 

Working, E. J. 
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Andrews, W. H. 

Bentley, A. F. 

Binkley, H. L. 

Brannon, G. M. 

Butler Univ., Business 
Lib. 

Eli Lilly and Co., Lib. 
Hanson, J. C. 

Indiana Univ., Lib . 
Pritchard, N. T. 
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